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See eee readers for the encouraging response to the second edition. Based on their 
The whol Ae have been made in this third edition. 
properties ao rc se be conveniently divided into two parts, the structural part and the 
Oie.17. Inmeenersitl er of physical properties of materials have been discussed in Chapters 
sy deel te ey can be understood in terms of tensors of different rank. Consequently, 
mdieiiile The € to add a new chapter at the end in the form of anisotropic properties of 
5 concept of tensor has been introduced to visualize the inherent macroscopic 
Sy EIS of physical properties. It has been observed that the number of property tensor 
decreases with the increase of crystal symmetry. This chapter has been added for the benefit of 
readers to understand the crystal properties (anisotropic) in terms of some simple mathematical 
formulations such as tensor and matrix. 
Any omissions, errors, suggestions brought to the knowledge of the author will be gratefully 
acknowledged. 
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___ Preface to the First Edition 


fryer a as u textbook for B.Sc. (H) and M.Sc. (General) courses in Solid State 
Te ccpmith ie ue helpful (6 the students of Chemistry, Materials SCIENCE, Engineering and 

: £ lor National Eligibility Test (NET) conducted by UGC/CSIR, 

The present work is the outcome of lectures delivered by the author to the undergraduate 
and: postgraduate students during the last 23. years. The aim of the book is to provide a 
comprehensive introduction to the subject of Solid State Physics to the students related to the 
above mentioned areas. In preparation of the text, the author has taken special care to present 
the topics in a coherent, simple and straightforward manner. This book contains a total of 
eighteen chapters and broadly deals with the topics related to structural aspects and various 
physical properties of crystalline solids. The chapter number eight particularly deals with the 
experimental methods to determine the crystal structures of materials. On the other hand, the 
chapter number eighteen deals with the anisotropic properties of materials and their representations 
in terms of tensors of different types and ranks. MKS (SI) system of units has been used throughout 
this book. Assuming that the students are familiar with vector quantities, the use of arrow sign 
(>) on the top of them has been avoided except on the unit vectors. The main features are: 


. Solved examples for a better understanding of the text, 

- Brief summary at the end of each chapter for a quick review, 

- Definitions of important terms at the end of each chapter for further enrichment of 
knowledge, 

4. Problems and exercises. 
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Although proper care has been taken during the preparation and proofreading of the manuscript, 
still some errors are expected to creep in. Any omissions, errors and suggestions brought to the 
knowledge of the author will be gratefully acknowledged. 

I sincerely express my deep sense of gratitude to my Research Guide, Professor G.C. Trigunayat, 
Department of Physics, Delhi University from whom I have learnt a lot including the art of 
writing and I would like to thank my colleagues from Departments of Physics, Chemistry and 
Mechanical Engineering and friends for their valuable suggestion and encouragement during the 
preparation of the manuscript. 

I am indeed grateful to all the authors and publishers of Books and Journals mentioned in the 
bibliography for freely consulting them and even borrowing some ideas during the preparation 
of the manuscript. I am also grateful to M/s Narosa Publishing House, New Delhi, for the timely 


publication of this book. 
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shortest possible time. Last, but not the least, my family mem shui A elem Suppo the 
and encouraged me during the entire writing period. ! particularly thank my daughter p, Sha & 
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Wahab for helping me in proofreading of the entire manuscript. 
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/ SI UNITS Other Units 
Written as Read as 
Temperature K kelvin °C OF 
aegay MPa Megapascal atmosphere, 
or MNm” meganewton Psi kg/cm’, 
per square meter dyne/cm? 
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formation, AH; 
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Frequency of 
radiatition, shear s! or Hz Hertz or — 
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Kinetic Energy, E 
Fermi energy, Er J Joule eV, erg 
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terplanar spacing, d 


vy Unit of Meauurements 


anes 


Quantity 
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<= nant 


Wavelength of nn 
radiation, A 

Bond length, 

Jump distance, 6 


Dipole moment Cm 
Density kgm” 
Dislocation density, p mm 
or 
m= 
Dislocation energy, E Im? 
Shear modulus, }L GNm” 
Young's modulus, Y 
Energy of surface Vm? 
imperfection, 7 
Surface tension, Y No! 
Flux. J mol ms” 
Concentration, Cc mol m7? 
Concentration of 
electrons and holes, m> 
Nh, OF Ny, : 
Mobility, HW. OF Hn m?V7!s! 
Concentration gradient, mol m~ 
(de/dx) 
Diffusion coefficient, D ms! 


Diffusion constant, Do 


Vibration frequency, 
vor Vv’ Ss 
Strain rate, é€ 


Strain energy, € Im? 


Read as 


nanometer 


coulomb meter 


kilogram per 
cubic meter 
meter per 


cubic-meter, OF 
per square-meter 


joule per meter 


giganewton per 
square meter 


joule per square 
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newton per meter 


mole per square 
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aes & ) 


tee 
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per Square 
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no. of atoms/ 
; 

cm*/s 

no. of atoms/ 

cm? 


no. of atoms/ 
cm* 


erg/em™ 


Intcratomic f orce, F 
Applied force 


Uniaxial stress, 6 
and 
Shear stress 


Current density, J 


Electrical 
conductivity, 6 


Standard electrode 
potential, V 


Capacitance, C 


Dielectric constant 
of free space, & 


Polarization, P 
Saturation Pol., Po 


Collision time, T 


Dislocation velocity, v, 
Drift velocity, vy 


Field gradient, € 
Electric field 
strength, E 


Resistivity, p 


Wave number, k 


Magnetic Induction, B 


Magnetic field 
strength, H 

Coercieve field, H, 

Magnetization, M 


Magnetic Permeability 
Magnetic Permeability 


Magnetic moment, L,, 


newton 


Mcganewlon per 
square meter or 
mega pascal 


ampere per 
square meter 


per ohm 
per meter 


volt 


farad or coulomb 
per volt 


farad per meter 
coulomb per 
square meter 
second 

meter per second 
volt per meter 
ohm meter 

per meter 


weber per 
square meter 


ampere per meter 


oersted 
henery per meter 


ampere meter 
squared 


Units of Measurements XI 


kef, Ib, dyne 


kef/mm’, psi 
dyne/cem? 


mA/cm? 


mho/cm 


10-inch. 
ohm-cm 


gauss 


oersted 


xii Units of Measurements 


Length, L 

Mass, M 

Time, t 

Electric current, | 
Temperature, T 


ASE UNITS 


es eee EE Ra 

Uni Symb 

Quantity Unit ymbol 
metre m 


kilogram kg 
second s 
ampere A 
kelvin K 
mole mol 
cd 


Amount of substance, n 
Luminous Intensity candela . 


SUPPLEMENTARY UNITS 


Plane angle, 8 


rad 


radian 
sr 


Solid angle, Q steradian . 


DERIVED UNITS 


co ee “Eevalencedn 
Symbol Equivalence in 


Frequency 
Force, weight 


Stress, strength, : 
& pressure 


quantity of 


Energy, work, | 
heat 


Power 

Electric charge 
Electric potential 
Resistance 
Capacitance 
Magnetic flux 
Magnetic flux 
density i 
Inductance 


units 

A am ee ee 
hertz Hz — gs! 
newton N = kg ms™ 
pascal Pa = kem7!s? 
joule J Nm kem’s~ 
watt W Js! kem?s? 
coulomb C pon As 
volt V WA"! kem’s2A7! 
ohm Q VA"! kem?s A? 
farad F cv"! ke !m 2st A? 
weber Wb Vs kem?’s” A7! 
tesla r Wbm~ kes” An! 
henry H WbA7! kem?s~ A? 


Special name 


Other derived Base units 
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PR 
EFIX, MULTIPLES AND SUBMULTIPLES 


Bactors by which the 
unit is multiplied 
10” aye Symbol 
10° tera 
10° giga T 
10° mega G 
10° Kilo M 
10! hecto k 
10" deka h 
107 deci da 
10° centi d 
10° milli . 
10° micro cy 
10°!2 nano is 
10-15 pico 
10718 femto 
atto 
a 


pgo® tee ge 


Avogadro's number 


Boltzmann’s constant 


Gas constant 


Plank’s constant 


Electronic charge 


Electron rest mass 


Proton rest mass 


Neutron rest mass 


Velocity of light 


Bohr magneton (magnetic moment) 


Permitivity of free space 
Coulomb force constant 


Permeability of free space 


Faraday’s constant 


Atomic mass unit (amu) 


Acceleration due to gravity 


Ice point — 


N= 


-_ 
— 


Physical Constants 
eee, ii: 


6.023 x 107 moJ7! 
6,023 x 1076 kmolt! 


1.380 x 10-3 JK! 
8.614 x 10° eVK-! 


8.314 Jmol!K7! 
1.987 cal mol7)K-! 


6.626 x 1074 Js 
6.626 x 10°’ ergs 


1.602 x 10°C 
4.8 x 10! esu 


9.11 x 107'kg 
9.11 x 10-8 p 


1,673 X 10°77 kg 
1.673 x 1074 g 


1.675 x 10°? kg 
L675 ec10r se 


= 2,998 x 10° ms"! 


2.998 x 109 cms"! 


= 9,273 x 10°74 Am? 


= 9,273 x 10°72! erg. gauss"! 


(1/10°N) = 


g= 
Q°C = 


= 8.854 x 10°? Fm”! 


9 x 10° Nm?c? 


= lesu 


4n x 1077 Hm"! 
1.257 x 10° Hm! 


96.49 kC mol"! 
(of electrons) 


1.660 x 10°’ kg 
9.8% ms? 
273.15K 


Conversion Factors 


Conversion Fat 


| micron = 10° m 
Iam= 10°m 
bA= 10m 
1° = W573 rad 
PeVe 1.602 x 10 | 
berg = 107) 
LeVentity= 96.49 kJ mol’! of (entities) 
L calorie = 4.18 J 
1 atmosphere = 0.101325 MPa 
1 tor (= | mm of Hg) = 133.3 Nim : 
1 bar = 108 Nm = 17) MPa 
1 Psi = 6.90 kN 
| dyne/em’ = 0.1 Nm 
1 Poise = 0.1 Pas 
1 mol/cm2/sec = 10° mol nos 
1 mol/em' = 10° mol nv 
1 mole’ = 10° mol no 
i em/sec = 107 ns” 
71°C = (P+ 273.15) K 
| erg/cation = 1.43933 x 10" kcal/mol 
| electronic charge = 1.6 x 10 mC 
1 Wb = 10° Maxwell 
I Testa = 1 Wb/u? 
= 10! Mx/em* 
= 10° Gauss 
LAMnms dn x 10 "Oc 
1.26 x 10°? Oc 
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Chapter 1 


Atoms in Crystals 


1.1 THE SOLID starry 


Matter is usually regarg ist i : 
aeneiunee ie ne 2 the solid state or the fluid state, the latter being subdivided 
conveniently divided into the aA e ‘ver, on the basis of modern concept, the matter is more 
into the solid de ei tena ensed State and the gaseous state, the former being subdivided 
a solide tories et It is not easy to give a completely satisfactory definition of 
hose constituent particles (a ~ an alwa S be found. We shall use “solid” to mean any material 
(atoms, ions Or molecules) are re] tively fixed 


al ViDration. “Fluid” on the nike. = 
a On the other Nand will mean material Whose particles are in a State 


auiOnal motion. 
nN order to und ' 

The growth 2 apie atria ee of solid, it is useful to consider the process of growth. 
these. If the growth oo ee melt or vapour, or from a suitable combination of 
in positions for which the free mere , a the constituent particles have a tendency to settle down 
at larigsaaaatei ice ee a ol the configuration Is minimum. This leads to an arrangement 
ie NN ds, owever, In certain extreme cases when the growth process or 
C] ange 1s rather rapid, the constituent particles do not have sufficient time to achieve 
minimum energy configuration. Consequently a long-range order is not obtained in such cases. 
Nevertheless, there is evidence for the preferential ordering of neighbouring atoms around a 

particular atom or ion and hence a short-range order is still preserved. 

In the following section, an attempt will be made to classify solids in terms of their degree and 
type of order. It is convenient to think of three broad classes: crystalline, semi-crystalline and 
non-crystalline. It is to be pointed out here that the extremes such as perfect order or perfect 
disorder are rare and are of theoretical interest only. 


Crystalline Solids 


d in general ts said to be a crvstal if the 


arity in the appearance of crystals found in nature (Fig. 1.1) or grown in laboratory has led 
us to believe that crystals are formed by a regular repetition of identical building blocks in three 
dimensional space (Fig. 1.2). When a crystal grows under constant environment, the external 
geometrical shape of the crystal often remains unchanged. The shape is a consequence of 


internal arrangement of constituent particles of which it is buiid up. 


2 Solid State Physics 


ormation of crystals by regular repetition 


i ig.1.2 F ryst 
“J vies Sa — of identical building blocks 
nature 
, sharp straight edges 
tically plane faces, s 
optically pressed by the formula 


Observations show that crystals are bounded by 
‘ I n be ex 
and interfacial angles. A relationship among these elements ca 


(1) 


is the number OI ang es an 


where fis the number of fac: 
eq. 1, if two are known then the 


the three elements in 
Example: Determine the number of edges in a quartz crystal, if there are 18 faces and 14 angles 
in it. 
Solution: Given: f = 18, c = 14 (also refer Fig. 1.1). 
Using eq. 1, number of edges 

e=18+14-2=30. 


ABTET ess regular in sha ed a monot al o ingle ystal. Quite 
common crystals such as rock salt, calcite, quartz, etc. (Fig. 1.3) are some examples of this class. 
A typical feature of a single crystal is its anisotropy, i.e. the difference in its physical properties 


in different directions. In addition, a crystalline solid has a sharp melting point. 


sta 


(b) 
Fig. 1.3 Examples of monocrystals (single crystals), (a) Common salt (b) Quartz crystal 
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siley can be grown 
under suitable conditions. Due to random 

cist PanoR of crystallites, 4 polycrystalline solid aN 
is Isotropic, i.e, j i 

: : : P ; coils Properties are same, on an Fig. 1.4 Polycrystalline aggregates separated by 
average in all directions. well defined boundaries 


Noncrystalline (Amorphous) Solids 
A class of solids showing neither reticular nor granular structure is termed as noncrystalline or 


amorphous solid. In other words, an amorphous solid is the opposite extreme of a single crystal” 
GES mi plastics, common examples of this class. Other common substances include, resin, 


pitch, sugar candy, etc. A typical feature of these substances is that they have no definite melting 
points. As their temperature js raised, they gradually become soft, their viscosity drops, and 
begin to behave like ordinary viscous liquids. Observations reveal that an amorphous body may 
get crystallized with the passage of time. For instance, crystals of sugar are formed in sugar 
candy after a certain time has passed. In exactly the same way, glass “ages” i.e. polycrystalline 
grains are formed in it. When this happens, the glass loses its transparency and becomes brittle. 


1.2 PERIODICITY IN CRYSTALS 


Space Lattice and Translation Vectors 

The property that distinguishes crystals from other solids is that the constituent particles (atoms, 
ions or molecules) in crystals are arranged in a three dimensional periodic manner. In order to 
describe the periodicity in crystals, in 1848 Bravais introduced the concept of space lattice. To 
understand the concept clearly, let us consider the translation of an object (symbolized by the 
letter J) to a finite distance (say a) and then repeated systematically along three crystallographic 
directions, x, y and z to obtain three dimensional space lattice. Since a translation operation 
repeats an object infinite number of times in one direction, therefore using such an operation a 
one dimensional periodic array (infinite linear array) of J’s can be obtained (Fig. 1.5a). Further, 
since the nature of the repeated object in Fig. 1.5a does not affect the translational periodicity, 


(a) J J J J J 
— > 


Fig. 1.5 One dimensional array of: (a) objects, (b) points; a linear lattice 
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er rray with a point. 
therefore, itis cusy to represent this periadicity by replacing each object ee , eatin 
The resulting collection efpainisin Pig, 1.5b is called a lattice, in i. > finitesimal spot in 
ora linear lattice. It should be remembered that @ point is an ima at hand, the array of J 
space, and consequently a lattice of points is imaginary also. On the a a vattie aray ofS 
In Fig. 1.Sn is real. Thus, it is not a lattice of J's, instead it is CO yy, then a two dimensional 

If the translation a is combined with another noncollinear translation 9, Sain in Fig. 1.60 is 
Array (Fig. 1,62) is obtained and the corresponding collection of points § 


called a two dimensional or a plane lattice. 


ef J J e r) ° 


A e 
a 


Fig. 1.6 Two dimensional array of: (a) objects, (b) points; a plane lattice 


Finally, if the plane pattern having repetition intervals, a and b is combined witha third 
noncoplanar translation c, then a three dimensional array (Fig. 1.7a) is obtained. In a similar way 
as mentioned above, the corresponding collection of points shown in Fig. 1.7b is called a three 
dimensional or a space lattice. 


(a) (b) 


Fig. 1.7. Three dimensional array of: (a) objects, (b) points; a space lattice 


_ The characteristic feature of the space lattice is that the environment around any one point is 
identical with the environment around any other point in the lattice. This can be visualized by 
considering a, b and c as translation vectors and three translation directions x, y and z as 
crystallographic axes with respect to any lattice point as the origin, then the location of any other 
lattice point can be defined as 


T = nya + nob + ngc (2) 
where 71), Mz and n3 are arbitrary integers. 


Example: A crystal has a basis of one atom per lattice point and a set of primitive translatior 
vectors are (in A): 
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aa , si v3) cals +) 
where i, J and k are unj 
Jattice.type of this cr 
unit cell. 


t vectors in x,y 


and z direction of a cartesian system. What is the 
ystal? Calculate the vol 


ume of the conventional unit cell and the primitive 


Solution: If we take c’ = 3; then 


ichnionhent c=05(at+b+c’) 
which is the body ce om . . ; 
vectors a, b, c’. ¥ centred position of a cubic unit cell defined by the primitive translation 


The conventional unit cel] volume a3 = 33 = 27 3 


The primitive uni 
Pp nit cell volume = half the conventional unit cell volume 


= 13.5 A3 


Basis and the Crystal Structure 
As it has been pointed out in the 
and therefore, it is essential to 
only whe 


preceding section that a lattice of points is an imaginary concept 
ee distinguish a lattice from a crystal. A crystal structure is formed 

oms or molecules is attached identically to each lattice point. This 
is, the basis is identical in composition, arrangement 
periodically in space to form the crystal structure (Fig. 1.8). 


and orientation which is repeated 
The logical relation is 


(a) Space lattice 
on 


(b) Basis containing two different ions 


O O O O 
2th On Ome em ©. 
O.0,0,0,50, 
0.0.0. 6.0.. 
OO" Or O° 0 


(c) Crystal structure 


Fig. 1.8 Showing the space lattice, the basis and the crystal structure 
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1.3 CHOICE OF A UNIT CELL 


It has been shown above that two noncollinar translations oe arises that which in or 
noncoplanar translations define a space lattice. Now the — is an infinity of choices for 
triplet) of translations does one choose to describe it? In fact, t "translation of the lattice. Fig. 
each translation, because a line joining any two lattice points 15 


ade. 
1.9 shows a plane lattice and some of the choices that can be ™ 


e a plane Jattice and three 


8 e ® 
by by bs 
a a - 
@ @ 
e@ @ ay 


oe ne lattice 
Fig. 1.9 Different combinations of unit translations 1n 4 pla 


ped formed by the primitive 
hen can be considered as an 
e unit cell thus 


In three dimensions, it is convenient to consider simplest parallelep! 

translation operation T and is known as unit cell. The entire lattice mene: a 

infinite collection of such unit cells repeated by its translations in all directions. me capt 

can be defined as the smallest volume which when repeated in all directions builds the crystal. 
The choice of the unit cell is not unique. z 

According to the requirement of the case, either 

a primitive or a non primitive cell, can be 


selected as a unit cell. The parallelepiped defined 
by translations a, b, c as the shortest possible 
sides along three crystallographic axes x, y, 2 is 


called a “primitive cell”. A primitive cell is a ls | 
minimum volume unit cell (Fig. 1.10) and has ie. x 
only one lattice point in it. The volume V, of a 
primitive cell defined by primitive translation an 
deb.c 4s 
V.=laxb-cl (3) ¥ 


; — Fig. 1.10 A primitive cell 
by elementary vector analysis. The primitive 


unit cell volume of different lattice types are provided in Table 1.1 
Sometimes, it is more convenient to choose a non primitive unit cell depending upon the 
symmetry of the lattice. These cells contain more than one lattice points per unit cell (Fig. 1.11) 


1.4 WIGNER-SEITZ UNIT CELL 


Another way of choosing a primitive cell of equal volume as given b 
by E.P. Wigner and F. Seitz and hence is known as Wigner- 
Seitz unit cell about a lattice point is the region of space th 
to any other lattice point. It conforms with the translationa 


y eq. 3 has been suggested 
Seitz primitive unit cell. The Wigner- 
at is closer to that particular point than 
I symmetry and hence when translated! 
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Toble LL Unit cell volume of different lattice types 
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Cubic ; 
Onhorhombie ¥ 
Tetragonal ‘ite 
t 
Hexagonal SV3a%e 
2 
Rhombohcdral a’ JI ~3cos? a+2008) & 
Monoclinic abc sin p 
Triclinic 


iy. Te ee 
abes!\ — cos*a ~ cos? - cos? y+ 2.cas cos ficos 7 


(a) (b) () 


Fig. 1.11 Some non-primitive cells 


through all lattice vectors, the space will just be filled, leaving no empty space in between, nor 
there is any overlapping. The method of construction of Wigner-Seitz primitive cell is same for 
both two and three dimensional lattices. The following procedure is adopted. 

1. For a given lattice, select a reference point and draw lines to connect this point to all nearby 
lattice points. 

2. Draw new lines (in a plane lattice) or planes (in a space lattice) bisecting each of the 
previous lines (or planes). The smallest area (in two dimensions) or volume (in three dimesnsions) 
enclosed in this way gives the Wigner-Seitz primitive cell. 

Following the above mentioned procedure, the Wigner-Seitz unit cell for a two dimensional 
oblique lattice is found to be a hexagon. Similarly, for a three dimensional body centred cubic 
lattice, it is a truncated octahedron and for a face centred cubic lattice, it is arhombic dodecahedron, 
respectively. They are shown in Fig. 1.12. 


1.55 NUMBER OF LATTICE POINTS PER UNIT CELL 


From above discussion, it is clear that the number of lattice points in a unit cell depends on its 
nature and in a crystal structure each point is occupied by a group of atoms or molecules. In a 
primitive cell, lattice points are located only at the corners, while each corner of the cell is 
common to eight neighbouring unit cells and the contribution towards the unit cell per comer is 
only one-eighth. Since the cell has eight corners, therefore the number of lattice point per unit 
cell is only one. 

In a bec unit cell, the lattice points are located at the eight corners and at the body centre, 
therefore it has two lattic points per unit cell. Similarly, an fcc unit cell will have four lattice 
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e 4 ns 
Fig. 1.12 Wigner-Seitz primitive cells in two and three dimensio 


points per unit cell. All possible cells along with their symbols, location of additional points and 


total number of lattice points contained by them are given in Table 1.2 


Table 1.2 Primitive and nonprimitive cells 


Total number of 


Symbol Name Additional points ‘ 
(Location) Lattice Points 
P Primitive — 1 
I Body centred centre of the cell 2 
A Base centred centre of (100) face 2 
B centre of (010) face 2 
Cc centre of (001) face 2 
F Face centred centre of all faces 4 
R Rhombohedral Two points along the body 3 


diagonal of the cell 


The number of lattice points (precisely the number of atoms or molecules) can also be 
determined if we know the volume, density and molecular weight of the constituent atom of the 
cell. For the purpose, let us consider a cubic unit cell of lattice constant a (in m). Let n be the 
number of atoms per unit cell, p be the density of the crystal material, M be the atomic (or 
molecular) weight of the material and N (= 6.023 x 107°) the Avogadro's number. Now as per the 
Avogadro’s hypothesis, we know that one kg-mole of crystalline material contains 6.023 x 107° 
atoms or molecules. Therefore, 

Mass of N atoms or molecules = M kg, and 
Mass of the unit cell containing n atoms or molecules = M i 
Hence, density of the unit cell 
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= Mass of the unit cell 


) 
J Volume of the unit ccll 
_ Mtn Mn . a‘pN 
or p= NV = ry or as a * 
or aa = Mn (4) 


Np 
For convenience, Appendix | enlists the values of density and atomic weight of various elements. 


Example: Calculate the number of atoms per unit cell for an fee lattice of copper crystal, It is 
given that a = 3.60 A, at wt. of Cu = 63.6, density of Cu = 8960 kg/m? and the Avogadro's 
number, N = 6.023 x 1076, 


Solution: Using eq. 4. we have 


3 
not 


_ ( (3.60 x 10-'°)3 x 8960 x 6.023 x 1026 
63.6 


= 3.959 = 4, since n must be a whole number 
= fcc lattice of copper contains four atoms per unit cell. 


Example: Calculate the lattice constant for a rock salt crystal (density = 2180 kg/m>), assuming 
that it has fcc lattice. Mol. wt of NaCl = 58.5. 


Solution: For an fcc lattice, n = 4 and V = a*. Therefore, using eq. 4, we have 


3. Mn 58.5 x4 -30 3 
-__58.5x4 ___ 178.99 x 10 
PN ~ 2180 x 6.023 x 10% " 


This gives a= 5.63 A 


Example: The lattice parameter and the atomic mass of a diamond crystal are 3.57 A and 12, 
respectively. Calculate the density of the same. 


Solution: Given: a? = (3.57 x 107'°)*, M = 12 
The effective number of atoms, » in the DC (Diamaond Cubic) unit cell = ¢ x 8 (corner atoms) 
+ 4 x 6 (face centered atoms) + 1 x 4 (atoms completely within the unit cell) = 8 


From eq. 4, we have 


_ Mn _ 8 x 12 
P= Nak 6.023 x 10° x (3.57 x 10-3 
= 3540 kg/m" 


Example: Aluminium has an fcc structure. Its density is 2.7 x 10° kg/nv*. Calculate the unit cell 
dimensions and the atomic diameter. 
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nium has an fcc structure, 


3 3. Since alumi 
Solution: Given: atomic wt. = 26.98, p = 2.7 x 10 kg/m 


n=4, 
From eq. 4, we have 
-30 
3_ Mn_ 26.98 x 4 5 = 66.36 x 10 m 
a *"—N ~ 2.7.x 10° x 6.023 x 10 


This gives a = 4.05 A 
Now for fcc crystals, we know that (2a = 4R = 2D 


Therefore, De aa - 2.86A 


1.6 SYMMETRY ELEMENTS 


In section 1.2, we observed that the repetition of an object (or a lattice point) b ded 
leaves the environment around that object (or lattice point) unchanged. In an extended array, 
such as atomic pattern of a crystal, symmetries involving translation, rotation, reflection, inversion 
or their combinations are found to occur. The characteristic feature of these symmetries is that 
the translaton operation repeats an object infinite number of times, while other operations (such 
as rotation, reflection, inversion or their combinations) repeat it only a finite number of times 
(Fig. 1.13). Further, the operations like translation or proper rotation leave the ‘motif’ (a fundamental 
group of atoms or molecules) unchanged whereas the operations like reflections, inversion or 
improper rotation change the character of the motif from a right handed to a left handed one and 
vice versa. The geometrical locus about which a group of finite operations act is known as 
‘symmetry element’. Thus in Fig. 1.13, the line normal to the page about which a rotation takes 
place, the plane about which the reflection occurs and the centre about which the inversion takes 
place are simple examples of symmetry elements and are called, a rotation axis, a reflection or 
a miror plane and an inversion centre, respectively. 


y a translation 


J J J 


(a) Translation 


J 


S 
(b) Rotation (c) Reflection (d) Inversion 


Fig. 1.13 Simple symmetry operations 


A crystalline solid can have the following symmetry elements: 


(i) Pure translation: (7) defined by ea. 2 
(ii) Proper rotation: through an angle ¢ 


Atoms in Crystals 11 


iii R 8 ~ ° . . e , ° . 
(i ) eflection: across a line (in two dimensions) or a plane (in three dimensions) 
(iv) Inversion: through a point 


(v) Improper rotation: Rotoreflection/Rotoinversion. 


, aaa it may be easily verified that the above symmetry elements are not all independent 
ul are interconnected to each other. We have already discussed the translation operation and 


derived plane and space lattices earlier in section 1.2. In the following, we shall discuss about 
other symmetry elements. 


Proper Rotation 


The simplest way of representing the operation for proper rotation is shown in Fig. 1.13b. One 
can think of a line or axis passing through the centre and normal to the figure so that the J’s (or 
in general any geometrical figure) are represented by a rotation through any angle = 2/n about 
the axis of rotation, the axis is said to have n-fold symmetry. However, because of the reticular 
structure of crystals, only 1-, 2-, 3-, 4- and 6- fold rotational symmetries (Fig. 1.14) are possible. 
They are known as symmetry elements corresponding to proper rotation, consequently, it means 
that a crystalline solid can not possess either 5-fold or any other rotational symmetry higher than 
6-folds. They are being demonstrated in Fig. 1.14e, 1.14g and 1.14h. 


(a) (b) (e) fs 
(c) (d) (g) (h) 
Fig. 1.14 Possible and non-existent symmetry axes 

For n = 1 in equation ¢ = 27/n means that the crystal must be rotated through 27 (360°) to 
achieve congruency. Such an axis is also called as identity axis. Every crystal possesses an 
infinite number of such axes. Further, 1 = 2 means the crystal is rotated through 7 (180°) and the 
axis is said to have 2-fold symmetry. Such an axis is termed as a diad axis and symbolically 
represented as (). In a similar way for n = 3, 4 and 6 the corresponding angles of rotation are 
120°, 90° and 60°, respectively. They are said to have 3-fold, 4-fold and 6-fold symmetry, the 
axes are termed as triad, tetrad and hexad and symbolically represented as A, L and O respectively. 
In order to check the permissible rotational symmetry elements in a crystal, one may start 
with the fundamental requirement that all crystals must have periodic structure, that is the 
symmetry elements present in the crystals must conform to their translational periodicities. This 
is the reason why the number of symmetry elements found in crystals is limited. Now, let us 
consider the combination of n-fold axis of rotation A, with a translation f as shown Fig. 1.15. As 


we have already seen that a rotation axis repeats the translation ¢° (= 27/n) away, and hence n 
such rotations will bring back the object into its initial position (it is immaterial whether the 
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-_ . . ing from the linear array as in Fip 
rotation is clockwise or counter clockwise). Therefore, as shown in Fig. 1.16. Since they 


1.15, two such rotations will produce new lattice points yan the two lattice points p and g mus 
are equidistant from the original lattice row by construction, t 


‘ it say nit, depending upon 
be connected by the same translation f or some integral ae fe ze i a ae 
magnitude of ¢. Consequently, the allowed values of @ can be de n 


‘ ; “torat ve 
shown in Fig. 1.16. From simple geometrical consideration, we ha 
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Fig. 1.15 n-fold axis of rotation with a _—‘Fig. 1.16 Two dimensional array of: (a) objects, (b) points; 
translation f a plane lattice 


mt = 1+ 2tcos g, where m = 0, +1, 42, .-. (5) 


tm is used dependineg whether the rotation is clockwise or counterclockwise. Dividing both sides 
by #, eq. 5 can be written as 


m=14+2cos@ or m-1=2cos@ (6) 
Since m is an integer, (im — 1) will also be an integer. Taking (1 — 1) = N, we have 
N=2cos@ or cos 6=N/2, where N=0,+1,+2,... (7) 


Since all possible values of cos @ lie between +1, corresponding possible values of N, g and n 
can be easily obtained and are given in Table 1.3. This table clearly shows the non existence of 


symmetry axes other than 1-, 2-, 3-, 4- and 6-fold. 


Table 1.3 Allowed rotational axis in a crystal lattice 


NN 


N cos ¢ n allowed rotational axes 
2 -] 180 2 
-I -1/2 120 3 
0 0 90 4 
+1 +1/2 60 6 
+2 +1 360 or 0 ! 


Example: Construct a two dimensional pentagonal and octagonal lattice. 


Solution: Since each interior angle of a pentagon is 108°, which is not a quotient of 360°, So, if 
we try to construct a periodic array having 5-fold symmetry. we can see that the resulting 
pentagons do not fit together neatly and leave empty spaces in between as shown by the shaded 
region in Fig. !.14e. Similarly, in an octagon each interior angle is 135°, which again is not a 
quotient of 360°. In this case too, the octagons cannot fill the whole space without leaving gaps 


et 
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(Fig. 1.14h). Both considerations indicate that neither 5-fold nor 8-fold symmetries can exist. 
In fact, all symmetries higher than 6-fold are not possible. 


Reflection (Mirror Plane or Symmetry Plane) 

If we look at Fig. 1.13c, we find that a plane transforms left handed object into a right handed 
one and vice-versa. The element of symmetry in this case is known as a symmetry plane or a 
mirror plane and symbolically represented by the letter m. Mirror coincident figures of this type 
are known as enantiomorphous pairs and are related by reflection across a plane passing half 
way between them. If a crystal is cut along symmetry plane and put on a mirror, the image will 
produce the other half of the crystal, 


Inversion Centre (Centre of Symmetry) 

This is a symmetry operation similar to reflection, with the difference that reflection occurs in 
a plane of mirror, while inversion js equivalent to reflection through a point called inversion 
centre or centre of symmetry. In other words, the enantiomorphous pair of figures in this case 
is related by inversion centre lying half way between the two (Fig. 1.13d). Each point of one 
figure is obtained from the other by reflection through centre and is symmetrically inverted. The 
complete figure thus obtained is inverted completely. Thus the inversion centre or the centre of 
symmetry has the property of inverting all space (at present the letter J) through a point. 


Improper Rotations 

Symmetry operations encountered above, i.e. reflection and inversion, produce enantiomorphous 
sets of objects. However, it is also possible to have a rotational operation relating enantiomorphous 
objects. Such an operation is called improper rotation. The corresponding symmetry element 
is known as improper rotation axis. There exist two improper rotations, they are rotoreflection 
and rotoinversion. 


Rotoreflection 

If a rotation and a reflection are combined to forma single hybrid operation, the resulting operation 
is called rotoreflection. The corresponding symmetry element is called rotoreflection axis. For 
each proper rotation axis, there exists a corresponding rotoreflection axis. To distinguish the 
two kinds of axes, a tilde symbolically represented as (~) is placed over the numerical symbol 
of the corresponding rotation axis, e.g. 1,2,3, etc. For a better understanding, let us see the 


following examples. 


Example: Show that 1 (one “tilde”) is equivalent to a mirror plane. 


Solution: It is a combined operation of rotation and reflection. In this case, the proper 1-fold 
rotation will rotate the motif representing all space (here it is taken as J) through an angle of 
0° or 360°, i.e, leaving it unchanged. Combining this with reflecting plane perpendicular to 
the rotation axis to produce a configuration as shown in Fig. 1.17a, which is identical to the 
configuration already encountered in Fig. |.13c. Thus, the operation | is equivalent to a reflection 


through a plane (specifically a mirror plane). 


Example: Show that 2 is equivalent to an inversion centre, 


es 


——— 
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. iect (through an imagin 
Solution: In this case, the proper 2-fold rotation will rotate ain e placed at right By 
axis) through an angle 180° and then reflected across oe mht) is identical to the configuration 
to the imaginary rotation axis, the resulting configuration (Fig. |. in version centre. 
shown in Fig. 1.13d. Thus, the operation 2 is equivalent to ant 
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Fig. 1.17 Improper rotation axes (a) 1, (b) 2 


Rotoinversion 


As we stated above that an inversion is equivalent to a reflection through a point, therefore aS 
possible to combine an inversion with a rotation axis to produce a rotoinversion axis in a manner 
similar to the formation of a rotoreflection axis. Consequently, there exist five rotoinversion 
axes corresponding to five proper rotation axes. Again, to distinguish these axes, both from pure 
rotation and rotoreflection, a bar (—) is plaed over the numerical symbol of the corresponding 
rotational axis, e.g. 1, 2,3 etc. 

When these rotoinversion axes are compared with the corresponding rotoreflection axes, they 
are found to be equivalent in pairs and therefore, it is sufficient to adopt only one kind to 


represent these symmetry operations. Table 1.4 enlists the conventional symbols used to represent 
the improper axes. 


Table 1.4 Conventional symbol for improper axes 


eee 


Rotoinversion axes Rotoreflection axes Conventional symbol 
ee ee 
1 2 Centre of symmetry 1 
a i Mirror Plane m 
3 6 3-fold rotoinversion 3 
4 4 aie 4 
; i sn 8 6 


Example: Find the total number of symmetry elements that exist in a cube. 


Solution: Looking at the Fig. 1.18, we find that there exist 


(i) 2-fold axes parallel to the face diagonal and passing through the centre of the cube. There 
are six such axes. 
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Fig. 1.18 Showing various symmetries of a cube 


(ii) pra rotoinversion axes passing through the body diagonal. There are four such axes. 
(iti) 4-fold symmetry about an axis passing through the centre of two opposite faces. There 


are three such symmetry axes. 


(iv) Nine mirror planes bisecting the parallel faces, and connecting diagonal edges. All of 
them passing through the centre of the cube. 
(v) One centre of symmetry at the centre of the cube. 


Thus, there are: 6-diads + 4-triads + 3-tetrads = 13 axes, 3 surface planes + 6 diagonal planes 
= 9 planes, and | centre of symmetry. Therefore, the total symmetry elements in a cube = 13 + 


9+1=23. 


1.7 COMBINATION OF SYMMETRY ELEMENTS (POINT GROUP) 


In the preceding section, we discussed about various symmetry elements and their relationships. 
It was found that the symmetry elements are interlinked to each other and are not independent. 
In other words, a given symmetry element could be obtained from suitable combinations (if they 
are compatible) of other symmetry elements. Such a combination forms a group and gives rise 
to different symmetry points called point groups. Thus, a point group in the lattice is defined as 
the collection of symmetry operations which when applied about a lattice point, leave the lattice 
invariant. In other words, in point groups all possible symmetry elements must pass through a 


point. Suitable combinations of various 
symmetry elements give rise to thirty two (32) 
allowed point groups. Since crystals belonging 
to different crystal systems show different point 
group symmetries and therefore the 
classification of crystal systems can be easily 
made on the basis of point groups. A few 
examples illustrating the locations of equivalent 
positions forming groups are shown in Fig. ie) 

Here, the dots represent equivalent points. 
The point group | has no symmetry elements 
and hence the single isolated point has no other 
point equivalent io it. For 1m, there is a mirror 
plane, one dot on reflection across the mirror 


s 
Se 


| 
2 2 mm 
Fig. 1.19 Locations of equivalent positions for four 
point groups 
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there is no restriction on the length a, 
Such a lattice drawn earlier in Fig. 1.9 


{S. 


L8  BRAVAIS LATTICE IN TWO DIMENSIONS: 


Ing — 
N general, unlimited number of lattices are possible since 


raft : ; 
bof the lattice translations and on angle @ between them. BREET mnreen 
for an arbitrary a, bo and @is known as oblique Inttice, An oblique Jattice 18 invaria y under 


the mtation Twn (with as 1 and 2) about any Inttice point. However, this can ay Sy made 
wanant under the rotation 27/n with n= 3, 4, 6 or mirror reflection if some ies ay ea 
are imposed ona, band ¢. These symmetry clements in turn put restrictions on the shape of the 
lattice (precisely the shape of the unit cell). The resulting latices are known as special lattices, 
They are obtained as follows. 

We know that we need two repeat distances (noncollinear translations) a and b and an angle 
@ to form a two dimensional or plane lattice. Clearly there exist two possibilities a=b,ora# 
b. Further, the angle @ between the two vectors may take any value including that of @ = 90". A 
suitable combination of these possibilities leads to four possible planar lattices iulline ieip ane 
space completcly. They are represented by the square, rectangle, rhombus and parallelogram, as 
shown in Figs. 1.20a-d. 

It is to be mentioned here that in general it is convenient to work with a cell of higher 


(d) 


Fig. 1.20 The five possible plane lattices: (a) Square, a = b and ¢ = 90°, (b) Rectangular, a #b and $= 90°, 
(c) Rhombus, a=band Ci) = ¢° (d) Oblique, axband ¢ = ¢°, (e) Hexagonal, ee ¢ J 60° 


symmetry which may not always be primitive and therefore an alternative cell in place of a plane 
rhombohedral lattice (Fig. 1.20c) may be used because the choice of the unit cell is not unique 
(as discussed in section 1.3). One such cell is marked out as a centred rectangular lattice shown 
in Fig. 1.21. In addition to the above, plane space can also be filled by hexagonal or triangulat 
figures. However, an equilateral triangle cannot be used as the basis of a lattice because its 
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ean in filling a plane would involve a change of orientation in addtion to its translation. 

60°) a “i assembly of equilateral triangles is clearly equivalent to a rhombus with a = b, g= 
JS repeat unit (Fig. 1.22a, b). There are thus only five plane lattices, one general and four 

special. A detailed description of two dimensional Bravais lattice is given in Table 1.5. 


e 
a % e 
s 
% 
® » 
a 
a\ 
e ® 
e e e 
e e r) 


Fig. 1.21 Three alternative unit cells for a two-dimensional lattice 


) ) (b) 
(a) 


Fig. 1.22 Demonstration of: (a) The equivalence of filling space with 60° rhombuses, and with hexagons, 
(b) The repetition of this pattern to one based upon cquilateral traingles in which, by joining 
centres of triangles of equivalent orientation, the same rhombohedral lattice is chosen 


Table 1.5 Bravais lattice in two dimensions 


SI. Lattice Conventional Axes and Point groups symmetry 

No. Type Unit cell Angles about lattice point 

1. Oblique Parallelogram ath, p= ¢ 2 

2, Square Square a=b; ¢=90° 4mm 

3. Hexagonal 60° rhombus a=b, d= 120° 6mm 

4. Primitive Rectangle a#b, d= 90° 2mm 
rectangular 

2. Centred Rectangle a#tb, @=90° 2mm 
rectangular 


1.9 BRAVAIS LATTICE IN THREE DIMENSIONS: SPACE LATTICE 


In the preceding section, we observed that in two dimensions suitable restrictions on lattice 
translations and angles allow only five types of lattices. Extending the same idea to a three 
dimensional case and applying similar restrictions on the lattice translations a, b, c and angles 


Mae SouA Store bigres lattices are possible in three dimensions, one 
atti 


rteen types of known as Bravais lattices—nameq 
1, They are collactiae? rked them out first or simply space 


a, B, ¥, one can verify that only fou 
pher who wo 


general (triclinic) and thirteen specia 
after the nineteenth century French crystallogra 
lattices. 
In order to specify the given arrangement of 
points in a space lattice or of atoms ina crystal, 
it is customary to define its coordinates with 
reference to a set of axes chosen with its origin 
at a lattice point. The three axes a, b, and c and 
the opposite angles @, B and y are defined as 
shown in Fig. 1.23. Further, each space lattice 
has a convenient set of axes, however, only 
seven different system of axes have been found 
to be sufficient for representing all Bravais 
lattices. Accordingly, fourteen space lattices are a . 
divided into ee at ei They are triclinic, monoclinic, lan oe a 
trigonal, hexagonal and cubic. A brief explanation of each crystal system 1s given elow: 
nly, then there is 


If a crystal has no symmetry (point group 1), or a centre of symmetry 1 0 * 
no restriction on the shape of the unit cell; all three angles @, B and yhave to be specified and 


hence the system is called triclinic or occasionally called anorthic (i.e. non-orthogonal). A 
monoclinic crystal has 2-fold symmetry in one direction only. One crystallographic axis 1s taken 
parallel to the direction of 2-fold symmetry axis, and the other two axes must therefore be 
perpendicular to it. The choice of the cell is thus restricted to a parallelepiped having two right 
angles; one angle has to be specified, hence the name monoclinic. 

An orthorhombic crystal has 2-fold symmetry in three mutually perpendicular directions. The 
crystallographic axes are taken parallel to the symmetry directions, so that the unit cell is 
orthogonal. Higher symmetry involving axes of order greater than 2, impose more stringent 
restrictions on the shape of the unit cell. The trigonal, tetragonal or hexagonal systems are 
characterized by a single 3-, 4-, or 6-fold axis, respectively. One crystallographic axis, always 
designated c, is taken parallel to this unique axis (except for primitive setting of rhombohedral 
cells), the other two must be perpendicular to it and equal to each other. 

The highest symmetry among all is that of cubic system. The three crystallographic axes are 
orthogonal and equivalent. In the cubic system there are three lattices; the simple cubic (sc) 
lattice, the body centred cubic (bcc) lattice and the face centred cubic (fcc) lattice. The characteristics 


of the three cubic lattices are summarized in Table 1.6. 
A detailed description of three dimensional Bravais lattices is given in Table 1.7, while they 


have been shown diagrammatically in Fig. 1.24. 
Example: Show that each of the 14 Bravais lattices, possess a centre of symmetry. 


Solution: If we look at Fig. 1.24, in each case the lattice arrangement is such that for each lattice 
point on one side of the unit cell there exists a corresponding lattice point on the diametrically 


opposite side, and at the same distance. 
Example: Show that 13 out of 14 Bravais lattices possess at least one reflection plane 


Fig.1.23 The crystallographic axes and the corres- 
ponding angles 


hl 
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Table 1.6 Characterstics of cubic lattices 


Se 


Simple Body centered Face centered 
Volume of conventional unit cell Ps isd Pe 
Lattice points per unit cell 1 2 4 
Volume, primitive cell a3 a a 
‘ 2 4 
Lattice points per unit vol. al 2 ‘an 
a? a a 
Number of nearest neighbours 6 8 12 
(coordination number) 
Nearest neighbour distance a av3 = 0,866a — =0.707a 
7 =O. = 0. 
Number of 2nd neighbours 12 6 v2 6 
Second neighbour distance 42a e a 
Packing factor ry) v3x = 0.68 2m _ 0.74 
ee ee a ee ile 
Table 1.7 Bravais lattice in three dimensions 
Crystal Restrictions on Associated lattice Characteristic To be specified 
system conventional —————__ symmetry = = ee ee 
] 
cell; axes Number Symbol elements mes. ARE ae 
and angles mater 
Triclinic atb#c 1 P None a,b,c By 6 
az B#y# 90° 
Monoclinic aztb¥c 2 P,C one 2-fold rotation a, b, c Y 4 
a=y=90° 28 axis or m (= 2) 
Orthorhombic a#b#c 4 PRC,FI _ three 2-fold rotation a, b,c — 3 
a= B= y=90° axis or m (mutually 
perpendicular) 
Tetragonal a=b#c 2 PI one 4-fold rotation hye — 2 
a= B= y= 90? axis or 4 
Trigonal a=b=c 1 P one 3-fold rotation a a 2 
(Rhombo- a= B= y< 120° axis or 3 
hedral) # 90° 
Hexagonal a=b#c | P one 6-fold a,c —_ 2 
a= B=90° rotation axis 
y= 120° or 6 
Cubic a=b=c 3 P or sc four 3-fold rotation a 1 
a= B= y= 90° I or bec axis or 3 (parallel 
F or fee 1 to cube diagonal) 


i  ——————————————— 


* Lattice symbol: 

P - Primitive (Lattice points are at the comers of the unit cell only) 

C - Side centred or Base centred (Lattice points are at the corners and at two face centres opposite to each other) 
I - Body centred (Lattice points are at the corners and at the body centre) 

F - Face centred (Lattice points are at the comers and at the six face centres) 
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— ae 
i 
ree a a 


Trictinie-P Monoclinte-P 
Fe, 
I rh 
Orthorhombie-P Ortharhombic-C 


Tetragonal-P 
ZA R 


Orthorhombic-F : 
| Vala Va 
Tetragonal-I 


Hexagonal-P Tetragonal-R 


Cubic-P Cubic-F 


Fig. 1.24 The fourteen Bravais or space lattices 
Solution: It is the triclinic lattice only which does not possess, the mirror plane. 
Example: If the object or motif itself has a reflection plane (or centre of symmetry), show that 
it cannot have enantiomorphs. 


Solution: Consider a motif (), its mirror image 
will be identical to it. They are indistinguishable 
from each other. Such objects or arrangements 
may be called self enantiomorphs. . 


Example: Show that a face-centred tetragonal 
lattice does not exist. 


®. 
‘. 
. 
., 


Solution: Draw two face centred unit cells 
side by side as shown by dotted lines in Fig. Fig. 1.25 earepiaa of face centred tetragonal 
attice 


1.25. Inside these cells, draw a new tetragonal 


ee 
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cell of half i ps ime 
ble the volume. This turns out to be a body-centred tetragonal unit cell. This amp 
entred tetragonal lattice does not exist. 


1.10 RATIONAL FEATURES OF A CRYSTAL AND MILLER INDICES 


Be te ip ee a seal which are represented by lattice points are called rational. 
ainisenstibledere a og respect to another lattice point (site) is a rational point, a row 
Aa ated tatt ational line and a plane defined by the lattice points is a rational plane. 

€s are irrational. It is necessary to have appropriate notations to represent their 
rational features. A notation conventionally used to describe lattice points (sites), directions and 


planes is known as Miller indices. 


Site Indices 
The position of any lattice site relative to 


a chosen origin is defined by three of its 
coordinates x, y, z as shown in Fig. 1.26. These 
coordinates in general can be expressed in the 
following forms; x = ma, y = nb, z = pc, where 
a, b and c are the lattice parameters and m, 
n and p are integers. However, if the lattice 
parameters are used as the units of length along 
the respective axes then the lattice coordinates 


will be obtained simply in the form of numbers 
m, n and p. These numbers are then termed as site indices and are written in the form [[ p)). 


For a negative index the minus sign is written above the index. As an example, for a site with 
coordinates x = —2a, y = 1b, z = —3c, the site indices are written as [{2 1 3]]. 


[{mnp]] 
Fig. 1.26 Indices of crystal lattice site and direction 


Indices of Direction 

To describe a direction in a crystal lattice, a straight line passing through the origin is chosen. 
It is defined by the indices of the first lattice site (point) through which the line passes (Fig. 
1.26). In other words, it is defined by the three smallest integers that describe the position of 
the site nearest to the origin which lies on the given direction. Therefore, the site indices are at 
the same time the indices of direction (Fig. 1.27a). The indices of direction are calculated by 


adopting the following procedure: 
[001] 


[010] 


Fig. 1.27 Indices of principal directions in a cubic crystal 
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in a given direction, 


(i) Note down the coordinates of the lattice site nearest 10 the origin 
(ii) Divide the coordinates by appropriate unit translations. 7 
(iii) If fractions result, multiply each of them by smallest oe eee 
(iv) Put the resulting integers in a set of square brackets, 1.¢- 
of that and all parallel directions. 
te independent of the actual geometry 
rdinates of any point on the 


mon divisor. 
t the required indices 


It should be noted that the indices of direction are qui 
of the unit cell and are determined solely by the ratios of the coo 
Siven direction to th i it translations. . 

In a crystal, see i te of families of directions. Out of ae there are 
sets of directions having identical spacing between the atoms (i.e. same unit trans ations) are 
called equivalent directions. Such sets of directions are always related by a symmetry operation, 
The shortened notation used to specify a family of directions, is a set of angled brackets ie: 
<hkl>. For example (in the cubic system): the family <100> comprises the directions [100], 
[ 1 00}, (010), [0 10}, [001] and [001]. Fig. 1.27 shows all the principal directions (crystallorgraphic 
orientations) in a cubic crystal alongwith their notations. The unit translations for the low index 
directions in the three Bravais lattices of cubic system are given in Table 1.8 


Table 1.8 The unit translation for low index directions of a cubic system 
Unit translation 


Family 
P I F 
<100> a a a 
<110> 42a 42a 4 
3a {3a 


<l11> J3a 5 


Example: Write all directions from the family <110> and <111>. 

Solution: The family <110> comprises the directions [110], [110], [1 10], [1 10], [101], [101], 
{101}, [701], [011], [011], [011], and [011]. Similarly, the family <111> comprises the 
directions [111], [111], [111], [111], [7 11), [111], [111] and [11 1]. 

Example: Classify the members of <100>, <110> and <111> families of direction in the tetragonal 
system. 

Solution: For a tetragonal system, we know that a = b # c. Thus, the unit translation for the 
directions [100], [ 100}, [010] and [0 10] is the same as a, whereas for the directions [001] and 
[001] is c. Consequently the first four directions are the members of <100> family and the last 


two are the members of <001> family. 
Similarly, <110> family has four members, i-e. [110], [110], [110] and [1 10], while the 


other eight directions [101], [101], [101], [101], [011], [011), [017] and [077 
. ‘ . ’ ’ 1 
members of <101> family or equivalently the <011> family. [01 1] are the 


ol i i le ET i — - 


» ae 
a 
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ya < i ee eh? the same unit translation in the tetragonal system and therefore 
In certain calculations eight members as it does in the cubic system. 

angle between two aime e.g. in resolved shear stresses, Ch. 5), it is necessary to determine the 

Eeryicamnplitaic it Poe directions. The formula for a general case like triclinic 1s 

Taye suche  pHeretore in Table 1.9, we enlist the formulae for some crystal systems which 
y quently used in calculations. The formula for cubic system is the simplest of all which 


can be determined by dot product, 


Table 1.9 Angle between two crystal directions [h,k,/,] and [kh] 


Crystal system Cos ¢ 
hyhy + kyky +h, 


(hp +k? + iP)"? (hZ 4&2 4 12)? 


Cubic 
} Tetragonal a? (hyhy + kyka) +c? (hla) 
la? (h? +k?) + 71?) {a? (h? +k?) +702) 
Orthorhombic a*hyh, + b* kik, + ehh, 
(a?h? + bk? + 071? )(a*h? + b?k? +071?) 
? 2 
hyp + Ryka — 4 (ky + kyha) + hh 
a a 
Hexagonal i7 : 7 
{li +k? —hyky + eit (03 +k} —hyk + <1] 


Example: Calculate the angle between [111] and [001] directions in a cubic crystal. 


_ Solution: From Table 1.9, we have 
hy hy + kik, +11, = O+0+1 = 1 
43 


cos d= a 
V(h2 +k? + P)V03 +k +B) 3x1 


so that @ = 54.75° 


Example: Calculate the angle between [111] 
and [1 1 1] directions in a cubic crystal. 


Solution: From Fig. 1.28, we observe that [001] 
direction bisects the angle between [ 111] and 
{1 11]. Therefore, the angle @ between them 
is 2 xX 54.75° = 109.5°. This can be verified 


from the dot product as mentioned above. 


cos ¢'= tsleds ff 

Bx 3 2 - 

Fig. 1.28 Angles made by [111] and [1 11] 

so that ¢= 109.5° directions with respect to [001] in a 
cubic crystal 


i 
————_ 
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number of equidistant parallel planes 


Indices of Lattic Plane of a ese f 
ss b] i i 
sscm y : F a given lattice, th Ss Sets oO 


A crystal lattice may be considered as an a ; 
Passinp th SOR HON are called fattice pla : 
& through the lattice points and ar cing for a given set of paralle) 


planes can be selected in a number of ways. The interplanar spac 
Planes is fixed but for aeiceen sets of ee the interplanar spacing vary ee the density of 
lattice points. For simplicity, let us start with a 2-dimensional lattice and then generalise to g 
three dimensional case. A 2-dimensional lattice is considered to be made up of a number of rows 
of atoms, In this case, the set of rows of atoms can be selected in a number of ways as shown 
in Fig. 1.29. Now, if we fix the coordinate axes, then any given line (particular sai of atoms) 
will intercept the coordinate axes x and y at “a” and “b” units, respectively (Fig. 1.30a). From 
simple geometry, the equation of this line is given as 


(b) (230) 


(a) (110) 


Y 


(c) (010) 


o——___9—_0—___o—____e—____0 
o_o_o_______o—____-0 


Fig. 1.29 Miller indices of some planes in a two-dimensional lattice 


I/k 


l/h 
O 
(a) + z (b) 
Fig. 1.30 Intercepts along (a) x and y axes (b) x, y and z axes 


y 
(8) 


x = 
aT 


Similarly, the equation of plane in three dimensions having the intercepts a, b and c (Fig. 


1.30b) along the axes x, y and z, respectively will be 


rrr 
re 


Mee 
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a ae Seed 9) 
i a ( 


In describing crystallographic planes, the axes are taken along three non parallel edges of the 
unit cell, and the intercepts are measured in term of respective unit length, which is assigned to 
each of the cell regardless of its actual dimension. The use of the intercepts a, b and c to 
represent a crystallographic plane has the disadvantage that the intercepts are often fractions 
(less than 1) and may be infinite (for a plane parallel to an axis). For this reason, it is now 
common practice to use the reciprocal of the intercepts to designate a crystallographic plane. 
Therefore, suppose h = I/a, k = 1/b, and / = 1c so that eq. 9 becomes. 


hx +hky+lz=1 (10) 

Equation 10 describes the first lattice plane, nearest to the origin, in a set of parallel, identical 
and equally spaced planes. The resulting setiof \three integer and 7 are conventionally 
wo n parentheses (hkl), called the Miller indices and describe ie lattice plane in question. 


Equation10 can also written as 
goed. SY 11 
ih * Tk “ 

where 1/h, 1/k and 1/I are intercepts along the x, y and z axes, respectively. This implies that the 

(hkl) plane divides “a” into h parts, “b” into k parts and “c” into / parts. Therefore, to obtain the 


Miller indices of a plane, we adopt the following procedure: 
(i) Determine the intercepts of the plane along x, y, and z axes in terms of lattice parameters. 


(ii) Divide these intercepts by the appropriate unit translations. 


(iii) Note their reciprocals. 
(iv) If fractions result, multiply each of them by the smallest common divisor. 


(v) Put the resulting integers in parenthesis (hk/) to get the required Miller indices of that and 


all parallel planes. 
Example: In a crystal, a plane cuts intercepts of 2a, 3b and 6c along the three crystallographic 


axes. Determine the Miller indices of the plane. 


i 
type 


Solution: Following the above procdure, we have 


(i) Intercepts 2a 3b 6c 
(ii) Division by unit translations = =2 2 =3 ee = 6 
fis A 1 ul 
(iii) Reciprocals 7 7 6 

5 pe | 


(iv) After clearing fraction 
= The required Miller indices of the plane are (321) 
Example: Determine the Miller indices of a plane which is parallel to x-axis and cuts intercepts 


of 2 and 1/2, respectively along y- and z-axes. 


Solution: Following the same procedure, we have 
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1, 
(i) Intere = . ; 
epts 5 (/2)c 
; | * 2b 2 = 
(ii) Division by unit translations a b ° : 
ses a 
(iii) Reciprocals 4 2 4 
(iv) After clearing fraction 0 


=> The required Miller indices of the plane are (014). 
Example: An orthorhombic crystal whose primitive translations are 


= 197A, respectively. If a plane with Miller indices (23 1) cuts an intercept 0 
X-axis, find the length of intercepts along y- and z-axes. 


Solution: We-have-_ p7: gi: rlsh:k:l=2:32-1 


a= 1.21A, b= 1.844 and ¢ 
£1.21A along the 


Therefore sel 1 


The ratio of actual lengths of the intercepts are 
ht lo: = pa: qb: re 


1.21. 1.84. _ 497 
Sain salad 


_ Since /; is given as 1.21 A, we therefore multiply the right hand side by 2, so that 


Hotels Loe _— : 3.94 
= Ip = 1.23A and |, = -3.94A 


Example: Determine the Miller indices of a plane that makes intercepts of 2 A, 3 A, 4 A on the 
coordinate axes of an orthorhombic crystal witha: b:c=4:3: 2. 


Solution: Here the unit translations are a = 4, b = 3 and c =2. 
Following the same procedure as above, we have 


(i) Intercepts 2 3 4 

ie mentees : : ex a 1 3 _ 4 - 
(ii) Division by unit translations 473 3 = 1 5 = 0) 
(iii) Reciprocals 2 1 4 
(iv) After clearing fraction 4 2 | 


=> The required Miller indices of the plane are (421) 


Example: Find the Miller indices of a plane that makes intercepts on a, b, and c, axes equal to 
3 A,4A and 3 A ina tetragonal crystal with c/a ratio as 1.5, 


a 
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jon: For @ 
fee Mesicceat Dee we have a = b #c. Since c/a = 1.5, therefore ¢ = ].5a or ¢ = 
: g the abov 
fa thtercedt ove procedure, we have F 3 
3 
(ii) Division by unit translations 33 424 3 =2 
Fa io 1.5 


(iii) Reciprocals 


wl 
nN Nl 


(iv) After clearing fraction 


=> The required Miller indices of the plane are (436) 


Representation of Planes of Known Miller Indices 

In the preceding section, we learnt the procedure for determining the Miller indices of an atomic 
plane when the intercepts made by it along the three crystallographic axes are known. In the 
present case, the problem is of opposite nature and hence to represent a given plane eres 
Miller indices in a unit cell, the following procedure is adopted. 


(i) Take the reciprocals of the given Miller indices. They represent the intercepts in terms of 
axial units. 

(ii) Mark the length of the intercepts on the respective coordinate axes. Join the end points, 
the resulting sketch will represent the 
required plane. 


Example: Draw (1 11) and (1 1 1) planes inside 
the unit cell of a cubic crystal. Determine the 
Miller indices of the direction that is common 
to both planes. 


Solution: Consider the conventional orthogonal 
axes and construct a cubic unit cell with O as 
the origin (Fig. 1.31). Now by imagining the 


_ origin to be at O’, draw (111) plane. Similarly, x 
imagining the origin to be at O”, draw (1 Ty ga — __ fel : oo 
plane. Common direction of these planes is also Fig. 1.31 ( a mi 11) aa, 8 . Stee 
aiicual 1 e common direction [110] or 
In a crystal, there exists a group of planes 
sequently have the same d-spacing. They are crystallo- 


having identical arrays of atoms and con 
graphically equivalent planes. Such scts 
The shortened notation used to specify 


of planes are always related by a symmetry operation. 
a family of planes is a set of braces or curly brackets 


{hk1}. In this notation, the {100} family consists of six planes, ie. (100), (100), (010), (010), 
(001) and (00 1) bounding the unit cell of crystal of cubic system (Fig. 1.32). Similarly, the 


{110} family consists of twelve planes (110), (710), (110), (1 10), (101), (101) (101), 
(101), (011), (011), (O11) and (01 1) and the {111} family consists of eight planes (111), 
(111), (11), (11), (1 TD), GT D), (111) and (11 1). In the cubic crystals, indices of 


some principal planes are shown in EiGad. dae 
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Fig. 1.32 Indices of six faces of a cube 


x (111) 


Fig. 1.33 Indices of principal planes in a cubic crystal 


Miller-Bravais Indices 

As discussed above, for all crystal systems except hexagonal three noncoplanar axes are sufficient 
to describe a plane or a direction. However, for a hexagonal system, four index notation is 
required: three coplanar axes a, dy, a in the basal plane of the hexagon and an axis c perpendicular 
to the hexagonal prism as shown in Fig. 1.34. This is known as Miller-Bravais system of 
notation. Miller-Bravais indices are obtained exactly as before and for a plane (in hexagonal 
system) it is given by (hkil). Since the three coplanar axes 4), dy and a; are related to one another 


by a rotation of 120° about c-axis, so the indices h, k and i are also related to one another. From 
a simple geometrical consideration the relationship is found to be: 


i=-(h+k) 
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pe ht+k+i=0 (12) 


The indices h and k on the axes a,, and 
respectively, determine the third jan ‘ i“ 
the axis 43 Simply as —(h +k). Thus it i f if 
omitted from the notation and js senile 
dot. For example, a plane (1 120) in full ie 
can be written as (1 1.0) in shortened ise 
with exactly the same meaning. The existen : 
of above relationship Provides a very sim re 
means of conversion from Miller aise Te 
Miller-Bravais indices and vice versa 


Example: Convert th : : - Fig. 1.34 Miller-Bravais axes 
eae : the Miller indices (110), (1 10), 345), and (345) into Miller-Bravais 


Solution: The value of i is obtained from eq. 12 and hence the Miller-Bravais indices. They are 
shown on the right column. 


Miller indices Miller-Bravais Indices 
(110) (1120) or (11.0) 
(110) (1100) or (11.0) 
(345) (3475) or (34.5) 
(345) (3415) or (34.5) 


Example: Replace the dots by numerals from the following shortened Miller-Bravais notations: 
(11.2), (10.3), (11.4), (12.6), (24.5), (21.3), (01.2), (03.5), (13.2), (11.2), (22.3) and (14.4) 


Solution: Using the relationship i=-(h +k), we write full notation of the above as: _ 
(1122), (1013), (1104), (1236), (2425), (2133), (0112), (0335), (1322), (1122), (2203) and 


(1434), 
The advantage of four index (Miller-Bravais) I 
(110) \ AN 


system of notation over three index system can 


be seen when we index the prismatic faces of re ; 
a hexagonal prism (Fig. 1.35). Miller indices Jf // : 


have different forms, e.g. (100) and (110), for 


different planes of the same crystallographic x (100) x (1010) 

type. On the other hand, in Miller-Bravais (a) (b) 

notation, these planes become (1010) and 

(1100), respectively, and their crystallographic Fig. 1.35 Prismatic planes in: (a) Miller notation 
and (b) Miller-Bravais notation 


equivalence, as members of the {1010} family, 


is then quite clear. 
A direction in this notation is obtained by constructing four vectors, in the order aj, a, a3, ¢ 


along the four axes, which combine to give a vector in the required direction. These four vectors 
must be chosen so that the length of third, in the cell edge units, is always equal to the negative 
sum of the first two. The four vector lengths are then reduced to smallest integers and written as 


30 Solid State Physics al plane of the hexa 
" hic directions in the bas! P Sonal 
tallograph! 
e crys indices for 2 crystallographic directio, 
Bravais in janes the conversion from One 
a 


system, Mille 
The conversion from Miller indices t0 Pp f the index i = ~(h 

is not as simple as it is for a crystal plane. or remov yal of ¢ (h + k), 
ple as i by insertion «, The three Miller indices [HKL] ang 


ly 
notation to another is carried out simp m 
t so simple 
However, for directions, the relationships 41° att das given below: 
the four Miller-Bravais indices [hkil] are con 
h= (2H = K)/3 


H=h-i 
K=k-i ja —-(h + &) and P= Lb 
na hree equivalent directions shown in Fig. 1.37. 


[hkil]. Fig. 1.36 shows som 


Example: Obtain Miller-Bravais indices of the ¢ 


OOK eS 
as KX a VAY, ‘ 


ay 


Fig. 1.36 Miller-Bravais indices of some directions _ Fig. 1.37 Miller-Bravais indices of three equivalent 
in the basal plane directions 

Solution: Case J: Given: [HKL] = [100]. Making use of the above conversion formula, the 

corresponding Miller-Bravais indices can be obtained as: 


Miller-Bravais indices © 


h k i l 
2 id aol 

3 3 

2 —] -! 0 


=> The required Miller Bravais indices are [21 10]. 
Case II: For [HKL] = [010]. Similar to the above the Miller-Bravais indices are: 


Miller-Bravais indices 


h k ! 
2 2 1 

3 3 43 
—| 2 uA 0 
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=> The required Miller Bravais indices are | 12 10) 
Case HE For [HAL] & [110]. The Miller-Bravais indices are: 
Miller-Bravais indices 


h k i / 
uJ y] 

3 5 = 4 0) 
I 0 


=> The required Miller-Bravais indices are [11 20). 
It is clear from the above calculations that all the three Miller-Bravais indices are the members 
of the same family, <11 20>. 


1.11 INTERPLANAR SPACING A 


With the knowledge of indexing crystal planes and directions it is now possible to derive 
formula for the spacing between two consecutive 
parallel planes in a given unit cell. We shall 
limit our discussion to the unit cells which are 
expressed in terms of the orthogonal coordinate 
axes, so that simple cartesian geometry is 
applicable. Thus, let us consider three mutually 
perpendicular coordinate axes, ox, oy and oz, - 
and assume that a plane (/k/) parallel] to the~ 
plane passing through the origin makes 
intercepts a/h, b/k and c/l on the three axes at 
A, B and C respectively as shown in Fig. 13.8. Fig. 1.38 (hkl) plane intercepting x, y, and z axes 
Further, let OP (= d, the interplanar spacing) at A, B and C, respectively 

be normal to the plane drawn from the origin 

and respectively make angles a, § and ywith the three axes. Therefore, OA = a/h, OB = blk, OC 
= c/l and OP = d. 

From triangle OPA etc., we have 


cosas Sr =o, cos B= OR = 
cos Y= on = _ 
Now, making use of the direction cosine, which states that 
cos? a; + cos” B + cos’ y= | (13) 


and substituting the values of cos a, cos B, and cos yin eq. 13, we obtain 


da? d* d’ 


+ —_—_—— 


(aly? (bike (cll? 


ra 
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5 2 [ S| 
al hi Es 
or c a b é 
: (yl? 
8 BG "3 
So that fe hombi 
horhombic, tet 
vive lattice of ort Tagg 
This is a general formula and is applicable '° - a . 
and cubic systems. 
s to 
(i) Tetragonal system : a = b # ¢, ©4 ar -W2 
e 2 2 
+k (15) 
d= a Cc” 
(ii) Cubic system a = b = ¢, eq. 14 reduces 10 
d=ar+ e+ ry 
or ait - 
5 ore. 
~ +e +P)" 11 simple lattices are provided in Table 1.19, 


For convenience, th Tp for a 
e interplanar spacing 10 
us crystal systems 


Table 1.10 Interplanar spacings of vario 
dint 


System a2 
244 ly 
4 /Cubic ani 1/2 
Y he + k? as 
Tetragonal ae c 
12 
i? ce 
Orthorhombic a b c 
2 . 4 yr ll2 
4i3(h? thk +k) 
Hexagonal a [ar 
a(l+2 cos’ a-3 cos” a)! 
sshamboliedie? (2 + 2 +P) sin? oF + 2(hk + kl + 1h) (cos” cx — cos a)” 
--1/2 
a eee ee a 2 
wreeeeiae h? la’ +l Ic" —(2hl cos Blac oft 
sin? B b 
h hla cosy cosp| ,| | hla cos B 1 cos ¥ iia 
_lkib I cosaj+—|cosy k/b cosa|+—|cosy | k/b 
“\i/c cosa 1 cosB Ile 1 | “leosB cosa lic 
a ee ee 
1 cosy cos Bl -1/2 
Triclinic cos 7 | COs 
cosB cosa | | 


OE. - satan reenter ee 
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Example: The distance between consecutive (111) planes in a cubic crystal is 2 A. Determine the 
lattice parameter, 


Solution: For cubic crystals, we have 


i= a 
(tek eye 


Substituting different values, we get 


De a rn 
(+141)? 3 
or a= 273 A=3.46A, 


Example: Ina tetragonal crystal, the lattice parameters a = b = 2.42 A, and c = 1.74 A. Deduce 
the interplanar spacing between consecutive (101) planes. 


Solution: From Table 1.10 or from eq. 15, we know that the interplanar spacing for a tetragonal 
system is given by 


Wek? Py 
diy = * t| 
~-1/2 
Peo, 2 
d itees| Or 
= " en (1.74)? 


= 141A. 
Interplanar Spacing in sc, bec and fcc Lattices 


Simple Cubic Lattice 

In a simple cubic system, the lattice parameters a = b = c but the lattice points are situated only 
at the corners of the unit cell. Thus the interplanar spacings can be determined by simply using 
eq. 16. The interplanar spacings corresponding to three low index planes (100), (110) and (111) 


shown in Fig. 1.39 are: 


digo = 4, duo = and dy = 
Hence their ratio is 
1 
dim i din? G4 f= 1: — : 
100 : 4110 * 4111 I 5 


Body Centred Cubic Lattice 
In this case, the lattice points are situated at the eight corners and at the body centre of the unit 


cell. Because of the presence of an additional point at the body centre, the interplanar spacings 
for three low index planes (100), (110) and (111) give slightly different results. There appears an 
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\/ NZ N 
\as \ AN 


te. 10-4 
(b) (110) Plancs 


eee 
je yor 
(a) (100) Planes 


= | SS 

[NV 

(100) planes (b) (110) planes (c) (111) py 
anes 


Fig. 139 Low index planes in sim 
) and (11) planes as shown in Fig. 1.40, while n 
n compared to simple cubic system. Therefore. m. 

» Me 


tween (100 
the body centred cubic system are. 


10) planes whe 


additional plane half way be 
dex planes in 


planes appear in between (1 
interplanar spacings for the low in 


. a 
attice = > 
2 


(doo) simple cubic | 


din 5 


d 
do Additional (100) Planes 
(a) (100) Planes (b) (110) Planes 


. NN 


Additional (111) Planes d 
ve 
(c) (111) Planes 
bee : 
crystal: (a) (100) planes (b) (110) planes (Cc) (111) plane? 


/ 
Nh 
SS 


Fig. 1.40 Low index planes in 
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din = (dy) simple cubic lattice = a 


= ; ‘ . a 
diy = > (di1,) simple cubic lattice = ——= 
- eee, é 243 
Hence their ratio is 


digg : diigt diy =]: my] ' Fi 


Face Centred Cubic Lattice 


ahaa lattice points are situated at eight corners and at the six face centres of the unit 
: . I shows the appearance of additional planes halfway between (100) and (110) 
planes. while no new planes appear in between (111) planes. Therefore, the interplanar spacings 


for three low index planes are given as: 
\/ 
AM 
NEN 


a UR 


(a) (100) Planes (b) Additional (110) Planes 


(c) (111) Planes 
Fig. 1.41 Low index planes in fcc crystal (a) (100) planes (b) (110) planes (c) (111) planes 


digo = + (dhoo) simple cubic lalttice = 


ry] 


1 . pe = a 
dijo = ~(d simple cubic lattice = —= 
110 7 ( 10) Pp 2/2 
diy) = (di11) simple cubic lattice = -. 
i = (d)1)) simp 1 


Hence their ratio is 


i 2 
digi diugi: dn 2 lice iS= 
100 110 111 V2 Mei 


36 Solid State Physics i. 
, janes have the widest spac; 
: INpe 

From above discussion, we find that the low ind centred cubic and (111) planes . Ce. 
{100} planes in simple cubic, (110) planes 11 here is a fixed total number of Jatt, n Lacy 
Centred cubic systems, respectively. Further, since mM oint belongs to some crystal] Sle int, 

v4 ren a a “4 lu pve i . " 
IN-a given volume of crystal lattice and since © of the closest packing. © the 


Planes of the wides ~ also the planes : 
idest spacings are ein simple cubic lattice with int 
“Fatom;, 


Example: Calculate the interplanar spacing for (321) plan 


Spacing a = 4.21 A. = 
. 2 2 - 
Solution: For a simple cubic system, dina = Ch + R+l) 
Substituting different values, we have 
412 101A 
Any, 212 21.01 
da4l2x(9+44h = 4 


1.12 DENSITY OF ATOMS IN A CRYSTAL PLANE 
number of equidistant parallel planes. Let aa 


We know that a crystal is made up of a large 
the total number of planes separated from one another by on interplanar spacing d and the Ae 
the volume of this part of the crystal is AdN. 


of cross-section of each plane be A, then then th ] 
Further Let 6 be the density of atoms in one of these planes, ee © total number of tng 
V is the volume of the unit cell, then 


in the same part of the crystal is AON. Now, if 


_ AdN , 
AON =— V n 
where n is the number of atoms in the unit cell. Thus the density of atoms in a plane is 
5= "4 (17 
For a primitive lattice n = 1. So that 
shee 
6= V (18) 


Example: Calculate the atomic density (number of atoms per unit area) in (100), (110) and (11!) 
planes of simple cubic, body centred and face centred cubic systems as a function of lattice 


parameter a. 


Solution: Case I—Simple cubic system 
From section 1.11, we know that the interplanar spacings in terms of a for the above pianes are 


given as 
di00 = a, dito = = and diy = & 
V2 al3 


The volume of a simple cubic cell = @ andn=1 


el) ith 
=> b=>= 


a? 
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so that, 
d 
6g, 2 eae at 
100 a aa 
6) wei eee I 
ae 2 2a? 
by) 2 lL = —4_ = | 


Case II—Body centred cubic system 
In this case, the interplanar spacings are given as 


a 


Ao = 9° dijo = rt and diy = Hi) 


Volume is the same as a? but n = 2 


_nd_ 2d 
> aa bar 
so that 
2xd 2 1 
654 = oe 222 
ie a? 26° «ar 
Bo eis 2a__ v2 
a’ 2a3 a’? 
5 _2Xdn__ 2a _ 
ue a? 2V3a3 3a? 


Case IIl—Face centred cubic system: 
In this case, the interplanar spacings are given as 


doo = > dijo = an and dj; = ac; 


Volume is same as a’, but n = 4 


so that 


4 
. _- =F 
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xdl= 3 
J V3 a 
Ou! a 
Meth 


d) 

ber of atoms to 
calternati¥® i. ratio of BM the ap 
Density of Atoms in a Crystal or is defined as 
The Sei of atoms in a crystal P - jn the given plane 


ms -— 
that plane i.e. No. a the given plane 


; Jane = 
Density of atoms 17 de 


. tals. 
“4 cubic crys 
Let us obtain the density of atoms inc 


Case I—Simple cubic system 7 
Fig. 1.42 (a) and (b), respectively 8! 
these figures we can find, 


cross 


4cros-setional view OF (100) plan, py 
e the actual an | 


Urol MUA 
P a . }e-—a—>] - 
(a) ; 


Fig. 1.42 Showing (a) actual view and (b) cross-sectional view of (100) plane in a simple cubic Structure 


] 
No. of atoms contained in the plane ABCD = 4 x i I 
Area of the plane ABCD = a x a = a2. Therefore, 
No. of atoms in (100) plane — 


~~ Area of (100) plane ~ q? 
Similarly, from Fig. 1.43 (a) and (b), 


5100) = 


one can easily determine 
No. of atoms contained in the plane AFDG = 4 x dl 1 


Area of the plane AFDG = a x q V2 =a’ V2 
So that O10) = aa 
Again from Fig. 1.44 (a) and (b), we find 


2 


No. of atoms contained in the plane ABC = 2 Bea 


| | 
6°72 
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Fig. 1.44 Showing (a) actual view and (b) cross-sectional view of (111) plane in a simple cubic structure 


Area of the (equilateral triangle) plane ABC = ‘ x BC x AD 


2 
= 4x a2 x a2 sin 60° = 2-9 


eee | 


so that Oui = a aa 
2 


t= 


Case II—Body centred cubic system 
Since, (100) plane of a bec structure is similar to the (100) plane of a simple cubic structure 


with the only difference that in the case of bcc, the corner atoms do not touch each other. For a 
comparison, the actual and the cross-sectional views are shown in Fig. 1.45. 

Therefore, the density remains same as simple cubic case, i.e. 

4s. 

re) 

Fig. 1.46 (a) and (b), respectively give the actual and cross sectional view of (110) plane. In this 


8,100) = 


case, 
No. of atoms contained in the plane AFDG = 4 x 7 +1=2 
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Cc 


ne in a body centreg cub 
ig 


ew of (100) pla 


gs-sectional " 


Fig. 1.45 Showing (a) actual view and (b) cre 
Structure 


110) plane in a body centred cubic 


(a) 


cross-sectional view of ( 


Fig. 1.46 Showing (a) actual veiw and (b) 


structure 
Area of the plane AFDG = a X a2 = a? V2 
_ 2 _ 42 
so that 5,110) = wld @ 
o the (111) plane of a simple 


Like (100) plane, (111) plane of a bec structure is also similar t 
cubic structure and hence the density remains same, 1.€. 


bain = ewe 


Case IlIl—Face centred cubic system 
Fig. 1.47 (a) and (b), respectively give the actual and cross-sectional view of (100) plane. In this 


case, 
No. of atoms contained in the plane ABCD = [4 x | +1]=2 


Area of the plane ABCD = a’. Therefore, 


Fig. 1.48 (a) and (b), respectively give the actual and cross sectional view of (110) plane. In this 


case, 
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Fig. 1.47 Showing (a) actual 


ae view and (b) cross-sectional view of (100) plane in a face centred cubic 


Fig. 1.48 Showin : ; : 
eae actual view and (b) cross-sectional view of (110) plane in a face centred cubic 


No. of atoms containd in the plane AFDG = [4 x 71 + [2 x 5] =2 
Zz 


Area of the plane AFDG = a x aV2 = a? J2 
V2 


so that Sain =e 

OO Tt a 
Fig. 1.49 (a) and (b), respectively give the actual and cross sectional view of (111) plane. In this 
case, 


Fig. 1.49 Showing (a) actual and (b) cross-sectional view of (111) plane in a face centred cubic structure 


No. of atoms contained in the plane EDG = [3 x | o [3 Xx | =2 


2 
Area of the plane EDG = : a 


ste 


RO Ei 
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9 aime 
i. & 

4 a V3 


du * BH 
a we find that the Plane, 


So that 
2 : stems, 
; ne cubic 5Y5 ; 
; » for three © oti correspond to hiph,, 
If We compare the densities enlculated above sp |) of fee respectively ict a i = 
0) of bee and (i correspond to NIghest Censity of ay 
ked planes. 


of Widest spaci vi | l 
SUspacings (100) of se, ( . of fc 
er : ines ¢ @ pac 
densities in their own category, while the (I : ae are called the close Pp 
lt is bagnner at iiic -" ¢ fee lattice irecti ing 
because of this, (LED) planes of th wn and directions in sc, bee, 
Example: Give the Miller indices of the family of C10 
fee and diamond crystal. 


packed planes 


dea of indices of directions discusseg 


1c densitics and the! 


Solution: From above calculations of t! 
in section 1.10, we can write fab fcc De 
sc {111} none 
Family of close packed planes {100} Dive <! 10> none 
Family of close packed directions <100> rs 
CRYSTAL STRUCTURES 


1.13 SOME SIMPLE AND COMMON 
f solids can b 
nt. We shall, there 


nly one element (polonium) is known 


e explained only if the detail crystal 


As we shall see later that many properties 0 fore, give a brief description of 


structure of the substance is taken into accou 
some of the very common and simple crystal structures. 


Out of over hundred elements in the periodic Table, 0 ‘ , 
to crystallize in the simple cubic form. The geometry of this structure 1s easy and is very helpful 


in understanding other structures. A large number of other elements are found to crystallize in 
the form of fcc, bcc, hep and the derivatives of the basic cubic structures. 


Simple Cubic Structure . 
In this structure the atoms are situated only at the corners of the cube touching each other along 
the edges (Fig. 1.50). This is a very open and 
loosely packed structure, i.e. there is much empty 
space in it. This structure is introduced mainly 
because of its simple geometry. However, as 
we Shall see in the following that many other 


crystal structures bear a simple relationship to 
this structure. 


Body Centred Cubic Structure 
As arule, atoms tend to pack more closely and : 
Fig. 1.50 The simple cubic structure 


therefore if we examine the simple cubic 


arrangement to see how it might accommodate 
more atoms, the most obvious empty space is that at the centre of the cube. If this space is filled, 


we can obtain a body centred cubic (bcc) structure (Fig. 1.51a). It is to be noted that it can be 
considered as if two simple cubic structures interpenetrated along the body di 

i i y diagonal of one cube 
Byes length of the diagonal (Fig. 1.51b). Many metals are found to a bec structure, 


(a) 
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Fig. 1.51 (a) Body centred cubic structure, (b) Body centred cubic structure may be considered to be two 


interpenetrated simple cubic structures 


most important is iron while some others are Cr, Mo, W and also the alkali metals Li, K, Na, Rb 


and Cs. 


ee ey : inary compounds essentially have the bec arrangement in which the centre of 
the cube is occupied by one type of atoms and the corners are occupied by the others. This is 


usually called cesium chloride structure. 


Close Packed Structures 


If the atoms are considered as hard spheres then the most efficient packing of these atoms in a 


plane is the close packed arrangement as shown 
in Fig. 1.52. There are two simple ways in which 
such planes can be stacked on top of one another 
to form a three dimensional structure. They are 
hexagonal close packed (hcp) structuré (Fig. 
1.53) and the face centred cubic (fcc) structure 
or equivalently the cubic close packed (ccp) 
structure. 

In a single close packed layer, the spheres 
(atoms) may be arranged by placing each sphere 
in contact with six others, say all at positions A 
(Fig. 1.52). Such a layer can either be the basal 
plane of hep structure or the (111) plane of the 
fcc structure. A second similar layer can be 


Fig. 1.52 Close packed array of spheres. Note the 
three different possible positions, A, B 
and C for the successive layers 


placed above the A layer cither in the space marked B or in those marked C. Let us suppose that 
the second layer is a B layer, Where can the third succeeding layer be placed? There are two 
possible arrangements cach of which is an important representative structure. 


Hexagonal Close Packed Structures 


Simplest arrangement for the third layer to be placed is the layer position A, i.c., immediately 
above the atoms in the first layer, and the fourth layer to be placed at B and so on. This gives a 
stacking of the type ABABAB . . . (or equivalently as ACACAC . . .) as shown in Fig. 1.53b. It 
has a hexagonal primitive cell in which the basis contains two atoms, one at the origin, 0.0 0 and 
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i ; ng sequen 
Fig. 1.53 Hexagonal close packing. (a) The eve yl the 


dimensional arrangement of atoms W 


the other at 2/3 1/3 1/2 as shown in Fig. 1.54. Many meta 


hep structure. 


Face Centered Cubic Structure 
There is another way in which successive close 
packed planes of the type shown in Fig. 1.52 
can be stacked. The first two layers remain in 
Positions A and B as before, but the third layer 
instead of reverting to the A positions as in hcp 
arrangement, can be placed on the C positions. 
The fourth layer is then put on the A positions 
which are immediately above the atoms in the 
lowest plane. This gives a stacking of the type 
ABC ABC ..., with the pattern repeating at 
every third layer and is called the face centred 
cubic structure (Fig. 1.55a). 

At first sight there seems to be nothing cubic 
in it. This is because the close packed layers 


rs ABABA ... (b) The three 


Iaye 
laos | pattern more clearly 


hexagona 


is such as Mg, Zn, Cd, Ti, Ni, etc. haye 


Fig. 1.54 The hexagonal primitive cell. The two 
atoms of one basis are shown as solid in 


the figure. One atom of the basis is at the 
‘ 11 
origin, 000; the other atom is at 337 
1 


which means at T=4artbehe 


which have been discussed above do not correspond to the ordinary faces of a cube. A face 
centred cubic unit cell drawn with conventional cube axes is shown in Fig. 1.55b. As its name 
implies the structure is the same as the ordinary simple cubic (Fig. 1.50) with the addition of an 
extra atom at the centre of each cube face. The close packed layers are the body diagonal planes 
of the cube and one of these is shown in Fig. 1.55c. The fcc structure has in all four equivalent 
close packed planes as compared to hcp which has only one (basal plane). However, the actual 
fraction of space filled in fcc and hcp is the same (detail calculation is given in chapter 3). Table 
1.11 provides a simple comparison between the two close packed arrangements. 

Face centred cubic structures are typical of many metallic elements e.g., Cu, Ag, Au, Al, Ni, 


Pd and Pt. . 
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a “Ona 
en 
Oc 


(a) 


&§ 
Pig ESS Abe face centresl cuble structure, (a) Stacking aequence of layers AICABCA .  (h) Unit cell 
Saf ona cube. (c) Close packed planes of (a) are the hody diagonal planes 


Table 1.11 Comparision between two close packed arrangements 


Lattice Equivalent Effictency # of possible Close Packed — Close Packed 

Type Structure polytypes planes directions 

HCP 2H 74% Theoretically {0001} <11 20> 
Infinite 

RC 3C 74% Only one (3C) {111} <110> 


Other Cubic Structures 

We saw above that many metallic elements solidify in one of the structures described above. 
However, there are several other elements, e.g. As, Sb, Bi, S, Se, Te, I and Mn and many 
compounds, e.g. InSb, GaAs and GaP which are found to have other structures. Some of these 
structures are derivatives of the cubic structures and are briefly discussed in the following. 


Diamond Structure 
The crystal structure of diamond can be derived from the fcc lattice although the structure itself 


is not a close packed one. Formally it may be described as being built up from two interpenetrating 
fec lattics which are displaced with respect to one another along the body diagonal of the cube 
by one quarter of the length of the diagonal (Fig. 1.56a). While this definition accurately 
describes the position of the atoms, it is not very useful when one actually visualizes the 


Fig. 1.56 The diamond lattice showing (a) How it is formed from two interpenetrating fcc lattices. (b) 
The tetrahedral arrangement of atoms 


| | eT — . 
=~ ileal = 


eral : -« to consider each atom to 
e. A more useful model for all practical see ao See crags oe at 
ntral atom of the tetrahedron is gp Ton 
ublattice. Further, since al] nee 

atom of the tetrahedron, althoupp 


| centre o i 
f a tetrahedron with its four nearest ncighbo 
at if the ce 


1 on the other S 
e centre 


| (Fig. 1.5 
fcc ae From Fig. 1.56a it can be seen th 
are equiv ie then the four corner atoms are a 
it would a’ent, each of them can be treated as being the 
| Apart ae ae a rather extended diagram to show this. 
, silicon, ermanium, 
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d grey tin crystallize in the form f 
0 


ira Blende Structure : 

two Fema aT lattices (as considered for the formation of diamond ae ne erergs 

they still i. ae the atoms on different sublattices ni eee joist de (on 

eye Bs uce a similar tetrahedral arrangement. This 1s then called the zinc blende (Zns) 

eae 8. 1.57). Thus zinc blende has equal number of zinc and sulfur ions distributed o, 
ice so that each has four of the opposite kind as nearest neighbours. It is typical 


of the 3-— : : 
5 semiconducting crystals such as InSb, GaAs, GaP. 


eae pal Structure 

nea Fs aie Mien consists of equal number of sodium and chlorine ions placed at alternate 

Boia alent i lattice (Fig. 1.58) in such a way that each ton has six of the other kind of 

ae ce ours This structure can be described as a face centred cubic lattice with a 

ee te oO ium ion anda chlorine ion separated by one half the body diagonal of 
are four units of NaC] in each cube, with ions in the positions: 


Fig. 1.58 ue sodium chloride structure. Na* and 
- are shown by small and big circles 
I ee trey. Big and small circles from 
be interpenetrating fcc lattice 
: 0, 1/2 1/20, 1/20 1/2, 0 1/2 
Cl: 1/2 1/2 1/2,00 1/2, 0 1/2 0 1/2 fh 


Large number of compounds includin 
: oth ae 
said to have rock salt structure. 6 other alkali halide 


Fig. 1.57. Crystal structure of cubic zinc sulfide 


S Crystallize in this form and are 
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Cesium Chloride Structure 

Like sodium chloride, cesium chloride (CsCl) also consists of equal number of cesium and 
chlorine lons, However, in this case, one type | 7 
of ions are situated at the body centred positions 
(Fig. 1.59) so that each ion has cight other ions 
as nearest neighbour. The translational symmetry 
of this structure is the same as that of simple 
cubic lattice and therefore cesium chloride 
structure can be described as a simple cubic 
lattice with a basis consisting of a cesium ion 
at the origin (000) and a chlorine ion at the Fig. 1.59 The cesium chloride structure ¢ and O 
cube centre (1/2 1/2 1/2). The cesium chloride represents two different ions which form 
structure is shared by cesium bromide and interpenctrating simple cubic lattice 
cesium iodide. 


In Table 1.12, We enlist for convenience the most common crystal structures and the lattice 
constants of various elements. 


Table 1.12 Crystal structures and lattice parameters 


Element Symbol Crystal Lattice Parameters 
structure a (A) c (A) 

AAA 

Actinium Ac fec 5.31 

Aluminium Al fee 4.05 

Americium Am hex 

Antimony Sb thomb. 

Argon Ar fcc 5.31 

Arsenic AS rhomb. 

Astatine Al 

Barium Ba bec 5.02 

Berkelium Bk 

Beryllium Be hep 2.27 3:09 

Bismuth Bi thomb. 

Boron B rhomb. 

Bromine Br complex 

Cadmium Cd hcp 2.98 5.62 

Calcium Ca fcc 5.58 

Californium Cf 

Carbon Cc diamond 3.567 

Cerium Ce fcc 5.16 

Cesium Cs bec 6.045 

Chlorine Ci complex 

Chromium Cr bec 2.88 

Cobalt Co hep 2.51 4.07 

Copper Cu fcc 3.61 

Curium Cm 


ba Solig Stare Physics ; ee 
Lattice I 
Elemen, Symbol ts 
structure 
3.59 


D tp 
=isteininn, Es #36 
Erbium, E hep 4.58 
europium b ) 
“TMium ch . 
pltorine a 
Tancium 
Cadolinium id hcp a 
Gallium Gs complex 
German; um Ge diamond Ae 
Gold Ai; fec es 
Hafnium, Hf hep ee 
Helium, He he ae 
Holmium Ho hip 26 
*Ydrogen H hep ae 
Ndium In tetr. “28 
Iodine I complex 
Iridium Ir fcc 3.84 
Iron Fe hee 2.87 
Krypton Kr fec o04 
ranthanum La hex, 3.77 
@Wrencium Lw 
Lead Pb fec 4.95 
Lithium Li bee 3.49] 
utetium Lu hep 3.50 
agnesium Mg hep 3.24 
anganese Mn Cubic Complex ‘ 
€ndelevium Md 
€rcury 
Olybdenum ae a 
©odymium Nd hex ie 
eon Ne Feo. a 
Neptunium Np Comple ne 
Nicke] Ni fee i. 
Niobium Nb bec a3 
Nitrogen N Cubic ee 
Nobelium No poe 
Osmium Os hep 
Oxygen O complex Pe - 
Palladium Pd fec . 
Phosphorous P 89 
Platinum Pt coe 
Plutonium Pu Complex 3.92 
Polonium Sc 


Potassium 


i Praseodymium 


(Conti. } 
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Symbol Crystal Lattice Parameters 
eae See Ae 
Promethium Pm 
Protactinium 
ae = tetr 3.92 3.24 
Radon Rn 
Rhenium 
Rein " fog 5 
Se Rb bee 5,585 
Ruthenium Ru ; 4.28 
Samarium Sm hep 2.71 . 
Scandium Sc “tad 33] 5.27 
Seria Se Bee chains ) 
a Si diamond 5.430 
oe Ag fee 4.09 
Soa Na bee 4.225 
Strontium Sr fee 6.08 
Sulfur S er 
Tantalum Ta b ee i 3.30 
Technitium Te ‘ch 27 4 4.40 
Tellurium “Te ; Yee hex. chains : 
Terbium Tb hep 3.60 5.70 
Thallium Tl hep 3.46 5.52, 
Thorium Th fec 5.08 
Thulium Tm hep 3.54 5.56 
Tin Sn diamond 6.49 
Titanium Ti hep 2.95 4.68 
Tungston W bec 3.16 
Uranium U compex 
Vanadium Vv bec 3.03 
Xenon Xe fec 6.13 
Ytterbium Yb fee 5.48 
Yttrium 24 hep 3.65 313 
Zinc Zn hep 2.66 4.95 
Zirconium Zr hep 3:23 5.15 


1.14 SUMMARY 


1. Based on the degree and type of order, solids are conveniently divided into three classes: 
Crystalline, Semicrystalline (Polycrystalline) and Noncrystalline (Amorphous) 

2. A space lattice is an array of points related by the translation T = nya + nyb + nyc, where 
Ny, No, Nz are integers and a, b, c are primitive translations along x, y, z axes. 

3. A crystal structure is formed when a group of atoms (or molecules) called basis is 
attached to each lattice point. The basis is identical in composition, arrangement and 


orientation. 
4. The volume V, of a primitive unit cell defined by the primitive translations a, b, c is V, 


=laxb-cl 


~~ 
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containing one lattice Point 
ice points per unit ce]]), Unit 
tation, reflection, inva. 
s translation, ro AVersign 


5, Ss primitive f 


Unit cells i li 
clls may be conveniently cho han one latt 


Cell) or non-primitive (containing more t 
Ina Crystalline solid, symmetries such a ‘ble) are found to occur. 

their suitable combinations (if they are compatib : a run into thousands 
Space lattices are limited to fourteen, but crystal st ented by the Miller indices 
Crystal lattice sites, directions and planes are sith 


; itive and negative ing; 
(hkl) and (hkl), respectively. They include all possible Pe ple - re er 
9. Low index planes are found to have widest spacings: Pacing arg 
also the Planes of the closest packi i 
packing. hep, diamo 
10. Important simple structures include the simple cubic, bec, fc hep nd, ZnS, Nacy 
and CsC} structures. 


6. 


7. 


1.15 


Amorphous: A Solid in which the component atoms are randomly distributed. 


Anisotropic: Havi : 7 : ‘ 
‘ : ing different properties in different directions. BP ec 
ae Mass unit (amu): One Pacitih of the mass of C!* (1 amu = 1,6605 x 10” kg if ate PEN), 
Atomic number: Number of electrons possessed by an uncharged atom. The ju neeer cmGPehans aca atom. 
ms per mole. . 


Atomic wejoh- . ‘ 
ae Weight: Atomic mass expressed in atomic mass units, OF gra nolecipsnenaile 
’ m . 
@droe’s number (N): Number of amu’s per gram; hence the number oe . 


Basis: It the identical group of atome (m - ry t 
entre of symmetry: A body has a centre 0 symmetry if for every point in it there 
he ee but on the opposite side. d in a three dimensi Ss 
. Tystal is a solid in which the component atoms are arranged 1n a three dimensional periodic 
manner. 
Crystal structure: Logically when identical group of atoms (molecules) are attached to each lattice point; 4 
mathematical representation of the relative position of all atoms or ions in an ideal crystal. 
Family of directions < hkl>: Crystal directions that are identical except for our arbitrary choice of the axes, 
Family of planes {hkl}: Crystal planes that are identical except for our choice of axes. 
Indices of direction: The indices of a direction are those integers in square brackets which identifies the particular 
direction and distinguishes it from all others. 
Indices of plane: The indices of a plane are those integers in parentheses which identify the particular plane 
and distinguishes it from all others. 
Lattice point: One point in an array, all the points of which have identical surroundings. 
Lattice translation: A vector connecting any two lattice points in the same lattice. 
Long range order: A periodic pattern over many atomic distances. 
Miller-Bravais indices: The Miller-Bravais indices is a four index system of notation based on four axes in the 
hexagonal system. 
Miller indices (hkl): Index relating a plane to the reference axes of a crystal. Reciprocal of axial intercepts 
cleared of fractions and of common multiples. 
Mirror plane: It is a plane which divides a body into two halves that are mirror images of one another acros 
a plane. 
* Molecular weight: Mass of one molecule (expressed in amu), or mass of 0.6 x 1024 molecules (expresed i 
grams). Mass of one formula weight. 
Plane lattice: A plane lattice is an infinite array of points in two dimensions such that every point of it ha 
identical surroundings. . 
Poly'crysta [: A poly crystal is an aggregate of small crystallites (grains), which might or might not be of differer 
kinds, generally irregularly shaped and interlocked together at the boundaries of contact. 
Primitive cell: A unit cell which has lattice points only at its corners; equivalently, a unit cell which contatl 


only one lattice point. 


identical point equidistant 
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Rotational symmetry: Weis the symmetry s of 


‘ ‘ sition 
fa 0 d ey ar e or more positio 
ai CoIUeicenes: peration of a body about any line (axis) to on 


Rotoinversion: A body has rotoinvers; veins ined effect 
daly has version axis if it can be trans “elf coincidence by the combined ¢ 
of rotation and inversion, an be transformed to self coincidence by 


Single Sue ‘i single crystal is an isolated piece of one crystal of a crystalline solid. 

Space leattic ¢ vA Space lattice is an infinite array of points in three dimensions such that every point is absolutely 
ne Una from every other point; also called Bravais lattice. 

Synimetry operations Wis an operation that can be performed on a body to transform it to self coincidence. 


Unit cell: Wis a convenient reneati i it 
: peating parallelepiped unit of a space lattice having three noncoplanar un! 
translations as its edges, gp piped unit of a space lattice having 


REVIEW QUESTIONS AND PROBLEMS 


. Define . ; 
| fine the following terms in relation to crystal structure: (i) Crystalline, Polycrystalline and amorphous 


state of matter. (ii) Lattice, basis and crystal structure. 


. WwW f ' 7 POET 
i do understand by acrystal lattice and the unit cell? In an fec lattice each unit cell has a lattice 
point at the centre of each face in addition to those at the corners. 


nN 


(i) Write down the position of atoms. 
(ii) What will be the primitive cell for the space lattice? 
(iti) How large is the fcc cell as compared to the primitive cubic cell? 


What are Bravais lattices and crystal system? Explain why the base centred tetragonal, the face centred 

tetragonal and the face centred rhombohedral have not been included in the Fig. 1.24. 

. ‘Prove that if a Bravais Jattice has a reflection plane, it is possible to choose one primitive vector 
perpendicular to the plane and two others parallel to it. Is this choice unique? 

. Construct two different sets of primitive translation vectors for the simple cubic lattice. Verify explicitly 

that the volume aja x a3 is the same for both. 

Distinguish between the coordination number and the number of atoms per unit cell. Find both these 

ees for; (i) a simple cubic lattice, (ii) a body centred cubic lattice and (iti) a face centred cubic 

attice? 


7. Calculate the number of atoms per unit cell for rock salt crystal. Given a = 5.63 A, Mal, wt. of NaCl = 
58.5 and the density is 2180 kg/m?. 

Ans, 4 Atoms. 

8. Platinum (at. wt. = 195.1) crystallizes in the fcc form and has the density of 21.4 x 10° kg/m’. Calculate 


the side of the unit cell. Ans. 3.93A. 
9, The density of bec iron is 7.9 x 10° kg/m? and the atomic weight is 56. Calculate the size of the unit 
cell. Ans, 2.86A 


10. Find the total number of symmetry elements in each of the fourteen Bravais lattices. 
11. Name the Bravais lattice to which the following geometrical figures belong to: a brick, a prism, a cubiod 
deformed by unequal angles and a book. Write down their total symmetries. 
12. Consider a face centred cubic unit cell. Construct a primitive unit cell within this and compare the two. 
How many atoms are there in the primitive cell and in the original cell? 
13. Demonstrate that if an object has two reflection planes intersecting at 1/4, it also posssses 4-fold axis 
lying at their intersection. 
14. Show analytically that five fold rotation axis does not exist in a crystal lattice. 
15. Draw a (111) plane in the unit cell of a cubic crystal. Find the <!!0> directions that lie on this plane. 
Ans. {110}, [011], [101] and three opposite directions [110], [101], [101]. 
16. Draw a(110) plane in the unit cell of a cubic crystal. Find the <1 11> directions that lie on this plane. 
Ans. (111) or (111) and (111), (111) 
17. What is the Miller index of the line of intersection of (110) and (11) planes in a cubic system? 
Ans. [119] or [110] 
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18, 


19, 


24. 


25) 


26. 


27. 
28. 


29. 


30. 


. Find the Miller indices of a plane that m 
. Determine the Miller indices of a plane that no 


. Find the Miller indices of a plane that make 


Find the Miller indices o¢ a 


; ? 
tice plane: : an 
ic axes, where a, b, c bein at 
& the Prin: hay 


soa fa lat 
er indices > crystallograph 


Wh: ; Mill 
hat do you understand by e three cry 


makes an intercept of 3a, 2b and along th 
vectors of the lattice. 

ee re 1.27 
In an orthorhombic cell, the primitive Monee 'gtA along the Z- 
and y axes if (213) plane cuts an intercept of |. 


A. 2.14A and 1.51A. Deduce the ieee 
axis. Dts 
Ans. 1, = 1.90A, by « 

of 1 on a-axis and 2 on b-axis arn | 
Talley 


. * Ne ‘ 
lo c-axis. an intercept of 3A, 4A, and SA on the cording.) 
Z ax 


akes an intercept 


Ans. 236 

and 4A : 

: Ans, 

a tetragonal crystal with the c/a ratio as 2. janes of Miller indices (111) and (123) in Bact, bites 
§ 


of an orthorhombic crystal with a : bee : - repeats on a, b and ¢ axes Savalito 4h, 6A 


. Calculate the lengths of intercepts made by P = 7.15A, if both "Ystal 
with primitive translation vectors 4 = 6.69A, b = jogeA-and'e="'."" the planes CU an 
. t =. i 
intercept 7.15A along z-axis. Ans. @) = 6.69A, I> = 10.86A, J, = 715A 4 
(i) l= 20.07A, fp = 16.294, = 7 64 


Change the following Miller indices: (210), (1 13), (0! 1), (246) and (423) ne Miller-Bravais indices, 
Ans, (2130), (1 103), (0111), (24 66) and (43 3) 


Determine the value of “7” in the following Miller-Bravais indices: (10.3), (11.3), (01.4), (17 4), (10.4), 


(22.4), (22.3) (11.0), (32.5) and (3 4.2) _ 
Ans. 1, 2 Lor0, 21/00; Dig Sand] 
Show that in a cubic lattice the distance between the successive planes of indices (hk) is given by 


dy = oi 
(h? +k? +1°) 


Find the interplanar spacing for the lattice planes of Miller indices (321), (210) and (111) for a cubic 
lattice with a = 5.62A 
Ans. 1.50A, 2.51A and 3.25A, 
Show that the (hk/) plane is perpendicular to the [Ak/] direction in a cubic lattice. 
Interatomic spacing of silicon (dimond lattice) is 2.35A. Calculate the density (at. wt. = 28). 
Ans. 2326 kg/m’. 
Calculate the atomic density in (100), (110) and (111) planes of copper (fcc) with the lattice parameter 
of 3.61A. Can you pack atoms more closely than in (111) plane? 
Ans. 1.53 x 10", 1.08 x 10!9 and 1.77 x 10! atoms/m. 
Calculate the number of atoms per unit area in (100), (110) and (111) plane of a bec crystal with the 
lattice parameter of 2 5h. 
Ans. 16.00 x 10!8, 22.63 x 10! and 9.24 x 10" atoms!” 
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APPENDIX 1 

Element Symbol iAtaanie Nignieaelant Density ' 
ce ek tee Te eaten 
ae ne 89 227.0278 = 
Aluminium Al 

ie 13 26.98154 2.70 
Americium Am 95 a 17 
elie Sb 51 121.75 6.62 
oe Ar 18 39.948 = 
pane As 33 74,9216 5.72 
Astaune At 85 210 _ 
Benue Ba 56 137.23 3S 
Berkelium Bk 97 947 2 
Beryllium Be 4 9.01218 1.85 
Bismuth Bi 83 208.9804 9.80 
Eaton B 5 10.81 2.34 
ae Br 35 79.904 3.12 
Cadmium Cd 48 112.41 8.65 
Calcium Ca 20 40.08 1,55 
Califormium Cf 98 51 call 
eve C 12 12.011 2.25 (gr) 
Cerium Ce 58 140.12 2.25 
Cesium Cs 55 132.9054 1.90 
Chlorine Cl 17 35.453 — 
Chromium Cr 24 51.996 7.19 
Cobalt Co 27 58.9332 8.85 
Copper Cu 29 63.546 8.96 
Curium Cm 96 247 i 
Dysprosium Dy 66 162.50 8.55 
Eiensteinium Es 99 254 —_— 
Erbium Er 68 167.26 9.15 
Europium Eu 63 151.96 3.29 
Fermium Fm 100 257 — 
Fluorine F 9 18.99840 —_— 
Francium Fr 87 223 — 
Gadolinium Gd 64 157.25 7.86 
Gallium Ga 31 69.72 5.91 
Germanium Ge 32 72.59 §.32 
Gold Au 79 196.9665 19.32 
Hafnium Hf Tips 178.49 13.09 
Helium He 2 4.00260 = 
Holmium Ho 67 164.9304 6.79 
Hydrogen H ] 1.0079 — 
Indium In 49 114.82 731 
Iodine ] 53 126.9045 4.94 
Iridium Ir 77 192.22 22.5 
Iron Fe 26 55.847 787 
Krypton Kr SL 36 83.80 _ 
Lanthanum La 57 138.9055 6.19 


Lanthanum ka Ss ROSS 


(Contd.) 
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'SICS ' aa. | oa 
Atomic weight Densigy 
Etement Symbol fue (atomic units) (10 kim}, 
nt 
260 = 
Lawrenciun 103 07.2 11.36 
Lead a 82 . aE 0.53 
Lithium Li 3 174.97 9.85 
Lutetium we 71 94.305 1,74 
Magnesium Meg 12 54.9380 7.43 
Manganese Mn 25 258 -_ 
Taclevium Md 101 200.59 13.55 
ercury Hg 80 95.94 10.22 
Molybdenum Mo 42 144,24 7.00 
Neodymium Nd 60 20.179 ~- 
on Ne a 237.0482 = 
ee Np 93 58.70 8.90 
Icke Ni 28 92.9064 8.57 
~ Niobium Nb 4i 14.0067 iat 
ittogen N 7 : — 
Nobelium No 102 a 2 22.57 
smium 716 ‘ 
rie , ie re 
adium 46 : , 
Phosphorous s 15 30.97376 1,83 
Platinum Pt 78 195.09 21.45 
; my Pu 94 ce 19.5 
olonium 84 
Potassium : 19 Gr ae 
Praseodymium Pr 59 140. ; 
Promethium Pm 61 145 pa 
Protactinium Pa 9] 231.0359 15.4 
Radium Ra 88 226.0254 5.0 
Radon Rn 86 222 —_ 
Rhenium Re 75 186.207 21.04 
Rhodium Rh 45 102.9055 12.44 
Rubidium Rb 37- 85.4678 1.53 
Ruthenium Ru 44 101.07 12.2 
Samarium Sm 62 150.4 7.49 
Scandium ° Sc 21 44,9559 2.99 
Selenium Se 34 78.96 4.79 
Silicon Si 14 28.0855 2.33 
Silver Ag 47 107.868 10.49 
Sodium Na 11 22.98977 0.97 
Strontium Sr 38 87.62 2.60 
Sulfur S 16 32.06 2.07 
Tantalum Ta 73 180.9479 16.6 
Technitium Tec 43 97 = 
Tellurium Te 52 127.60 6.24 
Terbium Tb 65 158.9254 8.25 
Thallium Tl 81 » 204.37 11.85 
Thorium Th 90 232.0381 11.66 
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Element Sian ) 


Atomic Atomic weight Density ; 

Tin Sn 69 168.9342 9.31 
Titanium Tj 50 118.69 7.30 
Tungston W 22 47.90 4.51 
Uranium U 74 183.85 19.3 
Vanadium V 92 238 19.07 
Xenon Xe 23 50.9414 6.1 
Ytterbium Yb 54 131.30 — 
Yttrium Y 70 173.04 4.47 
Zinc Zn 39 88.9059 4.47 
Zirconium Zr 30 65.38 7.13 


af 91.22 6.49 
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Atomic Bonding 


2.1 FORCES BETWEEN ATOMS 


Matter can exist in solid state only because there are forces of interaction acting between the 
atoms when they are brought close to each other. For a solid to have stable structure, the forces 
of interaction between the atoms should be of two types: attractive, to prevent the atoms from 
moving away from each other, and repulsive, to prevent the atoms from merging. 
In the previous chapter, we observed that the atoms in a crystalline solid are arranged in a well 
ordered manner. In this chapter, we shall discuss about the nature of forces which hold them 
together. For the purpose, let us consider the general situation of two identical atoms in their 
ground states with an infinite separation (having interaction potential energy equal to zero). Let 
the atoms consist of moving electrical charges and will either attract or repel each other when 
they are brought close together. As the atoms approach, the attractive forces increase and the 
potential energy increases in a negative sense (the energy of attraction is negative since the 
atoms do work of attraction). When they are at a separation of a few atomic diameters, repulsive 
forces begin to assert themselves (the repulsive energy is positive because external work must 
be done to bring two such atoms close together). This is short range in nature which prevents the 
crystal from collapsing indefinitely. Actually the attractive forces between the atoms bring them 
close together until the individual electron clouds begin to overlap and a strong repulsive force 
arises to comply with Pauli’s Exclusion Principle. At a certain separation, called the equilibrium 
separation, R,, at which the attractive and repulsive forces are equal, the two atoms are ina stable 
situation and have minimum potential energy. At the equilibrium position, the potential energy 
of either atom is given by 
U = Decrease in potential energy due to attraction + Increase in potential energy due to 
repulsion. 
So, for a simple type of interatomic potential, it can be written as 


Aa, 8 (1) 
R" = R™ 

where R is the distance between the nuclei of the two atoms: A, B, m and n are constants 
characteristics for the MX molecule. The force of interaction between the two atoms as a 


function of R is given by 


U=- 
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hy Fe TA. om 
Ro + Rm BY 


Equations 1 and 3 can be re 


resent ' be — 
separation (R = R.), the net ‘ nted graphically as shown in Pig, 2.1, At the equilibrium 


rece is zero, Therefore, 


F 


Energy 


Repuls 
Pe Pulsive force 7 Repulsive energy 


_.-------— 


VL Resultant force 


. 


\.- Resultant ener, 
x 
Sree a R,~ 


Sai 


R 


rr 
-" 
- 
- 


/ Attractive force is 


i) 
= | =0 
( ReR 
- A _ mB 
pal Ro (4) 
e =o 
m m-n 
that c= 
so tha \nA ©) 


Substituting the value of R, from eq. 5 into eq. 1, the energy corresponding to the equilibrium 
state cam be obtained as 


U. = Up-r, =e AL at 4 (6) 


The minimum value of energy U, is negative. A positive quantity D = -— U, is the dissociation 
energy of the molecule, i.e. the energy required to separate the two atoms. Here, it is to be noted 
that although the attractive and repulsive forces are equal in equilibrium, the attractive and 
repulsive energies are not equal since n # m. In fact, if m > > n, the total binding energy is 
essentially determined by the energy of attraction. 1.e. the first term in eq. 6. 

Looking at Fig. 2.1, it is evident that a minimum in the energy curve is possible only if m > 
n. Consequently, the formation of a chemical bond requires that the repulsive force must be of 
shorter range than the attrative ones. This may be shown readily by employing the conditions 


that 
02U 
(| i 
R=R,. 


5 Ph t 
58 Solid srate PAY ss co abe 18 . 0 
sf U must have ® minis ™ ° yA a ae 
ee + Re 
2 *410 
Re con dll 
praise the 
from eq: n WwW ; ( 
substituting the V2!" gute m4 acucately py 8 power Function as 5 ’ 
ed 3 ation which may be extend % 
ty 


ake int ecount tne detailed nature o¢ 
ges not! “tions ‘ye rise tO different type n 
trl p the poundaries between sh y 


Although the ener y in Be" 
houg me provides 50 


4 


1, the above treatm 4d 
solids. ee neral 29 dis 
The above discussion § quite BF resent ch Basses aithoue ding, (iil) metalli hy 


charge distribution sn the ato”. ged 10 
bonding. They 4% convenient ee on dine» aye 
are not always distinct. are: gals ponding: ae grouped into primary and secong 
(iv) hydrogen ponding, ye" a cit pondine® can range 9.1-10 eV/bond. tonic, Coval 
e bond streets ng energies" Pe Aine’: weve! ong these, ionic ay 
; pon - g_ On the other hand, secon d 


Based on have 
b . : 1 pondin s ha 
ondings. Primary & ples of prima) tallic bo 
am the mer one of two orders of magnitude smalj, 


and metallic bondings are 
covalent bondings are generally stro rol "956 fond: 
bondings have energies in the range © ee ee . 
than those of primary pondings- Hydr0b | 
bonding and van der Waals ponding are 
examples of secondary pondings- Generally, van S 
der Waals bonding is the weakest of all. Let ¥S 
Na q 

2.2 IONIC BONDING : 
An ionic bonding ca? only be formed between 
two different atoms, one electropositive and 
the other electronegative. Electropositive 

ive up electrons and are 

K and cr 


usually Group e.g 
i ments readily 


Ba, whereas electronegative ele 
take up electrons and are typically Group Vi or é 
VII elements, ¢-8- Cl, Br and O. To 
As an example of ionic bonding, consider a 
molecule of common salt, NaCl. When neutral 
atoms of Na and Cl are brought close together 
he outer valence electron of the 


it is easy for t 

sodium atom to be transferred to the chlorine 

atom so that both of them acquire a stable inert- 

gas electronic configuration as shown in Fig. Fig. 2.2 Schematic representation of the! 
ns will have nearly of an ionic molecule of sodium | 


9.2. Such configuratio 


(c) Ionic molecule 


| T" Bena °. a 
| WES GS | Saas 
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spherically symmetric SUA ia 
Santa between neighbey stibution around the ions with some distortion near the region 
ig. 2.3). © 6 atoms. This is confirmed by X-ray studies of electron distributions 


: Y i ea 
3k AN SK 


Fig.23 Electron density distribution in base plane of sodium chloride, after X-ray studies by G. Schoknecht, 
Z. Naturforschg, 12, 983 (1957) 


Since the sodium cation carries a positive charge and the chlorine anion a negative charge 
there exists an electrostatic attraction between the two ions. However, it is incorrect to expect 
that sodium ions by (Na*) and chlorine ions (CI°) would link up in pairs as shown, because then 
there would be a strong attractive force within the paired ions of a sodium chloride crystal while 
negligible attraction between the pairs. As a result, solid sodium chloride would not exist. 

Actually, a negative charge attracts all positive charges in the neighbourhood, and vice 
versa. Consequently, in the crystalline solid Na* ions will be surrounded by CI ions and Cl” 
ions by Na* ions in such a way that the attraction between the neighbouring unlike charges 
exceeds the repulsion due to like charges. The resulting sodium chloride structure is shown in 
the Fig. 2.4. 
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NaCl 


¥ 
2.3 ROND DISSOCIATION ENERGY O .. compound. In order to calcyy 
; 5 jonic Cu 
NaC! is considered to be the ideal representative O NaCl molecule, let us begin ae 8 
the 


rresponding t0 


bond dissociation energy CO 
atoms 


ieee ideration that the sodium and chlorine 
are initially free when they are at infinite distance 
of separation. The energy required to remove 
= outer electron from the Na atom is equal to 
its ionization potential. When this energy is 
absorbed by the sodium atom, it gets jonize 
any as ositively charged Na* ion is formed. 
The ionization process of a Na ato 
represented by the reaction 


m is 


Na(g) + LP. (energy) > Na* (g) + é(g) 


Similarly, when an electron is taken from infinity 

and added it to a neutral chlorine atom to form Fig. 2.4 S 
a negatively charged chlorine ion, an energy 

equivalent to its electron affinity is released. The formation of chlorine ion is given by the 
reaction 


odium chloride crystal structure 


Cl(g) + &(g) > Cl (g) + E.A. (energy) 
The net amount of energy absorbed (spent) in the process of formation of positive sodium ion 
and a negative chlorine ion at infinity is thus given by 


AE = LP.-E.A. 


Combining the above two reactions, we have 

Na(g) + Cl (g) + AE > Na*(g) + Cl (g) 
In the above reactions, the ions are infinitely separated, but now let, the Coulomb attraction 
ion-pair is formed. When the two ions 


between them bring the two ions closer together so that ant 
are at an equilibrium separation, a stable NaC! molecule is formed. In the process, an energy 


equal to the potential energy is released at equilibrium separation, i.e. 


ee 


U. ace 
Ame R, 


where &p is the absolute permittivity of free space and air. Its numerical value is given by 


= -12 C2NV-1 py) -2 1 

Ey = 8.854 x 10°" C°N™ m™, and rr i 9 x 10° Nm2C2 

cess (Gate from neutral Na and Cl atoms till the formation of NaCl 
f three steps: (i) removal of an electron from Na atom (first jonization 


Since, the entire pro 
f an electron to the Cl atom (electron affinity of Cl), and (iii) the 


molecule) consists 0 
energy), (ii) the addition o 
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Coulomb attraction between the o 


d 
ie eins © molecules, the net energy released is equal to the bon 
dissociation energy and is given by i 


DE. See? = BA: 
y required to dissociate one NaCl molecule into Na* and Clions. 


§ : iv " ny } 
Example Given the following data, determine whether a gaseous molecule A* B” will be stable 
with respect to the separated A and B gascous atoms: 


This is the amount of energ 


First ionization energy of 4 


= 502 kJ/mol 
Electron affinity for B atom = 335 kJ/mol 
Interionic (A* - B”) separation =3A=3x10"m 


Et : Making use of the potential energy expression and substituting the values of constants, 
we have 


1 (1.6 x 10° x9 x 10° 
e= —e——  —— 


Amey R, 3x10" 
= ~ 7.673 x 10°'? Jfion pair 
= ~ 7.673 x 10°? x 6.023 x 10” J/mol 
= — 463 kJ/mol. 
From above consideration, the bond dissociation energy is given by 
D.E. = U, + LP. - E. A. = — 463 + 502 - 335 
= - 296 kJ/mol. 


Since the bond dissociation energy is negative, the molecule A*B™ will be stable. 


2.4 COHESIVE ENERGY OF IONIC CRYSTALS 


The cohesive energy of ionic crystals is mainly due to electrostatic interaction and can be 
calculated on the basis of point charge model. This is possible, if we assume that there is a 
complete transfer of the outer valence electrons (from the metal atom to the halogen atom in the 
alkali halides), the resulting ions then will have spherically symmetric charge distribution which 
in turn can be treated as a point charge lying at the center of the distribution. Following Born, 
the cohesive energy (U) of a crystal containing oppositely charged ions with charges Z, and Z, 
is written as the sum of two terms, one due to attraction and the other due to repulsion: 


2 { p 

U= Ty t Bexe|-5 | (8) 
4n€yR p 

Here, A, is known as the Madelung constant and depends only on geometrical arrangement 

of ions in the crystal (i.e. the crystal structure); B is the repulsion.constant, p is the repulsion 

exponent and R is the distance between the two oppositely charged ions. The repulsion term in 

eq. 8 accounts for the stability of ionic crystals without collapsing and arises from the fact that 
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; ctron clou : 

- epsist overlap of their ele ‘ ae Wit ts 

n shells ES" re of the strength and the Tange oe hbo, 
Te 


the ions with closed electro sively 2 meas 


cei | 
ions. The constants Band p are Fespee , Da 
interaction, Cl(Z,2 22 j), eq. 8 becomes ‘ 
For a uni-univalent crystal like Ne ia 
Aen hl eX a 
= “Ane 
AME 6 
Nt is 
and the total energy per kmol of the crystal oe 
Ae? aa 
+B exp } 
U=N \-aeak pP }| (g 


ber. The repulsion constant B can he 


oY a ; *s num “ik 
where I (= 6.023 x 10%) isthe AVOBS © mum at the equilibrium separation Rata 
c 


from the fact that the potential energy U is mint 


Wee 
the oppositely charged ions. Therefore, : 
: ( R 
(a) afte -Ben(-S)] = 
dR R=Re ANE ¢ - 
Ae? 
B exp Re) eae 
. p Pl" p )” dneoR? 
so that from eq. 10, the potential energy at equilibrium separation 1s given by 
ACN fy 2) 
e- AnepRe\ Re ) (1 


Equation 11 gives us the cohesive energy (also called lattice energy) of an ionic solid like NaC}, 
first derived by Born and Mayer. This is the amount of energy released during the formation of 
NaCl crystal or the energy spent to separate the solid ionic crystal into its constituent ions, ff 4 
and p are known, the cohesive energy of jonic solids can be directly calculated Using this 
equation. The value of p/R, for the alkali halides can be obtained experimentally from compressibility 
measurement of the crystal as follows: The bulk modulus of a solid is obtained as 


dP 
p+ -v( ar 
where V is the volume and P is the pressure. The compressibility is defined as the reciprocal of 
the bulk modulus, 1.e. 
1 =B- (57 (12) 


From the first law of thermodynamics, we know that dQ = dU + dW. Near absolute zero, 
dQ = 0, so that we have dU + PdV = 0, This gives us 


2: 
a = -Pand a (3) 
v av? dV 
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From eqs. 12 and 13, the compressibility at OK becomes 


l d?y) 
=< Y (14) 
vote Ko {oe 
where V, is the volume of the crys 
Stal ¢ 
chloride structure, the nearest yelshoe eet 7 the equilibrium separation R,. For sodium 


R=R “ a’ 
c+ Ry, = > and the volume per molecule is < 


Therefore, the volume of a kmol of the solid is 


Vi" y 


7Ne # ary} = 2NR3 
dV 
or 4 dR 1 
—> = 6NR? 
dU 
Now qv can be written as 
()-(8) 2 
dV ) VaR } av) 
d Ga dU\ d(dR\ (dR) d({d 
or rl ere ee ed — 
dV \ av | ta dv\ av “(Fy dv\ aR in 
. (<%)=(4).| ig CLDWCE Ele Ls 
: y2 dR ) ay? * av dR\ dR, dV 
d?U\ (dU ( (ee > (du 
or > 7 AV | rp? J 
Gok (ae) dv’ )+(ar) ARE . 


Thus eq. 16 becomes 


| d?U (ay (du ) 
dv? av) \ ar? ) 


and making use of eq. 15, eq. 14 becomes 


2c 3(@R) f d’u’ 
iL = 2NR: (HF) (ee 
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‘ rf 
ort (aU alae 
2 ie (1 
~ 36 ‘e \ ) 
q setting = 


R, we have 


: wis ee ne Ws an 
Further, differentiating eq. 10 twice 


Thus eq. 17 becomes \ 


and hence 
18R.B 


P ; en 0.09 and 0.12. T 
For alkali halide crystals, the ratio p/R, 1s found to lie betwe he lo 


: 5 ace d has a very short range. 
of p/R. means that the repulsive interaction 15 steep an ; 
¢ tio R./p can be cal : 
For NaCl, B = 2.4 x 10!° N/m? and R, = 2.82 A, the ratio Re/p culated Using 


eq. 18, i.e. 


Ww Value 


4 
R. _18RB 4 =3.78 or p=0.32A 


p Ae 


However, a value of p = 0.345A fits quite well for all 20 alkali halides in cohesive energy 
calculation. 
Example: Show that 1 eV is approximately equal to 23 Kcal/mol. 
Solution: As we know that the value of the electronic charge is given by e = 1.6 x 10-% 
Therefore 

1eV=1.6x 10° °CV = 1.6 x 10°) 
Further, we know that the above value of electron-volt is per particle, which may be an atom, 
molecule, ion, etc. Therefore 

1 eV per mole = 1.6 x 1079 x 6.023 x 1073) 


= 9.635 x 104J 


_ 9.635 x104 
4.184 x 10° 


In the earlier calculations for cohesive energy of ionic solids, the repulsion energy was assumed 
to vary as an inverse power of the distance between the ions, (B/R"), Like p/R, the value of 
repulsive exponent m can be obtained from compressibility measurement of the crystal. Thus 
making use of eq. 14 and proceeding as above, we can obtain 


Keal = 23.029 Kcal/mol 
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nade T2nE€oRe (19) 


. P 2 
Hence, the cohesive energy U becom Ky Ae 
cs 


y = . NAe? ( 1) 


aneyR, \! ~ a} 


(20) 
where N is the Avogadro's number 
The value of B and Y = 
of n for various closed ae pais difnis known, Pauling (1960) suggested different values 
n for an alkali halide erve : ectronic configurations and are given in Table 2.1, The value of 
ystal Is taken as the average between the values for the two ions. For 


example, 7 for NaCl according to thi 
oe 0 this ; +e 
very light ions the value of n : 1S method is 8. However, except for the crystal containing 


9 is common. 
Tabl 
€2.1 Values of the Born exponent for various ion types 
es ee 
lon type i 
ee” 
He 5 
Ne 7 
Ar 9 
Kr 10 
Xe {3 


gn ee 


The cohesive energy expression 


win (eq. 11) refers to a static crystal and does not include the 
contributions fr 


om van der Waals forces (which are responsible for the binding in the crystalline 
inert gases) and the correction for zero-point energy. These are, actually minor terms accounting 
for a small percentage of the total Jattice energy and are normally ignored. However, for an 


accurate calculation, the modified expression for the lattice energy of MX-type solids incorporating 
all the four terms is given as 


_| Ae? RY TCD) 9 
U, = aA + Bon(-)-($42) + 7 Wimax (21) 


where the terms on the right hand side represent respectively the Madelung energy, the repulsion 
energy, the van der Waals contribution and the zero-point correction, Vmax being the highest 
frequency of the lattice vibrational mode. In the van der Waals term, the Rz° and R:*terms 
represent dipole-dipole and dipole-quadrupole interactions respectively (quadrupole-quadrupole 
term can be neglected). Cohesive energies of ionic solids have been extensively reviewed in 
literature (Tosi, 1964). Cohesive energies of the alkali halide crystals computed from eqs. 11 and 
21, the experimentally observed values and other parameters are given in Table 2.2. The agreement 
between the experimental and theoretical values of lattice energies is good, thereby lending 
support to the ionic model for alkali halides and other similar solids. The ionic model, is, however, 
a poor approximation for crystals containing large anions and small cations, where the covalent 
contribution to the bonding becomes significant. 

Cohesive energy of an ionic crystal can also be determined with the help of Kapustinskii 


WA Volt tnen Prue 


Ive energs and other parameters 
(ohesive 


fobde 2.2 
: Cohesive energy 
in) : 
write ted Hasdh evscveberdste In (kino) In" (Ny 
a ' 2 n : Vv 
ae iw all : Meulated In 2 
=m 
788 TA 
0 / 

Natt sexy 109 Ge 673 455 My 
Xa! ee rat 10 923 900) On) 
Nat "UT 4t§ 90 77 676 ay) 
KO 14a? 174 95 673 046 Ny 
a ' a : ‘ 10.5 617 605 14) 
. M33 ie 8.0 820 79 | 9) 
: af : ve : 70 862 807 85) 
t mi : S fi 45 803 757 lq 
Lat 1 ee 1 7 85 i ia * 
Lit 2.08 671 60 ? i 
RC 429] 1.56 9.5 i a0 117 
RS: 3445 1.30 10.0 a 636 in 
Rbi O71 1.06 11.0 761 ae 62g 
Ret a 2815S 2.62 8.5 833 


equation This 1s particularly useful because it can be used even if the crystal Structure js 

Anown Kapustinskii noted an empirical increase in the value of Madelung constant, Ay 88 the 
Sseerdination number of the rons in the molecular formula of the compound, €.g. in the Series 
£08. NaCl. CsCl (Table 2.3). Any deviation in this rule is compensated by a consequent change 
te The value of RK, for two given ions when they change their lattice symmetry. Thus one CAN Use 
4 standard A. (the sum of the ionic radii for the cation and anion) and the reduced Madelung 
coastent proposed by Kapustinskii (A divided by the number of ions in the formula) to Calculate 


the larmece energy of an ionic crystal to a good approximation, no matter what its gcometry may 
be. 


Table 2.3 Madelung constants 


Structure Madelung constant 
ES ee ee ee ee 

Sodium Chloride 1.74756 

Cesium Chlonde 1.76267 

Fluonte 2.51939 

Zinc blende 1.63805 

Wunzite 1.64132 


Kapusunshii collected the reduced Madelung Constant, the length conversion factor, and the 
energy’ Conversion factor into a simple form of the lattice energy equation: 


287.2¥ 
U = \ Le La (1 0.345 


-—__ 
mtn hth, 


) kcal/mol (22) 


where Z, is the charge on cation in multiples of electronic charge, Z, is the charge on anion In 
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the same unit, 7, and r, are 
number Of ions (not atoms 
has 10 atoms but only two 


the ionic ra: | ; 
ii ieee Tadii of the Cation and anion in angstrom units and V 1s the 
a : molecules, For example, ammonium perchlorate NH, ClO, 
le: Assume th * 90 V will be equal to 2 in this case. 

Exanipte: ume that the + | 

potenti] energy of two particles in the field of each other is given by 

U(R)=-4, B 
R R? 

where A and B are constants. 
(a) Show that the particles form a Stable compound for 


OB 8 
R=R | fe 

-= (3) 
b) Show that for st 
©) repulsion. sPble Configuration, the energy of attraction is nine times the energy of 
(c) Show that the potential energy of the system under stable configuration is 

8A 

OR, 


rae te a ne we know that the potential energy U(R=R,) is minimum, therefore differentiating 
ihe given potential energy and setting i equal to zero, we have 


This gives us 


oR \8 

R, = Ga (a) 
(b) For stable configuration, 
the attraction energy, ¢, = - 
and the repulsive energy, Oe= ro 

@ A. os 
Thus 4, = B x R; 
Substituting the value of R, from eq. (a) we get 

$, = 96, | (b) 
(c) For stable configuration, the potential energy expression becomes 


Re R? 
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H ifying, 
; ; aU rom eq. (a) ae 
Substituting the value of B fi 8A 
_= ————_— 
U rnin a OR. 


nergy of the system ofiNarseneats  PSusihen they 


Example: Calculate the potential e _ 
distance of 2A sysop : a 
~~ uilibrium 
Solution: Gi A=2x 10!%m. Since we know ag distance, the 
olution: Given: R, = 2A = e it is given by eng 


pee cul 
energy is minimum and for one NaCl mole 
2 © 2s er 
_ __£— in joules = ~ 47réq 
4mEoRe 


Substituting different values, we get 
16x 10-9 x9 x10" ~ -7.2eV 


7 2x 107% 
y of NaCl crystal assuming the repulsive — 
— 2.81A, the Madelung constant A = | 74 a of 


(b) Also calculate the cohesive energy per atom (ion) if the ionization potential of the Sodium, 


is 5.14 eV and electron affinity of chlorine is 3.61 eV. 
= 2.81 x 107m, A = 1.7476, and n = 9. (a) From eq. 19, 4. 


Example: (a) Calculate the compressibilit 
the type B/R”, the equilibrium separauon Re 


Solution: Given: R, = 2.81A 
expression for compressibility can be written as 
_ Tomes _} 
Ore 1) Ae? 


8x 4regRe 
(n — 1)Ae? 


Substituting different values, we obtain 
-10 4 
a 18 x (2.81 x10") = 3.48 x 10"! m? N. 
8x 1.7476 x9x 10° x (1.6x 10°”) 


(b) Given: IP. (of Na) = 5.14 eV, E.A. (of chlorine) = 3.61 eV. As we know that the equilibriun 


potential energy per ion-pair is given by 


Ae? r*,. 4 Ae by 
U= eel = in Joules = — Fre R, (1 aa a ineV 


_ 8x 1.7476 x16. x 10"? x9 x 109 _ _, 
= 9x 2.81 x 10" =~ 1 208¥ 


Hence, the potential energy per ion = — 3.98eV. Further, the energy required to produce the ic 


pair is 
AE = 1.P. —E.A. = 5.14 - 3.61 = 1.53 eV 
and the contribution per ion (1.53)/2 = 0.76 eV. Hence, the cohesive energy per ion (atom) 


~ 3.98 + 0.76 = — 3.22 eV 
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: ; tential e : 
yample: The po Nergy of q : : : 
ven by diatomic molecule in terms of the interatomic separation R 


R? * Rio 


ereA=1.44x 109 Jn? g dps ores i 
wh Nd B= 2.19 x gps Jm'°. Calculate the equilibrium spacing R, and 


the dissociation energy, 


arta ee nll Im’, B= 2.19 x 19-15 Jm", the exponents n = 2 and m = 10. 
ial energy equatj a nergy U (R= R.) is minimum, therefore differentiating the given 
poten? pa ewang Setting it equal to zero, we have 


5B 1/8 ia 
is givesus Re ={——] _[{5X2.19 x 19-15 
This giv é ( A - [Sx z19x tor) =408 x 107° m 


Now, making use of the eq. 6, the dissociation energy can be obtained as 


=. 5 4A -39 
Daa (l-o)=M. 4x144x 10°? . 
Re Xm)” SRE ~ 5x 08 x 107M)? 8 Joules 


= 4x 4.144 x 19-39 ; " 
5 x (4.08 x 19-10 x 16x10» ineV = 4.33 x 107 eV 


Examp ie potential energy of a diatomic molecule in terms of the interatomic separation R 
is given by 


A... B 
U(R)= pt a Ro 
Calculate the value of constants A and B when the equilibrium spacing R, = 3A and the dissociation 
energy is 4 eV. Also calculate the force required to break the molecule and the critical separation 


between the nuclei. 
Solution: Given: Ry = 3A = 3 x 10m, D=- U,=4 eV = 4X 1.6X 107s, n= 2, m= 10. 
Substituting the values of m and n in eq. 6 and solving for A, we obtain 


 5R2 -10 2 ~19 , 
is amg XGxM yen tex = 7.2% 10-8 Jm?2 


Further, we know that at equilibrium separation, the net force is zero, i.e. 
_ (dU\ _ 2A " 10B _ 
S| = OR 

This gives 


2 ARC . 1250 a oclGs et) 


? 5 5 


= 9.44 x 10715 Jr !9 


SSS 


LOE 


——_ 
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dU _ 9 will be minimum or maximum whey dF 


Further, we know that F(R) = —qR 
R = R, (called the critical separation). Thus, m 


- anlifying this, we have 
Substituting the value of B/A from above and simplifying 


1/8 
72 \"8 -(3) #3: x 1072 =3.53.A | 
n(By nel 
| 
sate = R,, theref 
Now, F(R) = AY 24 4 Fis minimum when ® R,, therefore | 


2a 10B__2A(,_ 108 | 
Rl COCR 2AR; } 


Substituting the value of (B/A) = (R8)/5, the above eq: becomes 


2Al. (Ey 
Fain = Ra] UR. 


Further, substituting the values of A, R, and R,, we have 


8 
PIPE 10 | _ ( 3 } | = —0.238 x 10° J/m = —0.238 x 108 


Py pee es a 
(3.53 x 107!°)3 3.08 


This is the force needed to dissociate the molecule. 


Example: (a) How much energy is required to form a K* and CI ion pair from a pair of K an 
Cl atoms? (b) What must be the separation between K* and CI ion pair if their total energy 
to be zero? Given: ionization energy of K = 4.1 eV and the electron affinity of Cl is 3.6 eV, 


Solution: Given: I.P. (of K) = 4.1 eV, E.A. (of Cl) = 3.6 eV. We know that the net energy requir 


to produce the ion pair is 
AE =1.P.-E.A.=4.1-3.6=0.5 eV 


Now, if their total energy is to be zero, AE = E,, the Coulomb energy. 


Therefore, 


2 
ae hee EON et mi e 4 
E, =0.5= ane R in joules.= ane,R ineV 


Therefore, 
e _ 1.6 x 107 x9 x 109 - 
he ~AtEg X0.5 — 0.5 = 28.8 x 10-19 m = 28.8A 
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: In an MX 
ample a molecule, Suppose M atom has an ionization potential energy 5 eV and 


xatom : an oe aff; inity of 4 eV, What is the energy required to Baste ee a 
MtoX when they are at a distance of 5A) 


solution: Given: R= 5A =5 y 19-10 


f MX system is m, LP. (of M) = 5 eV, E.A. (of X)=4 eV. The potential energy 
of MX system is 


4 


Us sel IS ae os Bal ec . 
ane, R, in joules = anes ineV 


Substituting different Values, we get 


-19 9 
Us 16x 10-9 x9x 10 ~ 2.88 eV 
I or” 


Now the energy required to transfer an electron from M to X atom is 


E,=AE+U=1P-BA4U=5-4-288=- 1.88 eV. 


2.5 EVALUATION OF MADELUNG CONSTANT FOR NaCl 
STRUCTURE 


The Madelung constant, A is a function of crystal structure and can therefore be calculated from 
the geometrical arrangement of ions in the crystal, Fig. 2.5 shows the equilibrium positions of 
jons in NaCl structure. In this diagram, let us consider a central Na* ion as the reference ion 
having a single positive charge on it. This ion is surrounded by 6 CI” ions as first nearest 
neighbours, 12 Na* ions as second nearest neighbours, 8 Cl” ions as third nearest neighbours and 
so on. Calculations of distance between the ions are made in terms of the equilibrium separation 
and are straight forward (Fig. 2.6). Thus, the Madelung constant for the NaC] structure can be 
written as a summation series, 


@ Nat positions | 
© CY positions R 


2R. 
Fig. 2.5 Equilibrium positions of ions in sodium Fig. 2.6 Distances of neighbouring ions in the 
chloride crystal NaC] lattice 
5 2 , 3 6m 24 
A= 7 - + - Se t+ SS 23 
Lad Jd JS 6 9) 


which converges to a value of 1.74756. The series is, however, only conditionally convergent 
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at fi, 

d at an ve for NaCl s it 
he summation can be stoppe . yoted above I< tructure is obt, 
because the s +n crystal. The valu ome typical ionic crystals are Bive, otai 
shen eee Teale constants of s : nie Nin 
nearly infinite crystals. Mla infinite linear chain of ions o¢ 
E ; Calculate the Madelung aie er eeparatiOn R. 

vanipie: Ca a 
ie ~ dimensional NaCl crystal) a Fig. 2.7. Let 
charge (i.e. one dimens of ions shown in ig. 2./. Let us take... 


i ; 0 
j i imensional chain , we Can immed) Guy ; 
Solution; Consider leas eths above P rocedure ately i " 
the reference ion and then follow th Wrj 


I ie 2 
aaolt-9t374* 


alter, 


Making use of the series 


cae _ wee 
In(ltx)=X- J" 3 4° 
2 


=2In 
it follows that Ase 


3R, 


Fig. 2.7. Geometry of a one dimensional NaCI crystal 


2.6 MADELUNG POTENTIAL 


The electrostatic (Madelung) part of the lattice energy (MAPLE) has been employed to define | 
Madelung potentials of ions in crystals (Hope, 1975). MAPLE of an ionic solid is regarded as 
the sum of contributions of cations and anions; the Madelung constant, A, of a crystal would then 


be the sum of partial Madelung constants of cation anion subarrays. 
Thus, 


A(NaCl) = A, (Na*) + A,(CI°) 
1.74756 = 1 x 0.87378 + 1 x 0.87378 
A(CaF,) = A, (Ca**) + 2 A, (F) 
5.03878 = 3.27612 + 2 x 0.88133 


where A, and A, are the partial Madelung constants of cation and anion subarrays, respectively: 
. Madelung potentials are nearly independent of the crystal structure and MAPLE values for the 


CSL a. ‘ex ae. 
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Calculation 


lymorphic modificar; 
gifferent po PAC Modifications of 4 o; Be 2 , gy 
1S of a given composition differ only by about | 1. LiF was 


the ionic mode} j 

qsed on de! indee ol 

Y ~dicted to have wurtzite ¢ d predict wrong structures in certain cases; for example, 
pre NC Structure instead of the rock salt structure. 


27 THE BORN-HABER CYCLE 


me pantera Which we have discussed above is the amount of work which must be done 
to disperse 8 Crystal into an Assemblage of widely scparaled one As such it cannot be immediately 
compared with ally readily Measurable quantity sail in maniculan is not to be identified either 
with heat of sublimation (except for hydrogen-bon AO ste als) which is the energy necessary 
to disperse the crystal into a molecutar gus, or 7 

with the chemical heat of formation, which is SP ec a Sn i Na (eas) 
the energy released when the crystal is formed Na (solid) 

from metal atoms and diatomic halogen 

molecules. In some cases, lattice energies have Cl (qiolecule) ——a5———* Ct (atom) 

been measured directly (see Table ee a 

in majority of the cases an indirect estimate ' -E ! 

can be made in terms of a cyclic process known 44 

as Born-Haber cycle and is represented in Fig 

2.8 for NaCl. The formation of NaC] molecule ' 

from its constituent atoms can be regarded as a NaCl —__ hh ___—_ cr Na 
result of many step process, where in each step . . 
energy is either absorbed or released. In the Fis 28 The Born-Haber cycle applied to sodium 
following, the energy absorptions are taken as ‘ia 

positive and energy release as negative. The cycle may be summarised as follows: 


(i) Inthe first stage, the solid sodium and the chlorine molecules are dissociated into constituent 
atoms. The solid sodium is vaporized by supplying an energy equal to its sublimation 
energy (S), while chlorine molecule is dissociated by supplying an energy equal to the 
dissociation energy (D), where D/2 is the energy per chlorine atom. 

(ii) In the second stage, the gaseous sodium and chlorine atoms are ionized. This requires an 
ionization energy (/) to remove the outer-most electron from a Na atom. When this 
energy is added to a Cl atom, an energy (E) equivalent to its electron affinity is released. 

(iii) In the third stage, the two ions (Na* and Cl”) are allowed to arrange in the lattice. In the 
process, the lattice energy (Ug) is released. ; 

(iv) In the fourth stage, we come back to the starting point by breaking the lattice into solid 
sodium and chlorine molecules by supplying an energy AH, known as heat of dissociation. 
The cycle is perfectly reversible. 


Since according to the laws of thermodynamics, the total internal energy change during a 
cyclic operation must be zero, therefore from the above steps we have 
D 


Sta +1-E-Uy + AH=0 


so that Up =S+2+1-E+ AH (24) 


ie 


74 Solid State Physics erimentally determinable, hence the 
: ex . f vari att) 
: nd side are de, the values 0 anous Wg 
In eq. 24, all quantities _ wae sodium chlon Wantiy.. 
energy Uy can be calculated. 
experimentally found are: = 1088 103 kJ/kmol 
p= 242.8 x 10° kirkmol 
J/kmol 


j= 494.0 x 10° k 
4.2 X 10° kJ/mol 


E = 36 
10° kJ/kmol 


AH = 410.2 Xx | 
d numerical values in €q- 24, we obtain | | 
9 + 410.2) x 10? kI/kmol = 770.2 x 10° kKI/mo} | 


timated through Born-Haber cycle are PTOVideg 
the theoretically a et Experimenta 
: ws that t i 

values is on the whole very satisfactory. A study of the Cea eee ccreise® tree emery 
(arithmetical value of this —ve quantity) increases as interionic Satine Peper 
also show a systematic dependence on this distance. Te - - a aed ne Sie © tons 
increases and the lattice energy is reduced, the melung point a ; “iia 4 pee rystal fall 
progressively, or conversely the coefficients of thermal expansion anc © E ity increases. 


Substituting the above mentione 
Up = (108.8 +121.4 +494.0 - 364. 


For some ionic solids, values of lattice energies ¢S 
in Table 2.2. It is seen that the agreement between 


2.8 COVALENT BONDING 
notably Group IV, are not readily 


Elements from the central groups of the periodic Table, 
reduced to a closed shell electronic configuration because the energy required to remove all the 
valence electrons is too large, and so ionic bonding is unlikely. Also, when atoms iN a crystal 
have similar electronegativities, bond formation occurs through the sharing of valence electrons 
(not through transfer of electrons as in ionic case), each atom contributing one electron or more 
to the bond. This sharing of electrons gives rise to covalent bonding. The simplest case of 
covalent bonding occurs in the hydrogen molecule in which two hydrogen atoms contribute their 


1s! electrons to form an electron-pair covalent bond (Fig. 2.9a). This is indicated by the electron- 


dot notation reaction as: 


4 1s electrons Electron pair covalent bond 


H . + H . ad H:H 
Hydrogen Hydrogen Hydrogen 
atom atom molecule 


Thus, when the two atoms which are involved in the bond formation process and share a single 
pair of electrons, the resulting bond is known as a single covalent bond. Similarly, when the (wo 
coordinating atoms share two or three pairs of electrons, a double or a triple bond results. The 
formation of single, double and triple bonds in chlorine, oxygen and nitrogen, respectively ae 
shown in Fig. 2.10. Sometimes, a covalent bond is also formed when two or more atoms ol 
different non-metals share one or more pairs of valence electrons. Formation of HCI, H20, CO» 
Nh; molecules are some examples of this category. r 
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(a) 


Hydrogen 
molecule 


Electron pair Bonding 
covalent bond _ interaction 
(b) 
Fig. 2.9 Covalent bonding in the h 


dr ing: inati tions (b) 
electron density distribution ogen molecule showing: (a) combination of valence electio 


(c) 
Fig. 2.10 Covalent bonds: (a) single bond (b) double bond (c) triple bond 


Although the electron-dot notation is useful to represent the covalent bond, it does not take 
into consideration the valence-electron density distribution. When the two atoms come together 
to form hydrogen molecule, their electron clouds interact and overlap. The probability of finding 
the 1s! electrons of the atoms is maximum between the two nuclei in the hydrogen molecule as 
shown in Fig, 2.9b. Since Pauli’s exclusion principle cannot be violated, the shared electrons 
therefore must have opposite spins. The force of attraction between the atoms arises from the 
interaction of these antispin electrons. The electrostatic reulsion between the electrons keeps the 
atoms at an equilibrium distance where the two forces are equal, or the potential energy is 


.» will have stable Configurar, 
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- -. ojtuatio : 

this sit = saturated. If a third hydrogen, , n ang 

en atoms ! in of hydrogen (atom) with the a! is 

pie tboncibety cools hange of ler ther hand, the exchange of Electr, "Alley 

bros hineanie Hapolers ed vos ee sion. the © molecule is disallowed by the p, bin 

spins of hydrogen molecule produces", r nydrogen re improbable to be fo, Uli’, 

of hydrogen (atom) with antiparallel ee inxe Hye Hy, ete. 4 forme ue 

ee ‘ : : pet jolecu es ’ 
exclusion principle. Accordingly, se | 

restricted Orbital mot 

ane i rom the ted | = 

ete dieiont f the covalent bond ane }) are shown In Fig. 2.11. In ate he 

resets ' ‘ y é see | 
3 The pe aa orbit = 0) and pt al) distribution of electron dengj, Heals 
ectrons. The shapes of ato ect | 
the shapes Facet the angular depend sn be more open than ionic struct, : 
consequence of this, covalent crystal structures t€ ; 


minimum. A hydrogen molecule 


d to 


2s orbital 


2p, orbital 


2py orbital 
y 


Fig. 2.11 Showing different orbitals 


Covalent bonds are formed not only due to the overlap of pure s orbitals or pure p orbitals but 
also due to the overlap of s and p orbitals, called hybrid bonding. Carbon exhibits such a 
bonding. The electronic configuration of normal carbon atom is 1s? 25? 2p? and the electron spin 


distribution is 


Sed Baal ga 
Is 2s 2Px Die 2p, 


where the electron spins are paired in 1s and 2s orbitals only while 2p electrons remain unpaired. 
It is these unpaired electrons which are available for bond formation. Accordingly, the carbon 
atom is expected to form only two bonds. However, when the carbon atoms approach each other 
one electron from 2s orbital is excited to the p level and the resulting configuration becomes 
1s? 2s! 2p? and the electron spin distribution as i 
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This configuration shows th, ‘ i 

directions of these orbitals — rt “re four unpaired electron spins. The favourable bonding 

nond angles 109.5° (Fig. 9 fi on lowards four corners of a regular tetrahedron with the 
Sac amt) Attangement of orbitals is called hybridization and the four 


; 3 : 
orbitals are called sp hybrids, Th 
orbitals is shown in Fig, 2.13. © schematic representation of hybridization process of carbon 


Fig. 2.12 sp* orbitals directed s 


mmetri : 4 : : 
towards the corners of ymmetrically Fig. 2.13 sp” hybrid waves functions 


4 tetrahedron 
Carbon in the form of diamond, CCl, CH,, etc exhibits sp tetrahedral covalent bonding. 
However, carbon i usually found as graphite rather than as diamond. The graphite structure 
results from the sp” hybrid in which three bonds are formed in a plane with interbond angles of 
120° and the fourth P orbital forms a bond in a direction perpendicular to the sp” bonds. The 
perpendicular bond is weak and hence graphite has layered structure as shown in Fig. 2.14. 


Fig. 2.14 The layer structure of a graphite 


Typical covalent solids are formed by elements of Group IV in the periodic Table such as 
carbon, silicon and germanium. These elements crystallize in the diamond structure, where each 
atom is bounded to four others through covalent bonds. For example, consider germanium which 
has four electrons in the outer shell. This can acquire a closed shell electronic configuration by 
sharing an electron with each of the four neighbours as shown in Fig. 2.15. The valence shell 
around each atom is thus complete with eight electrons. A large number of binary AB (or MX) 
compounds formed by elements of group IIIA and VA or IIA and VIA (the so called III-V and 
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Fig. 2.15 Covalent bond in germanium 


II-VI compounds) also crystallize in diamond-like structures. Scie he PVE COMPounds 
Copper (I) halides and Agl crystallize in this structure. Unlike in diamond, the bonds jn Such 
binary compounds are not entirely covalent because of the difference in electronegativity between 
the constituent atoms. This can be understood in terms of fractional ionic character or ionicity 


of bonds in these crystals. 
Pauling (1960) expressed the ionicity of a covalent bond 4-B in terms of the difference 


between the electronegativities of these two atoms: 
2 
(X, - Xp) i 

fi=l- exp( Aaa (26) 
where f, is the fractional ionic character of the bond while X, and Xg are the Pauling 
electronegativities of the elements A and B. It is seen that fi = 0 when X, = Xp and f, = 1 when 
X, —-Xp>>1.in crystals, this expression is modified to account for the fact that an atom forms 
more than one bond and the number of bonds formed is not always equal to its formal valence. 
For ANB®- crystals, the expression for ionicity reads as 


N Nf 
Cy eek A 
i (ar) + (34) ae) 
where M is the number of nearest neighbours. Pauling’s scale of ionicity explains the structures 


of many binary compounds. Mooser and Pearson (1959) have similarly shown that a plot of the 
average principal quantum number against the difference in electronegativity clearly separates 


the differently coordinated structures of binary compounds. 
Philips (1973) proposed a new scale of ionicity for AB-type crystals based on the assumption 


that the average band gap, E,, of these crystals consist of both covalent and ionic contributions 
as expressed by E; = E;, + Ej, where Ey and E; are the homopolar and ionic parts. The ionicity 


parameter is given by 
fg = (28) 


The Philips’ parameter is obtained by relating the static dielectric constant to E, and taking Eh 


a ad 


( 
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in such crystals (0 be proportion 
a fow crystals are listed in Table 2.4. Phi 
critical value OF 0.785 possess the telrahe 


alto 
al toa", where q is the lattice constant. Philips’ parameters for 


lips has shown that all crystals wilh a ff below the 


* fokd coordination (tocksalt 4 ral diamond (or wurtzite) structure: when f* 20.785, 
s x 
< eUcture) is favoured, Pauling’s ionicity scale also makes such 


ctural predictions, but p 
a ‘ icine beh; hte eerie er ecco lial Mee i 20. i) 
ONesive energies of tetrahedrally coordinated semiconductors 


ve been calculated makine 
ha fala iofitasptitt of Ng Use OF the | lonicily parameters. It should be noted that the Born 
os Yould not be applicable to such partly ionic solids 


Table 2.4 p Pa. 
_ I hilips an and Pauling lonicily parameters for some A Nphn crystals 
stal® 
Crys E\(eV) E, fi(Philips) f¢(Pauling) 
si (D) 4.77 a 7 
0 0 

BN (Z) 13.10 7.71 ee 0.42 
GaAs (2) 4.32 2.90 0.310 0.26 
ZnO (W) 7.33 ).30 0.616 0.86 
CuBr (2. W) 4.10 6.90 0.735 0.80 

! : 
MgS (Z, W) 3.71 7.10 0.786 0.67, 0.78 
NaCl (R) 3.10 11.8 0,935 0.94 
RbI (R) 1.60 7] 0.95] 0.92 


*Crystal structures are given in parentheses: 
p—diamond; Z—zin blende; W—wurtzite: R—rocksalt 


2.9 METALLIC BONDING 


It is not easy to describe metallic bonding in terms of a simple model consisting of pairs of atoms 
as discussed above for ionic and covalent bondings. The bonding in a metal must be thought 
of in terms of all the atoms of the solid taken together, with the valence electrons from all the 
atoms belonging to the crystal as a whoole, i.e. no valence electrons are associated to a specific 
atom and they are free to move throughout the structure. Materials bound in this manner are good 
conductors of electricity and heat, and are invariably metals; hence the term metallic bonding. 
The metallic bonding can be considered as a limiting case of the ionic bonding in which the 
negative ions are just electrons. For example, Positive 
sodium chloride contains equal numbers of Na* “ ton cores 
and Cl”, while metallic sodium contains equal '@ 3 Poy © sks Pe , Of 
numbers of Na* and e”. The crucial difference eS ee a 
is that the mass of an electrons is very small as 
compared to the mass of Cl ion. As a result of 
this, its zero-point motion is large so that it is 
not localized on a lattice site and is considered 
lo be free. Based on this, we may think of 
metal crystal as an array of positive metal 
ions embedded in a “cloud” or “sea” of free 
electrons (Fig. 2.16). They are held together by 
the resulting electrostatic interaction between the Fig. 2.16 Atomic arrangement in metal crystals 


Electron clouds 
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spative electrons. A metallic structure ™ 
Positively charged metal ions and the cloud of nce jons alone, the electron fluid jg iu Ces, 
determined largely by the packing of the pasttve Sl a gee 
Negatively charged glue. adicd as a special case of covaien, b 
Alternatively, the metallic bonding may be rege valence electron, from the 35 sI , ing 
sodium, for example, each atom contributes only wie . “ sight nearest nei sili cee thy 
crystal structure is such that each atom is surroune’ {ficicnt to form one closed sh ome, Th, 
Valence electrons available from this arrangement are su vseibie orbits around hoe Oey” 
there will then be insufficient electrons 1 fill all Be? electron to each bond Sore ton” 
effectively each atom contributes only one eighth of an SUCH egy 


r alli ding is of atime avera Vale 
b STs 5 Pry c metallic bon ged fu nt 
Onds are unsaturated. One representation of th ang snlyinit aie a f tain 


cove ach atom spe ; 
Ovalent bond, i.e. the valence electron of ca during rest of the time, Sine, nd 
e 


of 


between any two given atoms and with the oth? ion as in covalent bondin Cech 

valence electron is not localized between only (WO caiman 1 8; the me all 

cme om ; xist only among 4 large aggregate Ie 

bonding is nondirectional. A metallic bonding can ¢ x of atom, 

while a covalent bonding can occur between 4S few as two atoms. ., 
has and more loosely they are helg 

In general, the fewer valence electrons an atom ; ee » the m te 
metallic is the bonding. These elements, like sodium, potassium, pper, Stiver, and golg. have 
high electrical and thermal conductivities because their valence elegHolls are very mobile, 
are opaque because these free electrons absorb energy from the light photons and they have hi 
reflectivity because the electrons re-emit this energy as they fall back to lower energy level. Ke 
the number of valence electrons and the tightness with which they are held to the hucleys 
increases, they become more localized in space, increasing the covalent Batate of bonding, The 
transition metals (meta! atoms with incomplete d shells, such as iron, nickel, tungsten, and 
titanium) have a significant fraction of covalent bonding. The competition between covalent ang 
metallic bonding is particularly evident in the fourth column of the periodic Table. Diamonq 
‘ exhibits almost pure covalent bonding; tin actually exists in two modifications, one Mostly 

covalent and another mostly metallic, and lead is mostly metallic. 

The unsaturated nature of metallic bonding accounts for the alloying properties of metals 
When two metals such as copper and nickel are mixed together, each atom reacts fairly unspecifically 
to the other since they are held together by the common free electron cloud to which both have 
contributed. It is thus possible to make alloys over wide range of composition by randomh 
replacing atoms of one metal by those of another, so forming “substitutional solution”. Th 
insensitivity of the metallic bonding to the particular metal atom involved is also responsible fc 
the ability of metals to be joined by welding and soldering. In principle, it is sufficient merel 
to bring clean metal surfaces into contact to form a bond. Similarly, the nondirectional nature 
metallic bonding influences the surface and mechanical properties of metals. If a metal is C 
into two pieces along some surface, the bonds which previously crossed that surface trans! 
themselves to atoms within each of the new surfaces so created. The surface energy of a me 
is thus rather smaller than might be expected purely from the number of bonds intersected by’ 
cut. As far as the mechanical properties are concerned, it is easier in metals than most ot 
substances for atoms to slide over one another without breaking bonds. The du 
of the metals are due to this property, although their explanation requires a 
the way the atoms move. 


ctility and tought 
detailed analyst 
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2,10 HYDROGEN BONDING 


avalently bonded atoms often prod. 
Cc Produce a configuration that behaves like an electric dipole (Fig- 


4 17). Several such dipoles may be b 
ve : ay De bonded topet| i ion between 
‘het. The dipole bonds in which neeeend : ler as a result of electrostatic altractlo 


acs a8 the positive end of the dipole is know 

as hydrogen bonding. Consider, for exam le, 
the walter molecule H,0, where the eat 
shared between the oxygen and hydrogen 
atoms tend to stay closer to the Oxygen atom 
than the hydrogen atoms because of the greater 


electronegauivity of the oxygen (Fig, 2.18a). As a result, the oxygen atom acts as the negative 
end of the dipole and the hydrogen atoms act as the positive end. The positive end can then 
attract the negative end of another water molecule and thus bonding the molecule together (Fig. 
2.18b). Since the Proton in the hydrogen atom is not shielded by other surrounding electrons, 
it can be attracted quite strongly to the negative end of another dipole, and so the bond is 


relatively mgs aS compared to other dipole—dipole interactions. Like covalent bonding, this 
is directional in nature. 


Fig. 2.17 An electric dipole 


Fig. 2.18 (a) Sharing of electrons between the hydrogen and oxygen atoms in a water molecule (b) 
Scheme of bonding in different molecules 
Hydrogen bonding is usually formed between the most electronegative atoms like fluorine, 
oxygen and nitrogen because these atoms produce strong dipoles. The hydrogen bonding is 
important in many biological molecules such as DNA, where it helps to control the possible 
pairing between the two strands of the molecule, and in certain ferroelectric crystals. 


2.11 VAN DER WAALS BONDING 


Permannent dipole bonds as in hydrogen bonding are directional while temporary and weak 
dipole bonds are nondirectional. These are fluctuating dipole bonds and are usually known 
as van der Waals bonding. A van der Waals bonding arises when at any instant of time there 
are more electrons on one side of the nucleus of the atom than on the other side; the centres 
of positive and negative charges do not coincide at that moment and thus a weak fluctuating 
dipole is produced (Fig. 2.19). A weak attractive force exists between the opposite ends of the 
dipoles in the neighbouring atoms. It is this force which is responsible for the deviation from 
ideal gas behaviour studied by van der Waals. It is also the force which allows inert gas atoms 
to condense (liquefy and crystallize) at low temperatures. 
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(b) 
(a) 7 . 
om (a) idealized symmetrical distribution 
(b 


Fig. 2.19 Distribution of electrons in a noble 69s at 
unsymmetrical distribution ea 

Like metallic bonding, van der Waals bonding is eee a ee and is typic 

an order of magnitude weaker than the hydrogen bonding. The inert § lds are therefore i 
metals, largely determined by the packing of spheres. e 
Classification of crystals in terms of bonding 1S us 


relations in solids. Important characteristics of five types 0 


eful in understanding structure-py, 
f bondings are presented jn Table 3 
45 


Table 2.5 Types of solids 


a a er ; 
Type Units present Characteristic Representative Approximat, 
properties exe's Cohesive ener 
Ionic Positive and Brittle, insulating NaCl 184 
negative ions and fairly high LiF 244 
melting ; 
Covalent Atomic (bonded Hard, high melting, Diamond 170 
to one another) non conductcting (in pure) 
Metallic Positive ions in a High conductivity Na 26 
cloud of electron gas Fe 94 
Hydrogen Molecules held by Low melting insulators H;0 (ice) 12 
hydrogen bond HF 7.0 
van der Waals Molecules or Soft, low melting, - Argon 2.0 


(Molecular) atoms volatile and insulating 


Example: Given a solid made up of molecules possessing permanent dipoles and another made 
up of molecules possessing only induced dipoles, which will show the most dependent properties. 


Solution: The solid containing the permanent dipoles will be more affected by temperature than 
will the induced dipoles, since the degree of polarization is temperature dependent in the former 
but not in the latter. 


2.12 SUMMARY 


1. In solids, forces between the atoms are of two types: attractive to prevent them from 
moving away from each other, and repulsive to prevent them from collapsing. These 
forces are equal at equilibrium separation (minimum potential energy c onfiguration): 

2. Based on charge distribution in the atoms, atomic bondings can be conveniently divide 
into five classes. ' 

3. Based on bond strength, atomic bondings can be grouped into primary and secondary 
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bondings. The bond ener 
eV/bond, respectively, 
4. Ionic bonding can be formed 
“a a atom to an electronegative atom 
. The cohesive en ioni i 
6. The Madelun Fi! . jomc solids can be calculated on the basis of point charge ge 
; com ‘8 Constant is a function of crystal structure and can be calculated from the 
geometrical arrangement of ions in the crystal 
. In ionic cr ial j , 
ener TH. stals, Madelung potential is defined as the electrostatic part of the lattice 
BY. ‘Nis 1s nearly indepenndent of crystal structure. 


8. An indirect estimate of Jattj 
© energy can be i ic process known as 
Born-Haber cycle, gy made in terms of a cyclic p 


Bies of these bondings are in the range of 0.1-10 and 0.01-0.5 


when the outer valence electrons are transferred from an 


Ww 


7 ed clceltehs between neighbouring atoms results in a covalent bonding. 
ii P 7 Se Positive metal ions embedded in a cloud of free electrons. 
1]. Permanent dipole bonds in which hydrogen acts as the positive end of the dipole is known 


as hydrogen bonding. On the other hand, a fluctuating dipole bond is known as the van 
der Waals bonding. 


2.13 DEFINITIONS 


Bonding force: The force that holds the atoms together; it results from a decrease in the energy when two atoms 
are brought close to one another. 

Cohesive energy: The cohesive energy is the amount of work which must be done to disperse a crystal into «in 
assemblage of widely separated atoms (ions). 

Covalent bonding: A primary bonding arising through the sharing of valence electrons. 

Directional bonds: Bonds for which the bonding force is greater in particular direction, e.g. all covalent bonds 
except those involving s orbitals, and all permanent dipole bonds. : 

Electron shell: A group of electrons having the same principal quantum number, n often designated by capital 
letters, as K shell for « = 1, L shell for n = 2, ete. 

Electronegativity: A numerical system describing the relative tendencies of atoms to acquire clectrons. 

Equilibrium distance: The interatomic distance at which the force of attraction equals the force of repulsion 
between two atoms. 

Hydrogen bonding: A secondary bonding arising from diploe attractions where hydrogen acts as the positive end 
of the dipole. 

Jon core: An atom without its valence electron or electrons, 

Ionic bonding: A primary bonding arising from the electrostatic interaction between two positively charged tons. 

Metallic bonding: A primary bonding arising from the electrostatic interaction between the positively charged 
metal ions and the cloud of negatively charged electrons. 

Nondirectional bonds: Bonds for which no preferred bond directions exist, e.g. metallic bonds, ionic bonds, 
covalent bonds involving s orbitals, and van der Waals bonds. 

Orbitals: The quantum mechanical description of the state of an electron, including its energy and its time- 


averaged spatial distribution. 
Pauli’s exclusion principle: The statement that no two electrons can occupy the same orbital, and that these two 


must have opposite spins. a 
Permanent dipole bonding: A primary bonding arising from attraction between dipoles, the oppositely charged 


ends of which are electronegative and electropositive atoms. 
Valence electrons: Outer shell electrons which take part in bonding. 
Van der Waals bonding: A secondary bonding arising from the fluctuating dipole nature of an atom with all 


electron shells filled. 
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EMS 
REVIEW QUESTIONS AND PROBL owing crystals from the position of 1p, 
. ine follow! ae ei 
1. Deduce the nature of chemical bonding '" the fol : Stir 
toms in the periodic Table. ; u 
(GaAs (ii) Ne (iii) K (iv) NiO a pair of Na and Cl atoms. Which electrons 5 
Deseribe the ionic bonding process between a pi re Moe 
in the bonding process? mber of nearest neighbour? Would , 
3. (i) How does the Madelung const yo 
this? +e unchanged in NaCl, what is the effect on a 
Gi) Assuming that the repulsive potential Is aD ermine the total energy for one dimen; Xo an 
U of doubling the charges on all the tons: 7 "Stonay a 
crystal. Why is the result same as equation determin 
4. Discuss the Born-Haber cycle from which we may 


2 _ of inter 
5. The potential energy of a diatomic molecule in terms ; 


a 
U(R)= “Rn a R” 


tN 


i c nu 
ant vary with th . 


&x Pegg 


e the lattice energy of alkali halide 
atomic distance R is given “TY stats 


ne. ; s and hence obtai : 

(a) — Derive an expression for the equilibrium spacing of the atom tain the Uissociatin 
energy. : oe : 

(b) Explain the importance of equilibrium spacing as the sa Pian Potential energy 
and hence obtain an expression for the dissociation energy 0 . = 

(c) Prove n > m for U(R) to be minimum at R = Re. 


6. Calculate the attractive force between a pair of Li* and CI” ions that just touch each other, Assume the 


ionic radius of the Lit ion to be 0.60A and that of the CI” ion to be 1.314. Ans. 3.96 x j9°9 N 


A 2 2 j 
7. Calculate the atractive force between a pair of Mg** and O~ ions that just touch each other, Assume 


the ionic radius of the Mg”* ion to be 0.65A and that of the O* ion to be 1.40A, 
Ans. 2.19 x 10° y 


8. What is the potential energy of CsCl at equilibrium, if the separation between cesium and chlorine 


atoms is 3.56A and n is 11.5? Ans. ~6.50 eV 
9. Calculate the value of constant n for NaC] with the lattice parameter as 5.63A. Measured binding energy 
for this crystal is 1.83 kcal/mol (or 7.95 eV/molecule), and A = 1.75. Ans. 9 


10. Describe the covalent-bonding process between a pair of hydrogen atoms. What is the driving energy 
for the formation of a diatomic molecule? 

11. Describe the covalent-bonding electron arrangement in the following diatomic molecules: (a) fluorine, 
(b) oxygen, (c) nitrogen. 

12. Describe the metallic bonding process among an aggregate of copper atoms. 

13. Define an electric dipole moment. Describe fluctuating dipole bonding among the atoms of the noble- 
gas neon. Of a choice between the noble gases krypton and xenon, which noble gas would be expected 
to have the strongest dipole bonding and why? 

14. What is Madelung constant? Show that the Madelung constant for an infinite linear chain of ions of 
alternating unit charge at an equilibrium separation is 21n2. 

15. What are ionic crystals? Explain the formation of an ionic crystal and obtain an expression for its 
cohesive energy. 

16. Explain the term binding energy. How would you claculate the binding energy for an ionic crystal 
having sodium chloride structure? 

17. Distinguish between ionic and covalent bonds. Explain the metallic bonds, What is the nature of bonds 
in NaCl and diamond? : 

18. Explain with suitable examples the ionic, covalent, metallic and molecular type of bonding in solids: 

19. The potential energy of a diatomic molecule in terms of interatomic distance R is given by 


UR)=-—F te 
R Rio 


39 J? and 


_all 


Calculate (i) the equilibrium spacing R, and the dissociation energy when a = 1.44 x 10° 


20. 


2, 


22: 


23. 


24. 
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: 115 ie 
b= 2.19 x 107'5 yao (ii) a, b ang th 


, : . e fi ; . : 
between the nuclei for which this ae orce required to break the molecule and the critical distance. 


is SW : ; j 
distance of 3A and have hen the two atoms form a stable molecule with an internuclear 


dissociation energy of 4 ev. 


Ans. (i) R. = 4.08 A and D = 4.33 x 10-7 eV 
(ii) @ = 7.2 x 10°38 jm?, b = 9.4 x 107! Jm"®. 
R, = 3.53 A, Fmin = 2.38 X 107° N 
s an electron affinity 4 eV and they 


If an atom ionizati 
a A has an 10nization energy 5S eV. and 
ab Gow ee ie ‘ > 4nd another atom B ha 


ene i 
T8Y required to transfer an electron f, 


rom A to B, 
Calculate the potent; . ~1.9 eV. 
potential energy of the system of Nat and Cl ions when they are 2 A sees 
How much energy is requ} Ans. —7.2.eV. 
8 quired to form a K+ and CI’ ion pair from a pair of these atoms? What must 


be the separation betw 
een a K* an -; eo . 3 A : 
energy of K = 4.1 eV and ieeI d Cl jon pair if their total energy is zero? Given that the ionization 


€ctron affinity of Cl = 3.6 eV. 


Calculate the cohesive enerp Ans. 0.5 eV and 29 A. 


y of NaCl from the follow; data: A = = = ionizati 
energy of Na = 5.14 eV and electron affinity of Cl = 361 eV. inal ae ie caeaal a 


Calculate the compressibili Ans. — 3.22 eV/atom 
ity Of sodium chlori : . : 9 
act between the nearest ne} chloride assuming a repulsive potential of the form B/R® to 


ghbours. The i j = i 
i ests een 1706 nearest neighbour distance R = 2.8 soe Pence 


Chapte, 5 


Atomic Packing 


¢ of ponding that exist between th 


3 nt type” Fi 
sae ° shall study about the atomic packip ein 


ther. In t i > i ‘di E 


atoms which hold them toge in 
solids, which is a consequence 9 ; in different § 
: ifferen i = : 
at we observe ae dipole ponding) oF non—directiona] (ie 
a directional bonds are packed j, 


The arrangement of atoms th Acct 

. . . . . { an e. 
bonding is directional (1.¢. — et ams bon ded by mi sd 
+ hand, atoms bonded by non- irectional bongs 
bey certain geometrical r ules governed by 


metallic, ionic, and van der Waals 
a way that satisfy the bond angles. On the othe “ 
heres an hag: , 
ed sp pered that the division between directiona 
er of convenience because bonding ip 


arrange in general as closely pack 

their difference in size. However, it should be re a saat 

and non-directi bonding is simply 4 agate . 

actual eae tee of an In the following, We shall limit our discussion Only to 
the nondirectionally bonded atoms which we expect to be as closely packed 32 possible, In the 
process, we shall find the efficiency with which the available ame is being filled, i.e. the 
relative packing density (also known as packing factor or filling factor) in two and three dimensions, 
This is a dimensionless quantity and is defined as the ratio of the volume of the atoms occupying 
the unit cell to the volume of the unit cell relating to that structure. Thus, 

Efficiency = Volume of the atoms (in the unit cell) 
Volume of the unit cell 


3.1 PACKING OF EQUAL SPHERES IN 2-DIMENSIONS 


It is well known that the atoms or ions in a crystal can be regarded as rigid spheres of definite 
radii, packed together and are held by inter-atomic forces. The ae Arica can thus be 
regarded as the packing of spheres with radii corresponding to that of it a I 

aes : ae a a us analyse two different packing Sraiaeetia deca a A 
1 plane. Fig. 3.1a shows a layer of s 

coordination number in this aa 4, Sareea ole [poinistow’a. square lace 
area associated with each circle is a square and equals 4R2 ns, the spheres become circles, the 
Hence, the efficiency with which the available space j while area of the circle equals af’. 
areas, i.e. is filled is given by the ratio of these two 
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Fig. 3.1 Two-dimension 
lattice 


(b) 
al arra i 
ngements of equal spheres: () on a square lattice, (b) on a triangular 


Area of the circle _ #R? _ 
Area of the square 4p? 4 

So that, efficiency = 78.5% () 

Fig. 3.1b -_ a layer of spheres arranged on the points of a triangular lattice, the coordination 

number in t is case is 6. The area associated with cach circle is a hexagon consisting of six 

equilateral triangles of the type ABC (Fig. 3.2), i.e. 


F E 
Cc 
_G D 
D 
Ab—g lB A k— a—> B 
(a) 


(b) 


(c) 
Fig. 3.2, (a) The hep unit cell, (b) base of hep unit cell, and (c) one of the six equilateral triangles of the 
base 


Area of the triangle ABC = 


7 X base x height 


r)— 


; | : 
x aX asin 60° = 5 X a x sin 60° 


where height = R =a sin 60° and a is the side of the equilateral triangle. Therefore the arca of 
the hexagon base is six times the area of the triangle ABC, ice. 


1 2 : ows R = 2 
6X5 Xa x sin 60 =5x( sah] 2/3R?. 


The efficiency with which the available space is filled in this case is given by 
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a 
Area of the circle z nT re 
Area of the hexagol 


penn stg0d 
go that, efficiency 3,1b represents the Closest paoy, 
e nw 3, . n ‘s 
. tear that Fié- ‘mensional arra 8 in 
: it is clear [ two din ngeme 
From the above simple calculations. ordination number @ nN Can 
c 


two dimensions, since the maximum 


have is 6. ist fit into the void produced by 


"mg 
at will JUST yt 
de “ta”. Also determine the free area ag 


, ere th 
Example: Determine the radius of the ae of s! 
packing of spheres of radius R ona Square et 
unit cell, ed by the packi 
he void produce DY IE Packing of equ 


oduced within | 


he coordinating spheres (Fig. 3.1a). 


Solution: Let a sphere of radius ris introdu 
spheres on square lattice and is Just touching 


In this case, ‘ 
onal of the square = 2a 


2(R +r) = Diag 
a gis but 2K = 4 
v2 
ao hak R+r= J2R 
oad re (v2 -1)R=0Al4R. 
Now, the area of the square unit cell = (2R)” = a? and singe | 


This is the radius of required sphere. 


each sphere is contributing one-fourth to the unit cell, the number of atoms in the unit cell yj]] 


ee on Therefore, the area associated with a sphere (a circle in 2-dimension) is 


Ran a ma 
fist =|=—— 
\2, 4 
and hence the free area is 
na’ ( « 
a ~— ea | 1-201 5:07 
4 \ 4 \ 


If a = I(i.e. a square of unit length), the free area = 21.5%. 


Now, let us make similar calculations in 3-dimensions for the arrangement of spheres on | 


some simple lattices. 


3.2 PACKING OF EQUAL SPHERES IN 3-DIMENSIONS 


Simple Hexagonal Lattice 
Consider a hexagonal lattice as shown in Fig, 3,3. Replace each point by a hard sphere of radius 


R such that they touch each other (otherwise the lattice Would collapse). The bottom layer of ue 
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il] look like Fig. 3 

toms WI 8. 3.4a.H s 
‘ uestion is how man ete, a=2R Since the two | f = 2R. Now 
he q y atoms are there jn 0 layers touch, therefore, c 


roms at the corners are equally shareq betw the unit cell? In Fig. 3.3, we can see that the twelve 
gjx unit cells and therefore the ee 


: ‘ : number of ato 
pelonging to a unit cell is 2. Further, the aia 


at the centres of the top and bottom of the cell] 
contribute one atom to the Cell, making ti 
iil number of atoms in the UNit cel] as _ 
Now, the volume of the unit Cell js -_ 


' 
' 
' 
' 
' 
' 
1 
' 
1 
' 
' 
' 
. 


c X area of the hexagon 


e---- 


l 
=cX6X 5 Xa’x sin 60° 


» «aa 
a he? a 2 x3 Fig. 3.3 Simple hexagonal lattice 
Substituting for a and c is terms of R, we get the volume of the unit cell 


= 12¥3 x R®. So that, 


3(4nR3)13 


efficiency = ‘Ba i 


= 60% (3) 


atom at 2/3 1/3 1/2 


(a) atom at000 — (b) 


Fig. 3.4 Packing of equal spheres in hexagonal close packed lattice 


The Hexagonal Close Packed Lattice 

This has a conventional unit cell as shown in Fig. 3.5a. Replace each point by a hard sphere of 
radius R. In order that this lattice should be truly close packed we need a special relationship 
between c and a. Here, a = 2R as before but c is limited by the fact that the distance between the 
two basis atoms—one at 000 and the other at 2/3 1/3 1/2—must be equal to 2X. This distance is 


marked as D in Fig. 3.4b. 


From Fig. 3.5c, we have 
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: | 

ay | 

U | 
els R | 


P 
§ 
T a, QO 
(b) (c) | 


(a) 


packed structure. (b) The unit cen view. 


| 
| 


Fig. 3.5 (a) Conventional unit cell for hexagonal close s ed trom 
top. (c) The position of the “centre” of a triangle 
2 
2 1 
2 | 2 gi so =—q’ | 
De Se =}—-asin | 
ces +[35) -(3 | 
Th pa e 
erefore, ae ae 
As D = 2R and a = 2R we can write D = a. So that, 
2 2 8 
2 a c a 2 
“= —+— or c =7a 
lake = 3 
Therefore, 
7 = 1.633 (4) 


This value of c/a corresponds to an ideal close packing. However, c/a in most real hexagonal 
crystals is greater than |.633 but they are referred to as hexagonal close packed (hcp) provided 
that the ratio does not exceed by more than 10%. 

For an hcp lattice, the number of atoms in the conventional unit cell is three atoms of the 
simple hexagonal lattice plus three at the centre, i.e. six in all. The volume of the cell is (ca’3 
(ca23V3)/2. Here, c = a,j8/3 and a = 2R. Therefore, the volume of the unit cell is 24V2R°. 
Thus, 


6(4zR?V/3 on 


efficiency = =—~= 74% 
24J2R> 342” 


(3) 


Face Centred Cubic Lattice 
Here, the limiting factor is that the face diagonal of the conventional unit cell must be equal to 
AR (Fig. 3.6a). Accordingly, ¥2a=4R. 

The atoms on the faces of the cube contribute half their volumes to the unit cell and the atoms 
at the corners contribute one-eighth of their volume. Therefore, the volume of atoms within the 
unit cell is 
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| 


fe | 
AR 
ne : 


4K ¥2a il 
(a) We =4R | 
Wes al 


i V¥3a =4R 
4 (b) 


mf 


(c) yy 


Fig. 3.6 Sectional view of conventional cubic uni i 
. hit cells i i i 
mand ieatenioestiete oa showing relationship between the lattice constant 


simple cubic unit cell entred unit cell, (b) a body centred unit cell, (c) a 


l 1) 4 
6x = 1 |) 4.93 . 1623 
( 8% 5) 4 an? = 1S ap 


The volume of the cell is a> or 16./2R?. Therefore, 


162R7/3 x 
——— = 4_=74 6 
16/2R3 3/2 we 6) 


which is exactly the same as for the hcp structure. 


efficiency = 


Body Centred Cubic Lattice 
Here, the limiting factor is that the body diagonal of the cube must be equal to 4R (Fig. 3.6b). 


Accordingly, V3a = 4R. The volume of atoms (one at the centre and one-eighth from each 
corner of the cube) within the unit cell is 


(1x1 48% 5) 5 aR = 5 ne? 


B73 
: 64R? 
Vol f the cell is a? = —~. Therefore, 
ume of the cell is a 33 
82R?/3 V3 
c = ee ie oT = OR 7 
efficiency 64R/GV3) 8 f) (7) 


Simple Cubic Lattice: ’ 
In this case, the side of the cube, a, must be equal to 2R (Fig. 3.6c). The volume of atoms (one- 


eighth from each corner of the cube) within the unit cell is 


J x . iN 
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> Amr? 
|, 4 a 


Volume of the cell is a? = 8K}, Therefore, 


AnR*13 — © = 52% 
efficiency gp 9 


ee : - ations th 
Ut is evident from above efficiency calcul: 


(8) 
at in three dimensional packing . 
t closely packed arrangements, Mae ual 


S a ¢ 33 mos Pur 
spheres, the hep and the fee are equally and th . 


. . ‘ ¢ 
Metals crystallize in onc or the other of thes 


Example: Determine the packing efficiency 


two forms. 


in diamond structure. Assuming the radius of te 


“? 
1 i gs a. 
diamond atoms as R and the lattice parameter 


e 
Solution: Following the above mentioned procedure, th 
structure (refer Fig. 1.56b) can be found as ¢ * 8 (co 


effective number of atoms in the damon 
rer atoms) + 5 * 6 (face centreq to 


) 


+ 1x 4 (atoms completely within the unit cell) = 8. 
Therefore, volume of atoms within the unit cell 1s 


32 p33 
Bx AR? = = AR 


Since the space lattice of diamond cubic crystal is fcc, with ee et pet lattice point 
Therefore, the limiting factor in this case is 8A = (3a. The volume of the cell 1s a” or (8R/3)3, 


Therefore, 


efficiency = 


3202/3 _ V3% _ 34qp, 
512R3/3¥3 16 


3.3 CLOSE PACKING OF EQUAL SPHERES IN 3-DIMENSIONS 


The close packed arrangements of equal spheres in a plane is shown in Fig. 3.7 where each 


sphere is in contact with six other spheres. Since, 
the symmetry of this layer is 6 mm, such a 
layer 1s called hexagonal close packed layer. 
Let, this layer be called an A layer. It contains 
two types of triangular voids, one with the apex 
of the triangle upwards in the diagram and 
labelled B, and the other with apex downwards 
and labelled C. 

In a three dimensional packing, the next 
hexagonally close packed layer of spheres can 
occupy either the sites B, or C, but not both at 
the same time. Similarly, layer above a B layer 
can be either C or A and that above a C layer 
either A or B. No two successive layers can be 
alike in a close packed structure. The positions 


Fig. 3.7 The close packing of spheres. There ar 


three possible positions for a layer A,B 
and C 
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displaced with 

and € are Tespect to A h i 

._ the Miller-Bravais system of ‘mee "CIOS +8 and ~§ respectively, where 5 = 3 ee 
i any sequence of letters, A, B, and ae 


janner of close packing of equal spher ith no successive layers alike represents a possible 
¢s. The number of possible structures increases rapidly 


ah the size of the unit cell, In « . 
ve 12 other spheres - six jn ce ee dimensional close packings, each sphere is in contact 
: layer just below it. This is the oi ‘ayer (plane), three in the layer just above it and three in 
via sphere and thus provides m oe number of spheres that can be arranged to touch a 
Fate are however, other arrangements - Packing density for an infinite lattice arrangement. 
acking density. OF a finite number of equal spheres which have a higher 

is clear from above discuse; : 
i dimensions is theor me that the number of different possible close packed structures 
cMeally infinite. The two most common close packed structures 


encountered are (i) the he 
generally us i Xagonal close- li) the cubic close 


: : Assumi 
Example ‘i db es a € lattice Points of a body centred cubic crystal of Jattice parameter “a” 
are ooripise> SPasnical atoms of radiug R,, determine the free volume per unit cell. 


Solution: Volume of the bec unit cell = 3 Since there are two atoms per unit cell (8 x ‘ for the 


comer atoms and | xX 1 for the centre atom). 
Therefore, volume occupied by the atoms is 


2x 2 aR? 


Since the body diagonal atoms touch one another, so that 


4R. = av3 


3 
The volume of atoms in terms of “q” = ce (=) 


eS 8 1a? 343 
Thus, free volume = a? — 3 x 64 
=q> [ = Sad 
8 


34 CLASSIFICATION OF CLOSE PACKINGS 


Close packed structures can be classified (distinguished from one another) in two different ways: 


(i) On the basis of symmetries and space groups, and 
(ii) On the basis of identity period 


Symmetry and Space Groups 
We know that the symmetry of a single close-packed layer of equal spheres is 6 mm. It has 


94 Solid State Physics . olane 28 shown in Fig. 3.8. In kita | 
q normal 10 IY another perpendicular to y-axis a4 > ity 


a 
. 


tatio “axl j 
2-, 3- and 6-fold axes of rolé dicular to *-* re layers are stacked over one anOthey : “hig 


endi 
three symmetry planes one oe When two or melly planes and has at least a 344 sc 
equally inclined at x and y-axes: ; m Od, 


ne three SY 
ins all the ! 
packing the resulting structure retains é 


\ 


Fig, 3.8 Symmetry elements of a single layer of close packed spheres 


parallel to [00.1] through the points 000, 1/3 2/3 0 and 2/3 1/3 0 as een is 3.9. Such | 
structure belongs to the trigonal system and has a space group P3 ml or R3 ml, accordingly ay | 
the lattice is hexagonal or rhombohedral. This 


represents the lowest symmetry of a close a A 
packing of spheres comprised of a completely — Le 
arbitrary periodic stacking sequence of close A 

packed layers. If the arbitrariness in the stacking = 
of successive layers in the unit cell is limited 

then higher symmetries can also result. It can 

be shown that it is possible to have three ya | INQ 
dimensional symmetry elements, namely a A A 
centre of symmetry 1, a mirror plane 


. ; Fig. 3.9 The mini f a three- 
perpendicular to [00.1] and a screw axis 63. It 2 Re hak sie _— 
was shown by Belov (1947) that compatible 


combinations of these symmetry elements can give rise to only 8 possible space groups: 
P3 ml, P3ml, P6m2, P6; mc 


Pox/mmc, R3m, R3m and F4 3m. 


Of these eight space groups, F43m is the only ‘es ess ” 
* UNE that is cubic ; i t the cu I 
close packed structure ABCABC ... All others belong to Ic and corresponds to 


hexagonal close packings. 
Identity Period 


The height or c dimension of the hexagonal unit cell depends Slits ber of layers required 
number o 
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(0 complete the stacking sequence in the unit cell. The number of layers, n is called the identity 
eriod (OF the Peppa period) of the unit cell, The smallest value fides can have in a close 
acking 'S 2, which is the identity period of hexagonal close packin Similarly the cubic close 
acking is the only Possible Stacking sequence for n = 3. Nae awe (or ABAC ..) is the only 
close packing possible for n = 4, it js sometimes called as topaz because it occurs in the mineral 
topaz. It can be shown that for n = 5 also, there js only one possible close packed sequence, 
je. ABCAB ..., but tot "= 6, there are two Possible close packed sequences; ABCACB ... and 
ABCBAB ... Further, it can be verified th 


; al as the identity period n increases, there is a rapid 
increase In the number of Possible close packed Sequences for each value of n. 


3,5 AXIAL RATIO AND LATTICE CONSTANTS 


The extent to which a real crystal structure 


approximates to a close packing can be determined 
from its lattice constants. As seen above, 


- ; any close packing can be conveniently referred to 
hexagonal axes. If’ c denotes the height of the hexagonal unit cell, n the identity period, and h 


the separation between successive close packed layers then c = nh. Also, we know that in a close 
packing, any sphere in a layer is in contact With three spheres in the layer below it (Fig. 3.10a). 
The centres of these spheres lie at corners of a regular tetrahedron, as shown in Fig. 3.10b. The 
height of this tetrahedron is fh, while the side equals the lattice constant “a”, of the hexagonal 
unit cell (equals the diameter of the sphere). For a regular tetrahedron of side “a”, a sin 60° is 
the median of any of the four bounding faces. Let BP is the median of a side face, drawn from 
the apex B of the tetrahedron and BQ be the perpendicular from B to the base of the tetrahedron. 


The triangle BPQ is shown in Fig. 3.10c. As P is the mid point of one side of the base and Q 
is its centroid, 


POS 3 sin 60° 


and (BP)? = (BQ)? + (OP)? 


A h asin 6° 


Q P 


ta sin 60° 


(a) (b) (c) 


Fig. 3.10 (a) Tetrahedral voids in a close packing (b) Tetrahedron formed by the centres of the spheres 
(c) Section BPQ of Fig. 3.10(b) 


* 
= 
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a n” 60 


eek 
a sin’ 60° = h ir 9 
or 
h 2, 20.8165 
sa 
or a w? ) 
c nh = 09.8165 xn ( 
a = ) 
so that, a acked structure its value 
3 k 5 axial ratio for an ideal close P THUS he ay 
he ratio c/a is <nown a ; ; ; 
integral multiple of 0.8165. the jayers--ABC-~ are stacked along {i ae direction ( 
In cubic close packing, we know gonal of the cubic unit ee) must be equal. 
i], Therefore, ¢ € onal will be J3a, (which is equal to 


diagonal) of the unit ce 
; dy diag 
3h. If the side of the cube '$ 4 then the Dory ~ the diameter of the sphere. Thy, the 


a= 
ea at oe 1 "8 7 a the diameter of the sphere. 
lattice paramete I] 1s 1 


r of an fcc unit ce 
3.6 VOIDS IN CLOSE PAC 
Classification of Voids 
There are two kinds of voids that occur In close 


layer has a sphere directly above it, the resulting 


in Fig. 3.1 1a. These spheres are arranged on the cor : oe 
such a void is called tetrahedral void. On the other hand, if a triangular void pointing up in on | 


close packed layer is covered by a triangular void pointing down in the next layer, the resulting | 
void will be surrounded by six spheres (Fig- 3,12a). These spheres are arranged on the come | 
of an octahedron, such a void is known as an octahedral void and is shown in Fig. 3.12b. This 
in three dimensions, where the possible close packed sequences are theoretically infinite, ther 


are two kinds of possible voids. 


KING 


packing. If the triangular void in a close packey 
void will have four spheres around it as showy | 
ners of a regular tetrahedron (Fig. 3.11p) 


(a) (b) 


Fig. 3.11 (a) A tetrahedral void (b) Projecti 
oe trevoh eBHERES ) Projection of Fig, 3.12 (a) An octahedral void (b) Proje 


The number of these voids in a th centre of spheres 
easil determined. In a i ree dimensiong ‘ ‘ ' “a 
and nize C voids (Fig cece layer A, a sie gs OR oem 
« . . a i ere is > Hy © 
of one kind are occupied and the next layer is plac - suneguaee by a 

© other three are not i. on the top of this. thr 
- Thus first three become te 


Atomic Packing a 


«ac and the other three becom ' 
yoids a YMe OCtahedr; : ae the 
layer gives rise to three tetrahedyal » al voids, Similarly, the close packed layer below 
i‘ ‘covers a triangular void in |; a’ and three octahedral voids. Further, the reference sphere 
- yore retratiedral voids. E need above it and another in the layer below it. There are thus 
tw cand 3 + 3=6 octahedral vere therefore surrounded by 3 + 3 +2 = 8 tetrahedral 
voicing is very large and difficut ene’ he tal number of spheres and voids in a close 
acking Pciledh Cult to calsulates However ite possible to find the average 
qumber of voids o each kind belonging to a sphere ’ ; 

ve know that each oct: ‘da i 
As h octahedral void js Surrounded by six spheres and each sphere in turn 


is surrounded by six voids, therefore, the num ate 
siven by the ratio, ber of octahedral voids belonging to a sphe 


Number of octahedral voids around a sphere 6 


Number of spheres around an octahedral void 6 


similarly, each tetrahedral void is surrounde 
eight tetrahedral voids. Therefore, the numb 
by the ratio, 


d by four spheres and each sphere is surrounded by 
er of tetrahedral voids belonging to a sphere is given 


Number of tetrahedral voids around asphere 
Number of spheres around a tetrahedral void 4 r 
This follows that: 


(i) There are as many octahedral voids as there are spheres, and (ii) There are twice as many 
tetrahedral voids as there are spheres. 


3.7 SIZE AND COORDINATION OF THE VOIDS 


In Two Dimensions 
Referring to the close packed arrangement of equal spheres in a plane as shown in Fig. 3.7, we 
find that one particular void (B or C type) is 
surrounded by three spheres and hence its 
coordination number is 3. The size of the planar 
void can be determined simply by measuring 
the radius of the sphere that would just fit into 
the void. Consider one such arrangement as 
shown in Fig. 3.13. Let r be the radius of the 
central sphere which just fits into the void and 
R be the radius of the coordinating spheres. 
From the simple construction in Fig. 3.13, we 
have 


Fig. 3.13 A planar void 


LM Re cos 30° 


LO R+¢r 
SS —— ee 
or r= 309 ae ci R=1.155k =F 


a r= 0.155 R (11) 


98 Solid State Physics 


void. 
ing the planar 
This gives the radius of the sphere representing 


: dral and Oct 

‘ 5 ids viz. tetrahe 0... 

In Three Dimensions here exist two kinds of void ig 
S We have seen earlier that there an 


ids can be found in a m 
hese voids c Pa 

: . he size of t ing can be describeq In te 
IN three dimensional close packings. T ‘ds in a close packing heres sy mms the 

i Further, these voids 1 id. The number of sp TOUNding ay: 
that discussed above. Fu hinged about each vol : ordingly, the coordination cae 
3 cae Petes ae ber of that void. Acco 6. A close packing cap theres, 
1S Called the coordination ae octahedral void is 6. 

oid is 4 and that of an 


. Size of thes : 
Pee by the packing of spheres themselves. Siz © Voids AN be 
Polyhedra) of voids as is done y the 


found as follows: 


; jus R. The centres Of these 
cre ec void surrounded by four spheres ee the radius of the s bee 
Ap ieee ofa regular tetrahedron of side a x nt from all corners Of the tetrahed, 7 
just fits int this void whose centre is at P and is equidista he height BQ = A is Telated , ‘i 
iE: ia : us is bond length p = r +R. As shown earlier, the 0 the 

18. 5.144). Let the on = * 
Side of the tetrahedron “g” as 


- 42 
= aa 


in Fig. 3.14b, we have 
Hence, from the right angled triangle POR shown in Fig. 3.1 


PQ=BQ-BP=h-p , 
2 asin 60° = 
Here, PR =p and OR = 3 asin 60 2 


Therefore, (PRY = (h- p)’ + (OR)? 


es : 


(h-p) 


2 @ sin 60° 
(a) (b) 


Fig. 3.14 (a) A tetrahedron (b) Section POR of Fig. 14(a) 
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of P= (h~ py ke 
2 
hat, = 3 = 
so! P qt = 0.75h (12) 


d length for an atom placed in a, 
‘ vi layer spacing. Spain; na tetrahedral void in a Close packing is thus equal to three- 
rot Sututing for P and h in terms of randR i have 


rtR= 3v2 2R= 43 p 
4/3 V2 
e ~ V3~ V2 
ia PS 5 R= 0.225R (13) 


this gives the radius of the sphere representing the tetrahedral void. 


Octahedral Void 


Jn an octahedral void the sphere that Could just fit in would touch six spheres, three in the layer 
pelow and three e the layer above. The Projection of the centres of the six spheres is shown in 
Fig. 3,15a. The point O represents the centre of the sphere fitted within the void. Again the bond 
length OR = p = 8 + r. Now from the right-angled triangle OO’R shown in Fig. 3.15b (where O’ 
lie in the plane of upper layer), we have 


ah 
f ‘ 2 asin 60° 
h/2* Rhi2* a R 
hi2 ea 


Fig. 3.15 Projection of centres of spheres with their position coordinates 


(OR)? = (O0'Y + (O'R? 


A We : 
or p= (4) £ & sin co") 
3h 
Therefore, pase 0.88) (14) 


ctahedral void in a close packing is thus 0.88 time the 


The bond length for an atom placed in an 0 
layer separation. Substituting p = r+ R, h = (V2 / ¥3)a and a = 2R we have, 
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+R= V2R 
5 - np 2 o.4lan (15) 
iii ae the octahedral voi 
{in 
nling e placed at the centre of 2 Cub 


ts , ese 
This gives the radius of the sphere rept 


Example: Determine the radiu 
face of a body centre cube of lattice pal 
¢ that the face C¢ 


qinele 


Solution: In Fig. 3.16, we can se 
octahedral void as six lattice aloms pe 
Surrounding it. Let the largest sphere placed 2 
this position just touching the two body centre 
atoms of the adjacent cube has a radius Re. 
Then from simple geometry, the dIstanS* 
between the two body centre atoms is given by 


2R +2R,=a 
or R+R.=5 


But for a bcc lattice, 


Therefore, 


so that, 


Example: Determine the radius of the largest sphere that will fi 


bcc packing of atoms of radius R,. 


Solution: The largest void in the body centred crystal is located at the position — 


sphie 
argest SP 
5 of the larg e 


ntre of the ¢ 


Ry alisaRe 


can 
c io adius of the lattice atom R. 
1 4 


1 1 
ube is located at > > 0. This i, an 


R= 0.154R. 
t into the void produced by the 


oo 
4 0 as shown 


in Fig. 3.17. This is a terahedral void as four 
lattice atoms are surrounding it. (Note that there 
are several other equivalent points in each cell.) 
If anew spherical atom of radius R, is introduced 
at this point, then from simple geometry we have 


2 2 
2 =| 2 a 
(Ry + Ry) -(¢] +($} 
oa” 
16 
_ 5a 
4 
4R, = ay3 


But 
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eating the value of a and r ‘ 
gfituline Carranging the | 
pbs Crms, we have 


4R 

R, = L 

= 43 lS - V3] = 0.291k, 
ample’ Find the diameter of the largest atom 1 


1 cee k ‘i * 
‘on Nat would fit into the void in fcc nickel without 
jstortlo” 


J 
golutt jon: F 


thats 


or Ni, the lattice pa e 
parameter q = B.52A Alka for an fcc lattice, we have 2a =4R. So 


RaN2 x 3.52 
4 


ew = 1.24454 


since, the largest void in a close packin 


£ is an octah . 
question) therefore, edral void (equivalent to the largest atom in 


Roo = 0.414R = 0.414 x 1.2445 = 0.515A. 


Thus, the diameter of the largest atom, D 


sactiire: Therefore La Will be equal to the diameter of the octahedral void 
in the S : 


Dia = Doct = Roe = 1.03A 


Fxample: Calculate the void space in a-close packing of n spheres of radius 1.000, n spheres of 
radius 0.414 and 2n spheres of radius 0.225. 


Solution: Let us consider the case of cubic close packing. In this case, side of the unit cell and 
the radius of the sphere is related as 2a = 4R, or a= 2V2R. Therefore, the volume of the unit 
cell 


V=a’ = 16¥2R? = 16,2 (for R= 1) 
Since an fec unit cell contains 4 lattice points in it, therefore n = 4. So that the occupied volume 
is 
4x % x [(1.000) + (0.414) + 2 x (0.225) = 18.319 
and the void space becomes 
Total volume — occupied volume = 162 - 18.319 = 4.308 = 19% 


38 SIGNIFICANCE OF VOIDS 


Voids in two and three dimensional close packings of spheres are of great significance, because 
smaller spheres can be placed within them. In fact in many inorganic compounds, one kind of 
atoms are arranged in a close packed manner (not necessarily touching each other) while the 
Other atoms present are distributed among the voids. For example, many oxides consist of 
oxygen atoms arranged in a hexagonal or cubic close packing with the smaller metal atoms 
Occupying the voids. Also the voids have the capacity to hold interstitial atoms, which may be 
an impurity atom either added intentionally (or accidentally) or atoms of the parent structure 
Itself accidentally displaced from the original positions. Such imperfections are known to play 
4 Very important role in influencing the properties of crystals. However, it is to be pointed out 
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that in actual structures not all voids can b 
Only certain voids related by symmetry at 


3.9 PACKING OF UNEQUAL SPHERES IN 3-DIMENSIONS Anp 
EFFECT OF RADIUS RATIO 


ids (in 2-dimensio 
In the preceding sections we have seen that the Le oe anttve ss tetrahe 
and octahedral voids (in 3-dimensions) at pe fore, in actual crystal structuy ASe8 in th 
Order, octahedral > tetrahedral > planar voids. There ore, dis sibairelae eed icy), 
atom can best fit into one or the other kind of void depending 0 a a th Bore 
: ements of nondirectionally 5 the 
Close packed atoms. Consequently, other packing arrange? different (ioni Y Donde Om 
become possible when the sizes of the atoms are appreciably di . ; a a PTOVide » 
best example of such packings). The size of an atom depends on f size and the number of : 
coordinating atoms. In other words, the coordination number 1s a Seon of the differencg . 
Size of the central atom and the coordinating atoms. The greater the size difference, the sma 
is the coordination number. The possible coordination numbers in a three-dimensiona| atray are 
1, 2, 3, 4, 6, 8 and 12. However, the coordination numbers of cations most frequently eNcountereg 
in actual structures are 3, 4, 6, 8 and 12. Out of these, 4 and 6 are most common jn Structures 
having anions in close packing and either 4, 6, or 8 in almost all close packed Structures, The 
coordination number 3 occur in planar complexes, while 12 is the coordination number in Close 
packing of like atoms. Each value of coordination number is found to be stable within a Certain 
range of radius ratio (the ratio of the radius of the central atom to the atoms coordinating it), 
As an example, let us consider the compound AB composed of equal numbers of A atoms and 
B atoms whose atomic radii are given by ra and rg, respectively. Since the number of each type 
of atoms present in the structure is the same, they will have same coordinations, namely 1:1, 22, 
3:3, 4:4 etc. The above calculated radius ratios for coordination numbers 3 (planar) 4 (tetrahedral) 
and 6 (octahedral) show that the coordination number imposes a limitation on the radius ratio 
and vice-versa. Here, the coordinations 1:1 and 2:2 impose no limitations since the atoms can 
have any relative size and still have 1-fold or 2-fold coordination. Let us see the limitations 
imposed by other coordinations. According to eq. 11 obtained in section 3.7, ra/rg must be at 
least 0.155 if the A atom is to touch the three B atoms coordinating it. Similarly, rg/ra 2 0.155 
if B atom is to touch the three A atoms coordinating it. Thus a 3-fold coordination would require 
the radius ratio to lie between the limit 0.155 and 1/0.155. Let us analyse three different situations 
as illustrated in Fig. 3.18. Under the limiting situation when the central atom touches the three 
coordinating atoms, the radius ratio (ra/rg = 0.155) is said to have a critical value. This is shows 
in Fig. 3.18a. When the radius ratio varies in the range 0 < ra/rg < 0.155, the central atom wil 
“rattle” in the void and do not touch the three coordinating atoms at the same time. This 
configuration is said to be unstable and is shown in Fig. 3.18b. Under this situation, the configuration 
can be made stable only if the coordination is reduced to 2. Finally, when the radius ratio ral? 
> 0.155, all the coordinating atoms touch the central atom but do not touch one another as show! 
in Fig. 3.18c. This is a stable configuration. Identical arguments will be applicable to other 
coordination numbers also. 
As far as the coordination is concerned, @ given coordination number will be stable betwee 
that radius ratio at which the coordinating (close packed) atoms touch each other aS well as 


‘ inorganic clos 
e occupied. In ae © Packeq Struc 
e€ occupied. Lutes 


ler 
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TA 

a 0.155 r 
0<A 

mn SF $0155 0.155 < = < 0.225 


(a) 


Fig. 3.18 Triangular coordination of 
unstable configuration, 


(c) 


nd central cations (a) the critical configuration, (b) the 
but not critical configuration 


anions arou 
and (c) stable 


central atom, and that the radius ratio at which the next higher coordination number is possible. 
For example, a coordination of 4 (or tetrahedral Coordination), will be stable between the radius 
ratios of 0.225 and 0.414. Below the lower limit a triangular coordination is possible and above 
the upper limit an octahedral Coordination results. The permissible range of radius ratio in AB 


compounds for coordination numbers most frequently encountered are given in Table 3.1. A 
geometrical representation of these Tanges is given in Fig. 3.19. 


Table 3.1 Coordination number as a function of radius ratio in AB compounds 


Coordination Range of radius Coordination Packing 
number ratio polyhedron 
1:1 Qo) point point 
2:2 0-co line linear 
3:3 0.155-1/0.155 triangle triangular 
4:4 0.255-1/0.225 tetrahedron tetrahedral 
6:6 0.414-1/0.414 octahedron octahedral 
8:8 0.732-1/0.732 cube cubic 
12:12 1.0 twined cubo- 
octahedron (hcp) hep and 
cubo-octahedron (fcc) fcc 


0.2 0.30.4 0.60.81.0 2.0 3.0 4.0 0.6 8.0 
Radius ratio 


Fig. 3.19 A geometrical representation of radius ratio range 
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: ™ 
c . ina oO ble : ° a 
The radius ratio limits for poss! ion here requires that: Y by 


similarly determined. The compostt! 


ination num = 
Coordin anumberofB ” 6 


Coordinatio ture are2:1,4:2 6 
truc a ee ness 23 
ads ! acked AB2 $ —_— * 3 ete 
Thus the possible coordinations in a See iceused above. The coordination 4 ; 2 ise | 
coordination 2 : | imposes no ee close packed B atoms and 6 : 3 arise if 4 ato ta | 
e 


atoms lie in the tetrahedral voids betw ratio limits would accordingly be 9 : TNS at, 
distrib dral voids. The radius ; dinati v5.65 

stributed among the octahedra 1/0.155 for 6 : 3 coordination. In a simila 
rg <© for 4: 2 coordination and 0.414 <ralrB < 3 -2,6:4... ete. Table 3.2 gives hb ay, 
the possible coordinations for A2 B, compou ee redicted and observe ac Nal 
radius ratios of a few ionic solids and metals alongwith their p d “Oordinatig 
numbers. 


a ill provide a 3:3 a 
Example: Show that the minimum value of Ra/Rx = 0.154 will pr Coordination for 


A and X ions in AX-compound. 


Solution: Let R, be the radius of X ions 
representing the bigger spheres. They touch each 
other and their centres lie on the comers of an 
equilateral triangle ABC as shown in Fig. 3.20. 
Also, let R, be the radius of A ion representing 
the smaller sphere which is lying at the centre 
of the void produced by the X ions. The A ion 
touches the three coordinating X ions, so that 
from Fig. 3.20 which shows various bond 
lengths, we have 


= ee ee ee: 
a=2R,, b= 3 asin 60 a iting Geert 
Also b= Rat R= 
Therefore, Ry = -#&. _£-00773a 
13 & 
and R, = 0.5a 
Ra _ 0.0773 
that = ee = ( 
so tha R, Oscar U.155 


The radius ratio 0.155 corresponds to 3: 3 coordination (as can be seen in Table 3.!). 


3.10 REPRESENTATION OF CLOSE PACKINGS 


From the discussions so far we have had for the close 


; acki al sphe 
is obvious that a close packing can equally well be re packing of equal and unequ 


presented by the packing of coord 


Predicted and observed coord 
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ool solids and metals mation numbers for different ionic radius ratio for some jonic 
wr At r metal Ire a 
cate - : - _Seordination Number predicted | Coordination number observed 
WV3 . 

BeS 0.17 3 

BeO 0.23 © 4 

SiO, 0.29 3104 4 

LiBr 0.31 4 4 

MgO 0.47 ‘ 6 

MeFs 0.48 ; 6 

TiO, 0.49 ; 6 

NaCl 0.53 6 

CaO 0.71 ; 6 

KCl 0.73 6 to 8 ; 

CaF 0.73 Gian 5 

CsCl 0.93 8 3 

bec metal 1.0 8 to 12 i 

fcc metal 1.0 8 to 12 12 

hep metal 1.0 8 to 12 12 


y,and ry are the radii of cation and anion, respectively. 


polyhedra of voids in lieu of the spheres themselves. In fact, such a represen:ation may Nave 
certain advantages in regard to display the symmetry in proper manner Fig. 3.21 shows the 


exploded view of the sequence of polyhedral 
layers in a cubic close packing. For convenience, 
this shows successive layers normal to [100], 
not [111], which is the actual stacking direction 
for close packed layers. The layers of tetrahedra 
lie within one-half of the interpenetrating 
octahedral layers above and below. When the 
layers are collapsed only the octahedral can be 
seen. Fig. 3.22 shows such a representation for 
cubic close packing. For a comparison, an 
exploded view of a hexagonal close packing is 
also shown in Fig. 3.23. There are two 
tetrahedral layers that fit inside two adjacent 
layers; the two similar layers in each case are 
related by a mirror plane lying between the 
layers. This representation of close packing is 
also physically more meaningful. As stated 
earlier that in many inorganic compounds, one 
kind of atoms are arranged in a close packed 
manner while the other atoms (metal atoms) 
are distributed among the voids. Thus, the 
coordination polyhedra of metal atoms can be 
used in a manner analogous to the packing 


Fig, 3.21 An exploded view of polyhedral layers 
in cubic close packing 
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Fig. 3.23 An exploded view of a hexagonal close 


Fig. 3.22 An octahedral representation of cubic packing 


close packing 
ployed by Pauling, who showeg 


scheme shown above. This kind of representation was first em 
e rules are called Pauling’s rule 


that definite rules govern the packing of such polyhedra. Thes 
and are discussed below. 


3.11 PAULING’S RULE 


In section 3.9, we discussed the effect of radius ratio on coordination numbers and vice-versa, 
In fact, a definite relationship between the ionic sizes and the coordination numbers of ions have 
been found to hold in many compounds occurring in nature. Thus certain cation-anion combinations 
always form similar arrangements which persist with little change from one compound to another. 
Therefore, one can think of many such compounds as being composed of coordination polyhedra 
of anions surrounding a cation at their centres. For example, the largest single group of naturally 
occurring compounds are silicates, having structures that are based on packing arrangements of 
SiO, polyhedra. Based on the observation of such packing arrangements, Pauling postulated a 
set of rules that determine the nature of possible arrangements. Although these rules apply 
strictly to ionic compounds only, they can be applied to other compounds also with slight 
modifications. Notable exceptions are metals and organic compounds. Pauling’s rules are as 
follows: 


1. Acoordination polyhedra of anion is formed about each cation. The cation-anion distance 
is determined by the sum of the respective radii, and the coordination number is determined 
by the radius ratio. 

2. In a stable structure, the total strength of the valency bonds that reach an anion ina 
coordination polyhedron, from all neighbouring Cations, is equal to the total charge of the 
anion. 

3. The polyhedra in a structure tend not to share ed 


Ses, and in particul: ces, common 
to two polyhedra. If edges are sh particular not fa 


ared, the shared edges are shortened. 


Atomic Packing 107 
j, Since sharing of Polyhedron ¢ 


i lement i : 
high valency and small coordination » Uecreases the stability of a structure, cations with 
eihclce numbers tend not to share polyhedron elements wip 

5, The number of essentially differen 


so called rule of parsimony tkinds of atoms ina structure tend to be small. This is 


olyhedra which 
The poly hich result from connecting th ’ : | 
stion are called anion polyhedra. or ; € centres of the anions surrounding a centra 
sai simply coordination molhen J 7 the more general case of atoms (instead of ions), it is 
‘ yal size atoms) has been doses fue limiting case, i.e., the close packing of equal spheres 
es a fferamminberiénteeas es in the Previous section. The coordination polyhedra for 
“king and cubic coordination j n in Fig. 3.24, The coordination polyhedron for both bec 
a AG the description. b 4 simply a cube. However it should be remembered that, by 
convention, Pon, bec is reserved when all atoms are of equal size 
HCP 


FCC 
AS 


oD & 


Twinned Cubo-Octahedron Cubo-Octahedron 


Fig. 3.24 Coordination polyhedra for hep and fcc packing 


3.12 APPLICATION OF PAULING’S RULE TO ACTUAL 
STRUCTURES 


Let us apply the above rules to ionic structures. It is possible to gauge the ionic nature of a 
structure by the extent to which Pauling’s rules are satisfied. Rule | is simply a concise statement 
of the radius ratio effect already discussed. Rule 2 can be equivalently stated as: In a stable 
structure, local charge neutrality must be maintained. In ionic crystals, we observe that the 
anions are surrounded by the cations and vice-versa. In this situation, it is necessary to estimate 
the amount of positive charge that is effectively associated with each cation-anion bond. For a 
cation M™ surrounded by n anions, X*, the electrostatic bond strength (e.b.s.) of the cation- 
anion bond is defined as 


e.b.s = (17) 


Further, for each anion, the sum of the electrostatic bond strengths of the surrounding cations 
must balance the negative charge on the anion, 1.€. 


x=” 
n 


(18) 
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i a Tuctur, 
Al,Os whic 2 2--: e. In . 


For Cx e + com : ch 
ample, Iet us consider the “rahedrallY. while ea 


Compound, each Al** ion is coordinated 0 


ws: 
tetrahedrally, We can verify them to be $0, 4 follo 
2.1% 
For Mg?* : abst A 2 
3 el, 
For Al**: ebs= 6 2 


Tebs (3 ABT +1 Me"*) =2 
hich is equal to —2. 
This must be balanced by the negative charge 0” tl a sis is diagrammatically re 
This shows that the charge neutrality is preserved. This analy Presnteg 


Therefore, 


in Fig. 3.25, 
+1/2 
+1/2 
1/2 ” ae +1/2 
+ 
(se) - 
+1/2 +1/2 
oe +1/2 
ee +1/2 


+1/2 +1/2 


Fig. 3.25 Bond strengths and directions in various components of MgAl,0, 


Rules 3 and 4 can be considered jointly. The reason that cation tend not to share polyhedron 
elements can be seen is Fig. 3.26, which shows two cube units sharing a corner, an edge anda 
face. The separation between the two positively charged cations at the centre of the cubes 
successively decreases from /3 to V2 to | respectively, in these cases. Since the two positively 
charged cations repel each other, they naturally tend to be as far apart as possible. The higher the 
charge on the cation and the smaller its coordination number, the greater this tendency becomes. 
Generally, tetrahedra can share only corners; octahedra can share corners and edges; and cubes 
can share comers, edges and faces, although the number of structures in which cubes share faces 
is small, because the cubic coordination is not very stable in itself. 


LH a | ee 
ap Poff 
i ee 


Fig. 5.26 Sharing of corner, edge and face in two cubic units 
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jt toe € that, if 
rons will shorten the shared edge. Two ome edge is Shared, the mutual repulsion of the two 
call al example of such sharing in ‘itu ahedra sharing an edge are shown in Fig. 3.27. A 


{ Cis seen } : 
x 03. The oxygen octahedra Coordinating ot in the structure of rutile, a stable modification 
g the shared edges are shortened. 'Y” form rows in which opposite edges are shared, 
a 


Foo BeBe 


Fig. 3.27 Situation resulting from the sharing of an edge by two octahedra 
413 EXAMPLES OF SOME CLOSE PACKED STRUCTURES 


atomic Packings in Elements 


Structures of many metallic and non-metallic elements can be described in terms of close 

acking of equal spheres. There 1s a definite relationship between the structure and the position 
of an element in the periodic Table. Elements in the same group tend to have the same structure 
at room temperature, e.g. the alkali metals and Be, Mg, Zn and Cd (group IIA and IIB) are hep; 
Cu, Ag and Au (group IB) are ccp. The elements of rare-earth series crystallize in the ccp 
structure, the hep structure or the 4H (ABCB) structure (i.e. Sm). The stable modification of Co 


at room temperature is probably hcp but it undergoes transformation to a cep structure at high 
temperature. 


Atomic Packing in AB (or MX-type) Compounds 


NaCl Structure 


This is one of the simplest compounds of MX-class, composed of equal numbers of Na and Cl 
atoms. The coordination numbers of these atoms are determined by their radius ratios. According 
to the radii listed in Table 4.1 the radius ratio rjy,/rc; = 0.525 and corresponding coordination 
numbers of these ions are 6:6 (from Table 3.1) i.e. they are octahedrally coordinated to each 
other, Now, let us consider a collection of octahedra with sodium at the centres (Fig. 3.28), to 
find out the possible ways of their packings. It can be easily shown that the cubic close packing 
(Fig. 3.21) is the only way to pack such polyhedra. An attempt to form the hexagonal close 
packing leads to the sharing of faces by the adjacent octahedra, in direct, violation of Pauling’s 
rules. Thus, unless the coordination numbers of Na and Cl are changed the only stable structure 
that NaCl can assume is that of a cubic close packing of larger chlorine ions with the smaller 
sodium ions occupying the octahedral voids. This structure is shown in Fig. 158: 


| : % 
ZnS Structure sat se 
Another simple MX-typ¢ compound is zinc sulfide. From Table 4.1 the radius ratio of zinc and 
Sulfur is rz_/rs = 0.402. The corresponding coordination numbers of zinc and sulfur are 4:4 (from 
Table 3.1) i.e they are tetrahedrally coordinated to each other. Now, keeping in view the 
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ig. 3. 
e how these tetrahedra ¢ 
Pauling’s rule (i.e. the tetrahedra can share comers only), let us se an be 
uling s rule (1.e. , 
arranged in space? th Zn atom at the centres and sulfur atoms at the Comers 
Consider a collection of tetrahedra with Zn a ‘ in Fig. 3.30. Then in a plg 
as shown in the Fig. 3.29. A single layer of tetrahedra 1s shown in Fig Plane, at 


' rahedrally disposed >: 
each comer where three tetrahedra meet, a sulfur atom has three tes : Posed zing 


Fig. 3.29 A tetrahedron with zinc atom Fig. 3.30 A tetrahedral layer 
at the centre 


ason that these two dif : : nate 
that the larger atoms can pack in e; ifferent kinds of packings are possible is 


Kings. Thus, any AB (or MX) 


arrangements of the same kind 
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‘ite, and the cubic one is called the sphalarite 
number of substances, 


Fig. 3.31 is auth tetrahedra in a. Fig.3.32 Packing of zinc tetrahedra in B-ZnS (sphalerite). 
(a) [111] vertical (b) [001] vertical 


Any substance in general, can exist in the solid, liquid, or the gaseous state, depending on the 
conditions of temperature and pressure. Similarly, a chemical substance grown from solution, 
melt or vapour can crystallize in more than one possible structural modifications, depending on 
the conditions of temperature and pressure prevailing at the time of growth. This phenomenon 
of the same chemical substance crystallizing in more than one structure (crystallographic 
modifications) is known as polymorphism. The different modifications are called the polymorphs 
or polymorphic modifications of that substance. They can be obtained from solid state phase 
transformations also. Polymorphism therefore includes every possible difference in the crystalline 
structures of a substance of constant chemical composition, except homogeneous deformations. 

Since the different modifications have the same chemical composition they have similar 
chemical properties; but their physical properties, like density, specific heat, conductivity, melting 
point, and optical behaviour, which depend on the arrangement of atoms in the structure may be 
widely different. 


Atomic Packings in AB, (or MX, - type) Compounds 


Cadmium Iodide Structure 

Cadmium iodide is known to be an ionic compound, the ionic radii of Cd and I being 0.97A and 
2.16A, respectively. The structure consists of a close packing of the I ions with the Cd ions 
distributed among the voids. The radius ratio rear; = 0.45 permits the Cd ions to occupy the 
octahedral voids, the composition then requires a 6 : 3 coordination of Cd and J ions. Since there 
are only half as many Cd ions as I ions in the structure, only one-half of the total voids are 
Occupied. The Cd ions form close packed layers, occupying alternate layers of octahedral voids 
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Known as “polytypes”, 


Fig. 3.33 The layer structure of cadmium iodide. Fig.3.34 The structure of a “minim sandwich” of 
Small circles represent Cd ions and larger Cdl, in projection on (0001). Small circles 
ones represent the I ions (Cd ions) are in one plane and larger 

circles (1 ions) are in the plane above 
and below 


Polytypism 


thermodynamic conditions of temperature and Pressure, each having its own range of thermodynam” 
stability and differing from others in its physica] Properties. On the other hand, polytypes gro 


ef the same conditions of temperature Atomic Packing 113 
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Fig. 3.35 The packing of coordination octahedra 


Fig. 3.36 The hexagonal unit cell of the two layered 
in Cdl, for a 2H structure 


Cdl, polytype. Open axis circles represent 
Tions and the black circle the Cd ions 


314 NOTATIONS USED FOR REPRESENTING CLOSE PACKED 
STRUCTURES 


Different notations employed to distinguish various close packed structures have been described 
in detail by Verma and Krishna, Trigunayat and Chadha, Palosz and Fichtner. A few of them 
have been developed specially for describing Cdl, structures, while others can describe both MX- 
and MX,-structures. These existing polytype notations can be put into two different categories: 
(a) General notations, and (b) Special notations. 


General Notations . ] 
The notations belonging to this group are applicable to both MX- and MX;-type close packed 


ations which are more Com 
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ee 
We shall give a brief description 
Structures. We s 
used. 
specfying the loi! number of layers in th, 
Ramsdell’s Notation ribed by sp the lattice type. Thus 4 a he 


SC - oy 
Close packed polytypic structures ee H, Ror C to Pe oil unit cell while mp denoy 
hexagonal unit cell folewed ye s in the primitive ‘sk ‘ins m layers in its hexaogn.. 
nH represents a structure with ih chombaliedll pnd con’ and lattice type but distinct ie 
ie asa tn Freire es, oe having same ee used. This scheme of Notation 
cell. In order to distinguish p , 2, 3, are is 


ipts lik or | I the actu 
Stacking sequences, subscripts like a, b, ¢, but it does not revea al 


a 


The 
ctures, nt 
applicable to all (including non-close-packed) stu 
of layers in the unit cell. 
Ly s ‘ S ibj 1 
ae ; fee ee the most exhaustive manner of describing close Packeg 
e classi 


lane parallel t 
sequences. When a close packed structure is projected eta i, So i” 4: ft Me 
- the layers (the atomic planes) fall into three possible ae the atic secncnee Anes 
3.37). As an example, the four layered polytype is represented by a 


Unit Cell 
Height (6H) —> 


ie: 337 Ramdell’s zig-zag sequence of Si (or ©) atoms in the (1120) pane of 6H (ABCACB) 


10 

ifficult for long period polytypes. Also it does not reveal the symmetry 
0 unambiey i ious close 
neat ester Sees guous Tepresentation of various c 


The Zhdanoy Notation 
The Zhdanov notation is a numerical form of the : 

Fe: : Classi . retin’ 
of digits in succession, representing the numbers of consent, tion, The symbol en 
the ABC sequence. In this notation, the 4 Structure ABCB/ cyc IC and anticyclic ai - 
sequence (22). ‘1S denoted by the numeric! 

Ramsdell interpreted the Zhdanoy symbol in te 


(1120) planes of close packed Polytypic str S Of zig-74 


. 51 he 
ee & Sequence of atoms int 
UCtUze. Fig, 3.37 illust , 


rates the Meaning of the ZF 
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vag s0quenee a H (33) structure of ayy 
“song in one layer, the ney MA-lype 
aoftions 1 ext atom 
ition in the neighbouring ice be either On the right in B positions, or on the left in 
wn Ee third layer has its atom on the vi it will continue 


: os be aon aay change its direction and go to {! ted 
changes» a rs e results, Such an arrangem A a ef . Because of these ine 
f sie accel irection 'N SUCCession and it js called aot ein ene se ig 
See nd tn artes boing oon es 
a - 3.37 the unit cell of 64 ; 
o find whether two or More sim; es: 0 1S completed at 2 and not at 1. 

Tae one has simply to a acs looking Zhdanoy symbols represent the same or different 
ee t). If they ar mine if they are TC (translationally congruent) or RC (reversely 
congruent 2 oe Structures are congruent; otherwise they are non congruent. Jain 
and Trigunayat - ved Some simple practical cTiteria 16 decide the ins of ere 
aa aeaiine . a ds packed MX,-type Structures, two Zhdanov symbols are 
i ‘e 221192112 m the other by an “even shift” (including zero shift) of the starting 
point, Lf. " Tepresent the same structure, For MX-type structures, two Zhdanov symbols 
ae TC if one 18 obtainable from the other by any shift of the starting point. (ii) For MX,-type 
i aeadaibe mNTELOS symbols are RC if one is obtainable from the other by literally reversing 
the sequence plus rewriting it after an “odd shift” of the starting point i.e. 


Fc -: 2321 4 2123 
si (Reverse seq.) (After odd shift) 


This implies that the symbols 1232 and 2123 represent the same structure. For MX-type structures, 
no two Zhdanov symbols are RC. Any ambiguity if present in the symbols, can be removed by . 
employing the forgoing practical rules, Having done this, the Zhdavov symbol is able to represent 
all close packed polytypic structures uniquely and unambiguously. This is a very concise notation 
and being numerical in nature this is most easy to handle. 


aS an example. If an M or X atom lies on A 


The h-c Notation 
A notation based on the relative position of atomic layers has been independently employed by 


Pauling, Wyckoff and Jagodzinski. This notation takes into account the orientations of layers in 
the immediate neighbourhood of the reference layer. A layer is said to be in the hexagonal 
orientation if it is surrounded by similar layers on its two sides i.e. BAB, CAC, etc. and is denoted 
as “ht” while a layer is said to be in cubic orientation if it is surrounded by different layers on its 
two sides, i.e. BAC, CAB, etc. and is denoted as “c”. Thus the 4H structure with the stacking 
sequence ABCB /A... can be written as hchc... in the h-c notation. This notation is particularly 
useful in describing the faulted structures and in calculating the stacking fault energies. 

It is quite easy to transform from one notation to another. For this purpose, it is convenient to 
write the complete ABC sequence of the structure first and then express it in the desired notation. 
Some close packed structures expressed in different notations are listed in Table 3.3. 


Special Notations 
In the recent past, some special notations have been proposed by Palosz and Przedmojski, 


Palosz, and Fichtner for the representation of Cdl, (MX>-type) structures. They are as follows: 


some close-packings 
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for describing ee 
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; €-Nolation 


8 
t notatlor _ 
Differen : 7danov 


Table 30 
Remade quence 
ALC sequence never 
= es h 


Ramedell 
notation _ ay 
() c 
SY An . 
Cc ae (22) he 
an ARCH (221) hchchh 
ANC (33) hee 
OH, ARCHAR 3: ni 
OH; ARCACH LN care 
°R ABACACBCR 
eens ce oe ee 
The vwvz Notation tural units, Palosz and Przedmojski Proposeg 
asic stru with special reference to cadmiur, 


Assuming the triple layers (X-Af-X) as the b 
AY=-notation to describe uniquely the AfA2- 
WAhide. The six possible types of triple layers jively. Thus, 
BA. ¥ © Cab, + =A BC and F =B YA, respec re structure 6H, (represented as 33 in the 

wnitten as a seguence of symbols x y ZX) 2 C8: ‘on corresponding to xyz-notation ; 
Zhdanov symbol) is wri = ¥ 2. The shortened notatro e cl : 
symbol) is written as x YZ. — n’ a’,n’, n”. In the shortened form 

obtained in the form of a sequence of numbers, 1.€. 7, Hes Tee 
the 6H; structure is written as 1/11. — 
2 med, the xyz-nota 

As far as the orientations of different (M- and X-) layers ate Sma ae cotta 1S 
able to describe them uniquely. However, if the corresponding * very difficult particu! i 
(which is generally used in such representations), handling orn tae web ay 
for the polytypes belonging to group III and IV (as classified by the “4 ree e€ of the 
involvement of primes, double primes, and bars etc., alongwith the numbers. Also the symmetry 
lly cumbersome. The authors seem to 


operations used to find the equivalent structures are equally CLAN" 
have felt this difficulty, as one of them proposed another notation (i.e. t-o—f) for representing the 


type polytypes 


nave been defined as: X= A YB, y=BOC z=¢ 


each polytypic structure can be 


Cdl, structures very soon after the x)'z-notation. 


The t-o-f Notation 
Palosz proposed the t-o-f notation to describe the observed Cdl, polytypes as a mixture of 2H, 
4H and the faulted units. In this notation, he proposed ten different sequences of three neighbour 
layers in the xyz-notation, they correspond to 4, o, fl, f2, ... f8 in the t-o-f notation. As an 
example, the polytype 8H» can be represented as 1 f2 o f1. According to this notation, many 
observed polytypes contain high percentage of faults, sometimes even 100 percent as in the case 
6H? (f3 £3 £5), 8H2 (f1 f2), 12R (f4 £5) and 18R (fl fl £5), which seems to be quite unreasonable. 
Recently, Wahab and Rajni Kant have shown that 2H and 4H units are sufficient to describe 
the structure of Cdl, polytypes. Accordingly, the consideration of faulted units is not required for 


the purpose of representation of the ordered polytypic structures. 


The af¥Notation 
The @B¥notation proposed by Fichtner is a modified form of the xyz-notation, proposed by 


Palosz and Przedmojski. The six possible triple layers defined in this case are: a@ = CoB, B= 


ABC, 7= BYA, & = Bac, B = CBA, 7 = Ap. 
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ghe oBY and xy2-notations differ s 


(ot sandwiches) a5 By... in one Case While n- dice of letters used to denote the triple layers 
jcoeptability of this notation is the same as aed . € other. Therefore, the applicability and 
Xyz-notation. 
¢ thr-Notation 
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ae jeu units. ae 4s thr-notation assuming the 2H, 4H and 6R as 
won pete Polytype 8H, can be represented as /t f) in this 
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we know that the polytype 6R has not bee 
,o-f notation the inclusion of 6R in this case j 


N observed so far in Cdl, crystals. Moreover, like 
qndanoV notation along with some Special n 


$ Not required for representation of Cdl, polytypes. 


ible 34 Otations, for a few known Cdl, polytypes are given 
Ramsdell arate ay *Yz-notation t-o-f thr-notation 
notation notation shortened form notation 

4H 22 I tt (h)> 

6H, 2211 21 2f hot 

6H, 33 Vn 13f3t4 hhr 

8H, 22(11)3 31 12 of hat) 

8H, (112), 22 (f1 £2), htht 

8H; 1232 Vit 1f4 15 hsh, 

10H, (22). 11 2111 (t) £41f5 hyt 

10H, (221), 1211 tf FltfS hoth; 

12H, 222123 VAD! (t)y F485 hyhs 

12H, 22121121 pa tESPLAQFLEL hothth 

12H; Qa); 3111 (1); (2 ofl hyt> 

12H, 22211211 2211 (2 (£1f2)s hatht 

12H, (11)1232 113 4Rof2 hyhot; 
12H, 22111221 1212 (12). EL) hythgt 

12R (13); II 145 hh 


315 SUMMARY 


I. The fee and the hep are the most ef ficient way of packing the atoms. 

Close packed arrangements can be differentiated form one another in the number and 

manner of packing of atomic planes. | 

3. Degree of close packing of a structure Is a function of c/a. For an ideal close packed 
structure c/a = 0.8165n, where mis any integer. | 

4. Close packed structures are theoretically infinite, but there are only two kinds of voids 
in close packing; ic. tetrahedral and octahedral. 


V8 Solia State Physics 


any tetrahedral voids) as ; 

5. There are as many octahedral voids (and pwice as many here ate 

spheres - wttations on the coordinar: 
; : . Jimitatio Tding 

6. Relative sizes of atoms present in a crystal ior Pom ber Ghia ome tha 
they can have in real structure. Conversely, the co POge¢ 
a limitation on the radius ratio. 

7 


the packing of cogra: 
- Close packing of spheres can equally well be ees ote dleaay Oordinatio, 
polyhedra of voids. Such representations display SY cremnalirete parated capa, 
8. Pauling postulated a set of rules that could determine be applied to Giher co of ig 
in the structure, With suitable modifications, they can be pp Mpou 
9. 


Nds 
nds of MX- and MX>-classe 
Many metallic and non-metallic elements and compou * &8Sume 
close packed structures. 


fe cin ce 
10. ZnS and SiC of MX-class and Cdl and Pbl, of MXz-class SXIIGPE PSD 


3.16 DEFINITIONS 


. P : *. having acquired one or 
Anion: A negatively charged ion: the result of an electronegative atom $ haying en More extr 
electrons. 


t i : : i ure. 
Axial ratio: The ratio c/a of lattice parameters in the unt cells of a given structure 


Cation: A positively charged ion; the result of an electropositive atom 's having lost one or more of its valence 
electrons. 


Close packing: An extended three dimensional packing arrangement in which equal size atoms are packed as 
closely together as possible. 
Coordination: The packing of atoms around another atom. 


Coordination number: The number of first nearest neighbour atoms (or ions) surrounding and touching a central 
atom (or oppositely charged ions). 


Coordination Polyhedra: A polyhedron resulting from joining the centres of all atoms which are touching a 


central atom; each vertex represents one of the surrounding atoms; the polyhedron usually called an anion 
polyhedron if it represents anion surrounding cation. 


Critical radius ratio: The ratio of cation radius to anion radius for the condition where the surrounding anions 
are touching each other as well as the central cation. 


Identity period: The number of layers required to complete the unit cell, also called repeat period. 


Polymorphism: The phenomenon that a chemical substance crystallizes in more than one structure at different 
thermodynamical conditions of temperature and pressure. 


Polytypism: The phenomenon that a chemical substance crystallizes in more than one structure (theoretically 
infinite) at the same thermodynamical conditions of temperature and pressure. 

Radius ratio: The ratio of the radius of the central atom to the atoms surrounding it. 

Void: The vacant interstitial space between the close packed atoms, 


REVIEW QUESTIONS AND PROBLEMS 


1. How many atoms are there in sc, bec and fce unit cells? Calculate the packing efficiencies for these 
& 
structures. 


n h a k A d Gq. 

i i ns. 1, 2, and 4; S %, 68% and 14%. 
Determ! e the packing efficiency of equal spheres located at the AAEAMS: 52% ! 
close packed lattices. 


points of simple hexagonal and hexagon 

and 14%: 

Ans, 68% and 74% 

3. Compare the packing efficiency of spheres of equal size in a hexas se packing with that of cube 
close packing. xagonal close packing with 


» officiel) 
Ans. Both structures have 74°" effet 


SN 


20. 


2k. 


ee 


Zz. 


24. 


25, 


. Clos : 
pec, fee and damond cubic oryeray. st Histance of 
“WM te 


* calculate the Void space in a close 
: heres of radius 0.9 
an SP 25. Spheres of radius 1,000, n spheres of radius 0.414 and 
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etermine the magnitude of { 


appr ‘ : 

IS Of thi, Aine between the neighbouring atoms IN SC, 
ore Parameter q 

Ans. a, aV3/2, alN2,av3/4. 


© diamo 
: nd Slruct 
Packing 9 we Ans. 34%. 


petermine the packing Cficiency ; 


al Would fit j Ans. 19% 
: int ai : 

rind the diameter of the largest s 0 the Void in fcc nickel without distortion. 
Phere th Ans, 1.03 A. 


pind the diameter of the largest atom th 
; i 


; h 
radius R. The void is locate, Will fit j ’ 
of neated at (0 1 M0 the void produced by the bcc packing of atoms 


) and other equivalent positions, 
Ans. 0.29R. 


py using plane geometry calculate ony; 
° c Catlon-4 H 
tat : NON radine pats 
is in contact with the anion but dogs Not pus i "alto for a triangular arrangement in which cation 
apart. 9 7455 
ANS, 3.199. 


Calculate the ratio of cation-anion di 
Islance toan; 
4n0n-anion di ‘ 
istance in an anion coordination tetrahedron 
Ans. 0.612. 


Calculate the ratio of the volume 
Sofa tetrahedron and an octahedron having the same edge length 


Ans, 0.216. 


What factors other than radius satin wm: 
ato might determine the Coordination of one atom by another in a 


crystal? 

What is the nearest neighbour distance in h 

A? 'n Bec and fcc structures when the atomic radius is taken as 10 
Ans. 20 A in each case. 


_ Show that the critical radius ratio for a triangular coordination is 0.155 
1S U, ‘ 


Show that the critical radius ratio for a tetrahedral coordination is 0.225 


, Show that the critical radius ratio for an Octahedral coordination is 0.414 


Show that the critical radius ratio for a cubic coordination is 0.732 
alculate the c/a rati , 32. 
= © for the hep lattice and compare this with actual values for hcp elements, 
hat for an { ; Ans. 1.633. 
Show t an ideal hep structure, where the atomic spheres touch each other, the ratio c/a is given 


by 
c/a = (8/3)'? = 1,633, 


Calculate the limit of ionic radius ratio for stability of NaCI structure, and compare this with the actual 
radius ratio for other ionic crystals having NaC! structure, 
Ans. 0.414 - 1/0.414, 


What is the coordination number of Manganese in MnO structure if rj, = 0.80A and r, = 1.40A? 
Ans. 6:6. 


What is the coordination number of iron in Fe,O; structure if rg. = 0.64A and r, = 1.40A? 
Ans. 6:6. 


What are permissible ranges of radius ratio in MX,-type compounds? Prepare a Table similar to Table 


3.2 in the text. 
Prepare a graph like Fig. 3.19, showing the permissible ranges of radius ratio for MX»-type 


compounds. 
Determine the identity period 1 from the following stacking formula: 


(8). ccc ves hhcheche.... 
(DV: <8 lie 
(c)....hhee... \ 

Ans. 8H, 4H and 12R., 


by converting them to ABC notation. 


Atomic Shape and Size 


4.1 INTRODUCTION 


In easier chapters we studied about the role of atoms in building crystals, bond formation ang 
themeacking in actual structures. However, in this chapter we shall study about the shape and 
S1Ze Of the atom. 

The ideas expressed by scientists during the early years of the 20th century regarding the 
structure of the atom were not unanimous. J.J. Thomson (1899) proposed the atoms as uniform 
spheres of positively charged matter in which electrons are embedded like plums in a pudding 
as shown in Fig. 4.1, and hence sometimes called as plum-pudding model. On the other hand, 
Earnest Rutherford (1911) proposed that the atoms are composed of tiny nucleus, in which all 
its positive charge and almost all its mass are concentrated at the center, and that the negative 
charge (electrons) are distributed throughout the atomic volume (Fig. 4.2). In order to confirm 
his model, Rutherford bombarded a-particles (doubly charged helium nuclei) on a thin gold foil 
and observed that a number of a-particles pass through the foil without any appreciable deflection, 
but some of them were deflected through large angle and a few of them even rebounded from the 
foil suffering a deflection of nearly 180°. The observations made from his a@-particle scattering 

experiments led him to suggest the following. 


Electron 
The Atom 


Positively 
charged matter 


Fig. 4.1 The Thomson model of the atom Fig. 4.2 The Rutherford model of atom 


ro 


_ The total negative charge of the 3 
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alm : 
concentrated. The core is Called th MMOSt the entire mass and all ils positive charge !S 
© Aucleus of the atom, The size of the nucleus is about 


The remaining part of the atom contaiy 
. ! i : 
of the atom is about 107! 1, NS electrons which surround the nucleus. The size 


lectron i 
. S is 


he electrons are not at 
ih ‘Mise sansts aoe hae round the nucleus in various orbits in the same 
(Fig. 4.3). The necessary centripetal force 
is being provided by the electrostatic 
force of attraction between the nucleus 
and the electrons. 


al to the charge on the nucleus because 


qhe main drawback in the Rutherford model 
is that it is unable to explain the Stability of an 
stom. According to the model, the electrons 
evolve round the nucleus in fixed orbits and 
are continually accelerated (because of change 
of direction at every instant of motion), Further, 
according to classical electrodynamics, an 
accelerating charge must radiate energy in the 


form of electromagnetic radiations. As a result, Fig. 4.3 Showing various electronic orbits in Na 
an orbiting electron should keep on losing its 


atom 


energy and thus move along a spiral path of decreasing radius till it falls into the nucleus. Thus, 
the atom would become unstable, this is contrary to the experimental observations. Another 
drawback of the model is that an atom should emit continuous energy spectrum (because according 
to this model all electron orbits are possible), but a hydrogen atom emits a line spectrum. 


ee 


42 BOHR MODEL OF THE HYDROGEN ATOM 


In 1913, Neils Bohr proposed a model particularly for hydrogen atom, but it is valid for all other 
atoms. He retained the essential features of Rutherford model. In addition, he introduced the 
concept of stationary orbits to explain the stability of the atom. Bohr suggested the following 
postulates to explain the electron motion in an atom and the observed spectral lines. 


l. 


The electrons in an atom continue to revolve round the uncleus under the influence of 
Coulomb’s force of attraction between them and the nucleus. This force is balanced by 
the Newtonian centrifugal force. ice. 


(Ze) (e) _ mu? 7 
a oe ge i 
Aneyr” r So 
The electrons cannot move in all possible orbits allowed by classical theory but they are 
permitted to have only those orbits for which the angular momentum of the electon is an 
integral multiple of h/27, where h is Planck’s constant. Thus for any permitted orbit, 
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y ) 
— mr? Xx mi a (OT 
h (2) 
- mrVa = »( Fe 


’ condition. a _ 
This equation is called the Bohr’s quantum tive permitted orbits without radiatiy 
3. The electrons continue to revolve in their respec 


: pits. The nearest orbit from the nucleus 
any energy. Such orbits are called the stationary - the farthest (outermost) orbit has the 
(i.e. the innermost orbit) has the least energy an 
maximum energy. if the electron jumps from an inner Orbit to an 

. The atom can absorb or radiate energy } . If E, and Ey are energies associateq 
: + to inner orbit. If Fi 
outer orbit or falls from an outer orbit to Inn® d ne respectively (nj < np), the frequency 
with the orbits of principal quantum number i; and Mr 
of the radiation emitted is given by 


hv = E,- Er @) 


This equation is called Bohr’s frequency condition. afcrcneneys lel meanlae: Rlode 
In order to calculate the radius of an orbit and correspon ing i he lige Ma cbORiNE,, 

of hydrogen atom, where a single electron revolves ina circular 0 : 

4.4. From the above mentioned postulate 1, we have 


Electron orbit 


v 
(1) -é 
Electron 


Fig. 4.4 The hydrogen atom 


mu, _ Ze? (4) 
Ny Anegr? 
Ze? 
ae ; mr, v2 = 


4TE (5) 
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‘viding €q. 5 by eq. 2, we obra: 
now div obtain the Velocity of the electron in the nth orbit as 


Find 
ac 


Uv, =~ 
-_ * 2nhe, = 
ce the veocily 1S Inversely proportional to the 


ives at 2 lower speed in the higher orbits A iat Principal quantum number n, the electron 


¢-versa. Further, substituting the value of Up 


n*hre 
Res a! £0. 
" TmZe* 7) 


is the mass of the electron. ¢ jc; 
where m ON, @ is its charge, h is Planck’s constant, & is the permittivity 


f space and n is a 
a i ae 1, 2,3 mt oe quantum number which can assume only the integral 
oii "7 it is sey edie = responding permitted orbits are K, L, M, . . . respectively. 
From €q: " 1 ~ on % WY, Le, the radii of Stationary orbits increase with n’. The total 
energy Of the electron in the nth orbit is given by 


Eo= KE. pp = 222, . Ze’ 
4n€pr, 
_1{_Ze? Ze? Zee? 
2\4meor, | 4€or, BNE tn 


Substituting the value of r, from eq. 7, we have 


Zee amZe? Ze! 
B= -(; “| —37..-|=% mee (8) 

NE n°h* Eq Segn th 
where the negative sign indicates that the electron is bound to the nucleus and some work must 
be done to knock it away. Equation 8 further indicates that as n increases, E, becomes less 
negative and hence its algebric value increases. The electron therefore has the minimum energy 


when it is in its innermost orbit, i.e. n = 1. Now if an electron jumps from an outer (initial) orbit 
n, of higher energy to an inner (final) orbit , of lower energy, then from eq. 3 the frequency of 


radiation emitted will be givne by 


mZ7e4 mZ7e4 
wre c-60-- (ee }* (ia) 


Senne h? 
mZ’e* [ | 1 
~ Be2h? (2 n3 ©) 


4.3 ATOMIC SHAPE 

The most stable state of an atom is that in which all the electrons occupy orbits of the lowest 
Permitted energy, i.e they are in the normal state or the ground state. This arrangement is slightly 
disturbed if the atom is not electrically neutral. For example, an atom can lose one or more 


, + . 4 
U4 Solid State Physics st orbi 
strons fying in the TT pale due CUS 
dl, The elee ily. The encrBy required Lo remoyg One 
¢ 


el a (pons and b ern’ ’ y ee »} t charge 
Ce N “Sp SIUC ) - ib! 


Valence electrons) of the atom ean be remove’ “ jonizalion potential, = wnergy Tequire 
Valence electron trom a neutral atom is called us tor cond ionization potential, and so On, 
to remove the second valence electron 1s called we o aaid to be in the excited states) than the 
sulting positive ions have higher energies (they oi other hand, if one or more clectrons ‘ 
neutral atom and acquire a valence of +1, +2 CIC ee : | the resulting tons aquire a valence 
added to an atom, this becomes negatively charged ant © the vicinity or other electrons a 
-1, -2, ete. Most positive ions are stable, unless brought satite ions are unstable, the negative, 
Which they neutralize their netgative charge, while mos! bei there are some Exceptions to fe 
charged ions repel the negatively charged electrons. te actually Jose energy on Hee Sirirs 
notably the halogens, oxygen, and sulfur. These elements of a neutral atom (ground state) . 
negatively charged. The energy difference between c wate ac a measure of the electronegat; 4 
the state of a negative ion is called electron affinity and 1s used aa | _ electrons determine 0 
of an atom. Similarly, the ease with which an atom gives up ts Vv" i does not greatly aff a 
much electropositive it is. The loss or gain of one or more leg sai Neiaictat a Ect the 
spherical shape of an atom. Actually if an atom loses electrons, | . lectrons are ae ae 
tends to draw in the remaining electrons more tightly. Conversely, | ire HoWweN aoe 
atom, the repulsive forces tend to push the outer electrons farther away. aS er, generally 


affects the size and not the shape of an atom. 


4.4 WAVE MECHANICAL CONCEPT OF ATOM 


Some insight into the possibilities of the wave mechanical approach to atomic structure js 
obtained by considering the Bohr quantum conditions. They define the stationary states which 
correspond to definite energy levels of the atom. However, from Heisenberg’s uncertainty principle, 
we know that 
AE: At > (10 
20 
where AE and At are the uncertainties in measuring energy and time, respectively. If the energ: 
is known exactly, then AE — 0 and therefore At — ~, implying that the error in measuring tim 
will be extremely large. It follows that the motion of electron around the orbit will be unobservabl 
in terms of time and hence the precise electron orbits become rather meaningless. Therefore th 
whereabouts of an electron at a given instant of time was replaced by the probability picture b 
Born who associated probability with wave amplitude to resolve the wave particle dualism. T 
do this we must replace the electron motion in permissible orbits by imagining them to | 
associated with a series of waves of wavelengths given by de Broglie equation 


esi. th 
Peer aa (I 


In order that the waves should not cancel each other by interference in any permissible orbit, t 
electron must move in such a manner as to produce a standing wave in the orbit. This can happ 
only if the permissible orbits contain an integral number of waves as shown in Fig. 4.5. TI 
means that . 


2mr = nd j (1 
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* js the radius of the Permitted orbit Atomic Shape an 
he! . J an ‘ . 
me into eg. 12, We obtain d nis an integer. Substituting the value of A from 
4 


2trsy ht 
mu 


as 
of Mor = n Ps (13) 


isis just the Bohr condition for g Stationary orbit wh; ; 

snwum theory, but now comes quite logical] which appeared so arbitrary from the old 
ei the wave mechanical mode], : 
according to the wave mechanical Concept, 
z electron possesses a wave like nature and 
van no longer be pictured as particle moving in 
orbit of definite radius. Instead, we can Speak 
ofa robability distribution of electron density, 
rhus in the case of hydrogen atom which has a 
single electron in its ground State, the circular 
abit of the Bohr theory is replaced by a spherical 
obability distribution in which there is a finite ig. 4.5 De Broglie’s stationary wave quantized 

robability of finding the electron at large orbits 
distances from the nucleus, the most probable distance proves to be exactly equal to the radius 
of the Bohr orbit. Thus the orbits representing excited states of the hydrogen atom are spheres 
of corresponding larger radii. The experimental proof that atoms are nearly spherical is given by 
the results of X-ray diffraction investigation of crystal structures, Because X-rays are scattered 
by the electrons in each atoms, it is possible to synthesize a picture of distribution of electron 
density directly from the experimentally observed intensities, after their relative phases have 
been determined. One such synthesis is shown is Fig. 4.6, which is an electron density map of 
cubanite, Cu2FeS3, projected on the xy plane. The contours of the figure join the points having 
same electron density. Such structural studies are useful in determining the effective radii of the 


spherical atom. 


Fig. 4.6 The electron density map of cubanite 
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n 2 e a | 

- e e€ h droge ge * | 

Example: Calculate the radius of the first orbit for th y "eral | 
expression for calculating other radii. | Now, using €4- 7 and substitutin 

Solution: Given: n = | (the ground state orbit) and Z = * 8 the | 


Values of constants, we have 


n7-h7€o 
r= —_—_ 7; 
n amZe? 


6.626 x 10 : 
oF n= ims =I x (1.6 x 10 9)? 


mx 9.1 x 10 . 
=(0.529'x 107° m= 0.529 A='B | | 
The radius of the first ae the hydrogen atom is known as Bohr radius (rg). This can als, 
written as 
r= (1) 
Similarly 
ry = (2)'TB 
r, = (n) TB 


Example: Calculate the first three ionization potentials of the hydrogen atom (where Z = }), 


Solution: Using eq. 8 and substituting the values of constants, 


ee ae 9.1 x 1021 (1.6 x 10 a 
— | sen7H? ) = — 73x 88.85 x 1077)? (6.626 x 10°") 


we obtain 


-19 i 


-18 
= — 218x107 Joules 
ne 


-18 
2.18x 107% _ 13.6 py 


=—2206x10) on 


Now, substituting n = 1, we have E; = - 13.6 eV. This corresponds to the ground state energy 0 
the atom, and is called the first ionization potential of the hydrogen atom. Similarly, for n = 7 


we have 
_ 13.6 _ i, oe 
Ea == 3.4 eV (second ionization potential) 
and for n = 3. 
_. BS. oe ee ee : 
E,= - —— = - 1511 eV (third ionization potential) 


4.5 ATOMIC SIZE. 


Truly speaking no precise physical significance can be attached to the concept of atomic or io 
radius since the electron density associated with atomic wave functions approach 2 
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rotically. However, commo Atomic Shape and Size 
if 


96) vided according (0 some fo : 4 Tees that 
a le considerations, We find that the : ane at least 
sf roms oF ions which acquire Closeq sh ISt two dist 
af ‘onic crystals. Cationic sizes Wj Clectronic 
al contraction resulting from Cont. tly be sm 


: ulo ; 
sit Secondly, the formation of bon 1C attracti 


the observed interatomic distances May 
4 Telative scale of sizes. Starting from 
Mctly different situations. Firstly, there 
Configuration while forming molecular 
aller than those of neutral atoms due to 


ting in build S by over] On, and anions will be correspondingly 
esl’ 2 - ci ae density between ec 4P of atomic orbitals on different atoms is 
i, covalent crysia's and in metals, | ° toms. This situation corresponds to bonding 
i first because there is no any — Second Situatin, the problem is much pian difficult than 
se element structures) between the jae Of dividing the interatomic distances (except in 
itu tanc 
come extent compensated by the relative un "a atoms. On the other hand, this difficulty is to 
metallic and covalent structures. Port 
Actually, 


ance of size considerations in understanding 
the size of an atom q 
epend i 
eae TO ces ovine te Son many factors, the coordination number, radius ratio 
pounds or even different struct val an Moms: Where these forces may differ in different 
nl thatthe absolute value of atom weemen's of the same compound. It is therefore 
defin O! atomic size are only approximately known. However, the 


rtain whether an atom will fit; elpful in predicting the structure of other crystals or to 
asc€ Into the voids of parent structure. To understand further, let us 


t detail, 
4,6 IONIC RADII 


In an ionic cry stal, the attractive Coulomb force is counterbalanced by a repulsive force due to 
interaction of the outer electron Clouds of 


the ions, resulting in an equilibrium internuclear 
distance. As we have seen earlier, these outer electrons are responsible for the size of the ions, 
then i( may be assumed that these electrons are attracted towards the nucleus by the charge Ze 
except for the screening of this charge by 


the inner electrons. The effective charge may be 
written as (Z —S)e, where S is a screening constant. The radius of an ion may then be written as 


C, rs C,, 
a agar a (14) 


where C, is a constant determined by the quantum number and Zo 1S the effective nuclear 
charge. Pauling obtained a set of values for S by theoretical methods combined with other 
experimental data obtained from molar fraction and X-ray term values. C, takes the same value 
for all members of an isoelectronic series (ions having identical electronic structures). For ions 
with neon configuration, S = 4.52 per electron charge, and for argon, § = 11.25 per electron 
charge. Thus for KCI, we have 


r = andr... = . 


Se ee —— 
aes (St ms eT 


fet _ 17 - 11.25 _ 5.5 _ 9.74 
a ie ets Te (15) 


From experiment 1.4 + ly- = 3.14A. Solution of these equations yield Ke = 1.33 A, and 
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; halides. The radij ; 
-crocent alkali hali e ii Obtaj 
r, ade on Ge aia the radii of multivalent ~ 
ynivalent radii of multivalen; 


the ratio of such univalent raqjj 


b aa 1.81 A. Similar calculations can be ™® en 
" this Process are known as univalent radii. Paull A 
aving rock salt structure in two stages: In the first stage, 


: ext 
Was determined as if the ions have rock salt structure. sem are then taken to be equal to 
the ionic radii of the isoelectronic alkali metals OF hall th 


: se radii are then trans 
inverse ratio of the corresponding effective nuclear aa te of a factor which aur 
into the real multivalent radii (also called crystal oe ais suggests that the repulsive eften 
readily from the Born model (as discussed in chapter 2)- = Set 
must be taken into account for such calculations. : 

: of the distance bet 
__ Considering the Bom repulsive energy term 2° i eee ee to be meen the 
ions, BR™ in eq. 8 (Ch. 2), the equilibrium distance R- can 


\ v(o-)) 


R.= Gas (16) 
AZ,Z2€ ) 

by multivalent ions (Z, #1, Zi « 

m interionic distance in the crystal 

Jsive energy, by the equatiog 


This gives the interionic distance in the real crystal formed 
1). This distance can be represented in terms of the equilibriu 
formed by univalent ions (Z, = Z; = !) having the same Born repU 


Rputtivalent = Rynivalent 


As an example of the Pauling procedure, the univalent radius of the O*ion s edu tO=4 Sy 
(8 ~ 4.5) times the standard crystal radius of F ion. To obtain the radius of O appropriate to 
an alkaline-earth oxide with the NaCl structure, strictly the radius of O appropriate to MgO 
crystals, the univalent radius is divided by 2", since for MgO Z is equal to 2 and n is chosen by 
Pauling equal to 7. This yields the value 1.40 A for the standard crystal radius of O*. A list of 
Pauling’s crystal radii is given in Table 4.1. 


Table 4.1 Crystal radii of Pauling (in angstroms) 


4 -3 2 -1 0 +1 +2 +3 +4 +5 +6 +17 
H He Li Be B C N O F 
2.08 0.93 0.60 0.31 0.20 0.15 0.11 0.09 0.07 
Cc N O F Ne Na Mg Al Si P S Cl 
2.60 1.71 1.40 1.36 1.12 0.95 0.65 0.50 0.41 0.34 0.29 0.26 
Si P S Cl Ar K Ca Sc Ti Vv Co Mn 
2.71 2.12 1.84 1.81 1.54 1.33 0.99 0.81 0.68 0.59 0.52 0.46 
Cu Zn Ga Ge As Se Br 
0.96 0.74 0.62 0.53 0.47 0.42 0.39 
Ge AS Se Br Kr Rb Sr Y Zr Nb Mo 
2.72 2:22 1.98 1.95 1.69 1.48 1.13 0.93 0.80 0.70 0.62 
Ag Cd In Sn Sb Te l 
1.26 0.97 0.81 0.71 0.62 0.56 0.50 
Sn Sb Te ] Xe Cs Ba La Ce 
594. 2.45 2N. 2690 6935S LOL 
AG. ?. Hg °'T Pb Bi 


1.37 1.10 0.95 0.84 0.74 
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yauion 16 also shows that the e Atomic Shape an 
pa 


ample, if Z;, 2) and n are co 


Wilibrium a: i 
, | M distance IS a function o 
Aer ZnS (zinc blende) to N 


nstants, 


stal lattice. 
the ratio of ¢ f the type of cry 


mg 6 ieee 
, aCl latt quilibrium interionic distance for CsCl 
ry 


ICES are Siven by 
RCS) _ ( BESCY 
a? 8 Cs ) A(N Cl) \Ya-1) 
RN (FC Aavacr Mo-b 
rae = ( 2209 
= A(NaC}) \"0-1) Wn-1) 
RING. » 
R.(NaCl) B(NaC}) Aas} = (4 : = aT | (19) 
se the repulsive parameter B is a | 


Pproxj 
ber. For 7” = 9, a reasonable “yp; vad taken as pr 


| Wersal” value. th 
} ; a » the above ra 
103 and 0.96, respectively. Thus, the equilibrium Spacing and 


e change as the crystal type Changes, 
The accuracy of the calculated radii of multivale 
ving charges E and oats Actually, any radius fo 
ope lena righ es el 
approximate internuclear distances Only, 
Historically, several different sets of ion 
ysing different methods and 


Oportional to the coordination 
tios are approximately equal to 
hence the effective radii of the 


1927) often with some later corrections, and Arhens 
(1952). General agreement between these is good, however, there exist some significant 


Table 4.2 Ionic radii (A) from various sources 


Waddington Shannon & Pauling? Goldschmidt Ahrens 
Prewitt! 

Lit 0.739 0.74 0.60 0.78 0.68 
Nat 1.009 1.02 0.95 0.98 0.97 
K* 1.320 1.38 1:33 133 Loe 
Rb* 1.460 1.49 1.48 1.49 1.47 
Cs’ 1.718 1.70 1.69 1.65 1.67 
TI 1.449 1.50 0.95 1.05 1.47 
iF 1.322 1,33 1,36 1.33 1,33 
cr 1.822 1.81 1.81 1.81 
Br 1.983 1.95 1.96 1.96 
P 2.241 2.16 2.20 2.20 

1 Based upon O = 1.40A 

2 Crystal radii 


discrepancies in certain cases. The most recent among these, and relatively more accurate ionic 
radii have been compiled by Shannon and Prewitt (1969, 1970) and are given in Table 4.3. These 
Were determined on the basis of a very large number of crystal data involving more than a 
housand interatomic distances. Crystal radii for ions compiled by them are in the formal valence 
“lates and coordination environments based upon r(F) = 1.19A. “SQ” in the coordination 


130 Solid State Physics 


number ¢ 
and othe 


Cert 


. apy” refers to pyramidal coordina: | 
oO oe eu . py” re Nation. 
lumn refers to the square-planar coordination 1On; 


ATS Have the same meaning as in Table 4b his table need specific mention, 

{UN general points which emerge from the data in this ori i 
: bre ‘ ic number simply beca 

(Within Groups, fa, Ha, Hb-VIHb, radii increase with atomic n ERPSCRURE et, | 


Clectron shells ure added. 


(b) Across each period of the Periodic Table, ionic radii decrease with increasing charge and 
atomic number, c.g. = 
lon Nat wae Ap Aut fe TB+ 
Tadius(A) 1.16 0.86 0.67 1.51! ; 1.02 


isi s, coupled wi 
This is because of the increasing effect of the nucleus on the outer electron pled with some 


; : : m 
contraction in bond length due to the greater Coulomb attraction associated with Multivalent 
10ns, 


al + 

(c) Increase in valency of a cation decreases its size (A). For example, cs el 9.75, 
Cr** 0.69, Cr 0.58. In this case, one has to take into account the doubts expressed above 
regarding multivalent ions. 

(d) A series of ions of increasing atomic number but sa : 1 h 
decrease in size. This is due to the steadily increasing gala ees ear c ages The 
electrons in the d- and especially f-orbitals do not shield the Ln eae bese 
resulting in the steady contraction observed in each of the three d-bloc - a 
series and in the Lanthanides. Since similarities in crystal structure, goa © all See, are 
closely associated with similarities on ionic size, the Lanthanide ae largely 
responsible for the remarkable chemical resemblances between such palsrore ements a 
zirconium and hafnium, or niobium and tantalum. A similar decrease in ionic radii wit 
increasing atomic number is found in the limited number of ions of the actinide series « 
which the radii are known. 


Example: Calculate the univalent radii of Na’, F and oxygen, when internuclear separation 
NaF is 2.31A. 


Solution: For neon like configurations S = 4,52. Thus, for NaF 


Cy = Ca 
hee ae ae ee GAD 


same ionic charge shows a Steady 


nat -_ 9 — 4.52 = 0.69 
or r 11-452 


it is gi = Solving these equations, we have 
However, it 1s given that ras + Mp 2.31A. Solving q 


rygt = 0.95A and r,- = 1.36A 
her, we know that C, is same for all isoelectronic series and therefore from above Cy 
Further, 


C 6.1 
= a = 175A 
Yo =— 


wp i5t 
Atomic Shape and Sizé 
eye (SiO) Crystalliz ; —- “+h O 
é: 7 _ 
goo? eprahedrally surrounding each sj with the Si ions in the diamond structure an d with 


llicon at sets : 25: A and the 
S : om. If 2 AOA an 

ee parameter as 7.12A, what is the radius of cc ie Konlestadius giOs ty 

i 


so } 
xygen ions betw cere @ 
is! nce of Oxyg cen the two Sj ions is 


2 Re. l(a)" 
eens 2 (23) = 3.08 


: 2Rs; = 3.08 - 2.80 = 0.28A 
., js much smaller than the value given in Table 4.3, indicating that the bonding in SiO is 
pably not ionic but rather covalent in ch 


. ius of oxygen is 
prove : aracter, When the covalent radius of 
spstituted in the above problem, a value of 0.88A is obtained for the radius of silicon. 


17 EMPIRICAL IONIC RADII 


jon: sj-Si distance (from 000 to 1/4 1/4 1/4) = (. x a2 \? 
, (3x15 


experimentally determined maps (Fig. 4.7) for NaCl and LiF shows that the electron density 
“ses towards each nucleus but falls approximately to zero in between the ions. A plot of this 
qnction in Fig. 4.8 shows this minimum very clearly for LiF. A few compounds like LiF, NaCl, 
KCI, CaF, MgO, etc. have been examined so far (Table 4.4) by this technique. However, their 
radii do not reproduce the internuclear separations for all the alkali halides to the desired 
accuracy. It is believed that there is some mutual interpenetration of Li* and F ions, the radii 
necessary to reproduce the crystal distances for other alkali halides are actually larger, e.g. Li* 
0.94, F 1.16 A. Taking these values together with a marginally different one for Na*, Gourary 
and Adrian (1960) obtained the correct ionic radii for some alkali metal and halide ions (Table 


45), They reproduced the intermolecular separation for all alkali halides (other than LiF) within 
about one percent. The discrepancy in LiF is explained on the basis of ne observed deviation 
eo 
DIK 
Fig. 4.7. The sae density map (a) Rocksalt, NaCl, a (b) LiF 
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ble 4.3 Toni eee 
Ta Coordination Crystay 
Ion Radiys 


‘umb 
Ton Coordination Crystal Number 
Number Radius 2 aC 
ce” : 
Ag* 4 1.14 8 12 3 
4SQ 1.16 mn 6 01 
5 1.23 Ce 8 Ll 
6 1.29 = Z ee 
a : 0.53 2+ 4 HS 0.72 
5 0.62 Co 5 ne 
s. 0.675 SiS se 
As-* 
mo a st 7 
8 1.04 
6 0.60 
Au" 6 1.51 Co 6LS 0.685 
6 99 cr* 6LS 0.87 
Be 3 ns 6 HS 0.94 
‘ 0.25 ce 6 0.755 
$ 0.41 a 4 0.55 
=. 1 ou 6 0.69 
: ee cr 4 0.40 
i. de 1.56 6 ae 
Be** 3 0.30 Cs* 6 1.81 
4 0.41 9 ra 
-3+ 6 0.59 Cu” 2 0.60 
: a 4 0.74 
Lae 1.31 ; fe 
id 6 1.82 Cu2* 4 ‘ = 
Ca?* 6 
s oe 48Q aa 
5 
ca 4 0.92 : a98 
5 1.01 Cu?* 6 LS nee 
6 1,09 = : 
“ 1.17 . 1.145 
8 1.24 ; 16 
a 1.19 In 117 
on me kK S 0.71 
6 LS 0.75 : 4 ae 
6 HS 0.920 6 ve 
8 HS 1.06 7 on 
Fe>* 4 HS 0.63 ta 8 ines 
; 6 LS 0.69 6 1.172 
f 8 
F io j aes Lit ; 1.300 
ee 0.730 
Fr 6 1.94 : a 
: 1.06 
6 


Ga” 0.61 . 
CT NR ri ceca | 
(Contd. 


| coordination 
yoo Number 


| aw 


- 
PNDARDHEN AWA RR RW QE 


EN Se REN ERASED: SGN OS est GR aS. fon et 
© 


na 
mo 
nn 


Crystal 
Radius 


0.760 
0.87 
0.530 
0.670 
-0.24 
~0.04 
1.22 
1.40 
0.72 
0.85 
re 
133 
0.83 
1.10 
1.16 
1.28 
2.06 
0.76 
0.940 
0.82 
0.55 
0.73 
132 
be 
1.14 
1.16 
1.26 
1,32 
0.86 
0.82 
0.62 
0.78 
0.88 
0.69 
0.63 
O77 
0.830 
0.70 
0.74 
0.62 
1.21 
1.22 
1.24 
1.26 
1.28 


Atomic S 


hape and Sizé iz 


ee 


Mn?+ 


Coordination 
Number 


Crystal 
Radius 


1.117 
0.71 
0.80 
0.860 
1.03 
0.80 
0.89 
0.81 
0.970 
1.04 
1.10 
0.72 
0.72 
0.785 
0.53 
0.670 
0.83 
0.790 
0.60 
0.75 
0.755 
1.62 
1.66 
1.70 
75 
0.77 
0.805 
0.74 
0.69 
0.82 
0.760 
0.705 
1.70 
0.90 
0.94 
0.90 
0.885 
1.010 
1.84 
0.40 
0.540 
1.36 
0.69 
0.830 
132 


(Contd.) 


AN Solid State Physics Coordination Crystq, ~ 
Jon a 


Ion Coordination Cry Number adius 
ystal 
Number Radius 7 ” fee 
oi 6 0.770 8 : ~ 
a: 1.33 6 86 
Poi 6 0.915 Lm 6 0.82 
Pd* — 4sQ 0.78 Ls 6 0.78 
3, 1.00 3 8 0.88 
i 64 0.90 2 6 0.785 
Pt 4SQ 0.74 a 6 2.07 
. 6 0.94 an 6 0.80 
Th 6 1.08 Mn 6 0.76 
8 1.19 ae 4 0.56 
; 9 1.23 W 5 0.65 
ie 6 1.00 6 0.74 
ie 6 0.810 054 
vrs ' B+ 4 ° 
_ oss 8 
1.040 
nt : a a : 1.159 
De oy ie 4 0.74 
6 1.025 Zn’* 
34 5 0.82 
U 6 1.165 
44 6 0.88 
U 6 1.03 . 
8 1.14 a 4 73 
9 1.05 6 0.86 
ad 6 0.93 7 0.92 
yr | OG 0.780 8 0.98 
Ver 6 0.72 polynuclear ions 
Ver 4 0.495 105 1.68 
6 0.68 10; 2.35 
Polynuclear ions BF; 2.14 
NH} 1.16 CNO- 1.45 
CNS 1.81 
OH 2 1.21 coy 171 
3 1.20 BO} 1.77 
4 pat NO} 1.75 
6 1.23 NO} 
SH" 1.81 PO> 2.24 
HCOO- 1.44 OF 1.66 
CH;COO 1.45 . SO; 2.16 
HCO; 1.49 CIO; 1.86 
CN? 1,68 
C103 250 
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Table 4.4 | Atomic Shape and Sizé 
' onic r 

LiF Cation (A) Andan'(A) 

NaCl 0.92 

eal ie 1.09 

CaF, 1.45 ne 

Me ie 1.10 


Corrected? Waddington 
radius i 
ts 
Nat 0.94 0.74 
Kt 1.17 1.01 
nis 1.49 1.32 
en 1.63 1.46 
= 1.86 1.72 
a 1.16 1.32 
oa 1.64 1.82 
. 1,80 1.98 
en ee 
2 
elA * \ 
3 
2 
1 
F 


92 .78 .60 Li 
M G P 


Fig. 4.8 Variation of experimentally measured electron density with internuclear positions for LiF. M is 


the minimum measured electron density. G and P represent ionic radius of Li* according to 
Goldschmidt and Pauling respectively 


from spherical symmetry for Li* in the electron density map. Also the value of F” found in LiF 


and CaF, is appreciably different, which may be explained on the basis of its coordination 
number discussed below. 


48 VARIATION OF IONIC RADI 


The variation of ionic radius with coordiantion number may be represented as follows: 


Coordination number 8 ; 


4 
Radius 1.03 1.00 


0.95 
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t 


a 
; ycture : 
ploride ott 13% larger and in 4-coordina, g 


| 

aie ' ctu CF ; 

Thus, if the radii corresponding (© sour qrurcture are abo” 5, 4 simple Conversion r | 
radii in the 8-coordinated cesiun chloride > , the ba ee tion. It is therefore, d Satin 

zine blende structure are ahoul S% sma cr. -~ \ {or calcula ‘ : ’ €Sirabj 
Ser e structure are abe aR 8 may Ne set te 10 some particular coordinat € 

O52Rey = 4. Ren = 08 1.0.97Ren = : ora : 19 
CN a IN y st . ( : . ‘ " 
—ee on 2 Saenpessed 1a form APP * posen 2s standard. The crystal rag: 
that the ionic radii should he expres’ ntic ho: Tadij 
‘ c 


® cel , eee convention# use in actual 

and that of sodium chloride struclur’ sbi ae yf cor ination be pe s ratio. A ere 

should be appropriately corrected On the bast e «the V2 e radius ia a t this Stage, 
Another factor which influences Ione rad g ds jould exist 7 HTerent structyr 


nds + 
natural question arises that why different  plendes general, and why CsCl, CsBr and 
forms, such as rock salt, cesium chloride oF 4 other alkali halides, 17 particular? In order tg 


Csi should have a structure different from tha : 
* avr rar . 1 
arrive ata satisfactory answer (0 this, we assum 


sare fixed and in 
1. The ions behave as hard spheres, the radii are 


number, and — ohesive energ iS expressed ; 
>. The bonding between the sons is purely jonic and ue ¢ 4 aaeeet 


the form 
Ae’N ( 2 
yea OR 
AnEgR, e 


Now, the crystal will be as tightly bound as possible if A is large and Re 1S te The largest 
value of A (for the three structures mentioned above) is that of cesium chloride SUTUCLUTE, €.9. 
A = 1.763. Practically in all cases, anions are larger than cations. Accordingly, let us assume 
that R.,, < R, and that R, is fixed. As RmlRx decreases from unity. Re = Rat R,, decreases until a 
critical value is reached when all the anions are in contact with the cations and touch each other 
as shown in Fig. 4.9a for the case of cesium chloride structure. this happens when 


that: 
dependent of coordination 


@ Anion X @ Cation M 
Free diagonal Y2a 
————$ 


Side of Side of 
conventional conventional 
unit cell, a 


unit cell, a 


(a) 


One-eighth of conventional 
unit cell of zinc blende structure 


al2 


Fig. 4.9 Critical conditions in (a) Cesium chloride st 
structure e structure (b) Rock salt structure, and (C) Zinc! 
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R H % 
m+ R, = hal{ the body-diagonal of cut 
é de 
v3 7 
X side of the cube 


— 
= 


AG 
2 X2R, = VBR. 


. rrionic spacing RK. = R,, + R, is now fi 
i i" will not be affected. The critical radi 
aie e R ] R 

R. hike 1.37, or Rp 70732 


x 


hin a V3R, and as R,,, is made smaller the binding 
US ratio becomes 


with this structure. For the sodium chloride 


gurthet increase in cohesive energy is possible 
v0 
rs when the ions touch (in this case the face 


Oe (Fig. 4.9b) the limiting value of R, occu 
vot of the cube 1s equal to 4R), i.e. when 
IS 


Ry + Ry = half the side of the cube 


4R 
x eV OR, 


l 
2 Ve 

n interionic spacing of V2R, is smaller than VBR, . Therefore, despite the small difference in 
ihe Madelung constant, the cohesive energy for a crystal with rock salt structure can be greater 
jan tha for esi chloride type crystals, if Ry/Ryy is large enough. However, the cohesive 
energy cannot Increase further when the radius ratio becomes equal to the critical value for 
rock salt structure, i.e. 


fy 2.42 0 Ro 0.414 
== — =2., r —=0, 
Ry 2-1 R 


x 


As R., decreases still further, the zinc blende structure becomes energetically most favourable 
despite its small Madelung constant. The limiting value of R,/R,, (when the anions touch) is 


not reached until (Fig. 4.9c) 


2a 3a (i) 
= NEE ond R, +R, = — X= 
2R and R,, + R, 7 *5 
R 
so that, Re abe le 0.995 


R, J(G/2)-1 R, 


These ratios must be taken with a pinch of salt. Near the critical ratios the stability of one 
structure as compared with another may be strongly influenced by the coordination number and 
iseffect on the radius, which we have ignored for this calculation. Polarization effects may also 
be important enough to alter the above predictions. Some compounds can even change from one 
“Ystal structure to another as temperature and pressure are varied. However, it is found that 
Bénerally when MX-compounds have ions with nearly equal radii, the cesium chloride structure 
'Sfavoured: when the jonic radii differ by a factor of two or more the zinc blende structure is 


esults. Table 4.6 gives the . | 


aciure © ; act 
138) Solid Strate Physics ck salt struct" pide-the compounds after Which _ 
. fie 4inc > fe 
ate Cases Site f nd Z! 
favoured: and in the interme i chloride 
radius ratio in cesium chlorlecs: unds (after Pauling) 
-compe 
erystal types are named. readline mMx-¢ 
A : ratio in three * ; Approx. range ee oe 
Table 4.6 Actual radius To agen from calculation“ 
. RES nlow r,/fm S 
Radius of a x i 
Radius of cation ain! .00 ~ 1,37 
ruin A ao - 370%) 
cr Lt I. 2.42 — 4.45 


Cs* 1.69 cr 1.8 2.5 — 
Na’ Q,9S a tiie. 
3 Pee sition in ys 
a, OE oan octahedral positl an M X 19 


: me Mic 
tion occupying ch each other. The critical rag; 


and tou US of 


aca 


‘ adius of 
Example: Determine the radius € ith the cation 


: : . act W 
solid, when all antons are in contact 
anion is 2.5A. 

e rad 
1 case, the ! 
Solutions: We know that for an octahedra ; 


ius ratio is given by the relation 


Rm = 0.414 
Subsututung the value of Re, we can find ; 
R, = 25x 0414 = 1.035 


4.9 COVALENT RADII 


The covalent radius in a covalent mol 
two bonded atoms) and is often called th 
that covalent radii are simply additive, pr 


pair bond. On the other hand, when atoms from mu ) 
bond Iengths depend on the number of electron pair bonds formed. Further, in case of hybrid 


bond formation, they also depend on the type of orbitals used. It should also be remembered that 
most atoms do not form purely covalent bonds in crystals. From these, it appears that the concept 
of characteristic covalent radii is subject to a number of qualifications: 


ecule is only half of the bond length (the distance between 
e atomic radius in the case of nonmetals. This suggests 
ovided the bonding between atoms is a single electron 
Itiple electron pair bonds with each other, the 


(i) That the covalent radius of an atom (unlike its ionic radius) must not be interpreted as 
implying that the atom is a sphere of that size. The covalent radii are applicable only to 
the calculation of bond lengths between atoms joined by purely covalent bonds, and tells 
nothing about the distances between atoms of the same kind when not so bonded. Thus 
the single-bond radius of chlorine (i.e. 0.99A) is in perfect agreement with the observed 
Cl-Cl distance of 1.988 in the chlorine molecule. In the crystal structure of solid 

a pane the interatomic distance between conti guous chlorine atoms of differen 
te — ‘eee ier eee aay by van der Waals forces, is about 3.6A. Thus 
Of the chlorine atom is about 1.84 (nearly double the covaleat 


radius) and consequently the C] Be ans 
Fig. 4.10. 2 molecule is pictured as having the form shown 
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i That the bond length depends Upon {] 
: nt 


and the length decreases yw C bond number 


Ith the ine Single bonds are the largest one 


jonding can be produce oy ettase of a * . 

Ae as long as sing| - fairly Well by a fecaon Of bonds. The effect of multiple 
“ o vod, Wi oy 1 pe , 

c Sle bond fo Ple observation, A double bond is about 


I firsy 


Nents 
ond row ei 


long as a single bond. Foy sec 
and heavier elements (where Multip| 

bonds are much rarer), the inner be : 

electrons are less compressibie and the 

factors are 0.91 for a double bond hae 

0.85 for a triple bond. For this reason 

separate radii are required for Single 

double and triple bonds, respectively, 

We must, however, also remember that 

a bond will not necessarily have an ‘Fig. 4.10 The dimensions of chlorine molecule 
integral bond number (sometimes may 
have fractional) if the bond involves Teson 
obtained by interpolation between the len 
but with proper caution. 


(iii) That we must consider resonance not only between covalent bonds of different bond 
number but also between covalent and ionic bonds because many covalent bonds do in 
fact have considerable ionic character. The effect of this covalent/ionic resonance may 
be considerable, and in some cases reduces the length of a bond as much as 0.1A or 
more. Attempts have been made to apply necessary correction in terms of difference 
in electronegativity of the atoms involved. Schomaker and Stevanson observed that the 
degree of electron transfer (cause of ionic character) in a bond is roughly proportional to 
the electronegativity difference between the two atoms involved, and hence they proposed 
an empirecal correction to the predicted bond length: 


and a triple bond is about 0.78 as 


ance. These intermediate bond lengths can be 
gths corresponding to integral bond numbers, 


rap=la + Vp - 0.09 (| Xa — XB 1) (20) 


where rs and rg are covalent radii, x and xp are electronegativity values, and the sign of 
electronegativity difference is disregarded. A somewhat better fit is provided by adjusting for 


the square of the electronegativity difference: 


rap =a + lp- 0.07 (xX, = ia) (21) 


Itshould be noted that the above correction predicts the bond length corresponding to a single 
bond only. When observed bond jengths are shorter than the predicted values in covalent 


molecules, it is usually assumed that some degree of multiple bonding is involved. . 
In some cases the “corrections” SO applied increase the discrepancy between predicted and 


observed bond lengths. Therefore, the effect of covalent/ionic resonance may be better ignored 
Coa: ‘ 


Whil : : _ te 
Sa ee ake pauling (1960) proposed an empirical formula for determining 


the percentage ionic character of the bond: 
ps 16 |x, - 4p 1 + 3.9 Lag —g ? (22) 
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The values of electronegativily calcula 
of Pauling are provided in Table 4.7. 
summarized below: 


Some impo 


7 The clectronegall¥ 


cently b 
ted re ve 


y Husain et al. 
t 


ities of the elem 


conclusions 


(1989) alongwith the Values 


ents 


drawn from these data a 


: ee a es 
er Xcal. 
Element = : 
1.84 Ls 
o 2.02 20 
¢ 2.60 25 
. 3.06 30 
| 0 3.13 35 
: F 3.60 ‘0 
: ’ 0.83 : 
‘ 1.17 12 
al 1.34 
si 1.69 + 
P 2.04 “ 
2.17 + 
: : 2.54 a 
17 > : 
0.66 
1.0 
0.92 
31 Ca t 
1.27 : 
21 . : : 
22 S ! 
: My 1.69 r 
: - 1.79 r 
25 ied 9 
: : 3 1.8 
27 He ts 
: 2 1.98 i 
: 7 1.9 
: 152 1.6 
: Ge 1.52 1.6 
: ; 205 1.8 
: Se 2.05 ie 
: Br 2.14 a 
: Rb 2.45 2.8 
: 087 0.8 
38 ie 3 
: a 1.25 10 
‘1 Zr | 
1.53 12 
41 ie r 
r 1.88 16 
43 Te r is 
‘5 Ru 19 : 
45 Rh 203 i 
: : L Za 
3 E 2.2 


(Contd.) 


Atomic Shape and Si 
1 Slement ei 
Xeal, Xp 


8 Cd 

49 In 1.66 17 
50 Sn 1.45 17 
51 Sb 1.68 18 
$2 Te 1.80 2.0 
53 / 1.93 2.4 
55 Cs 2.14 26 
56 Ba 0.68 0.7 
51 La 0.96 0.9 
58 Cé 1.27 1.1 
59 Pr 1.33 id 
60 Nd 1.32 1 
61 Pm 133 1.1 
_ i“ | 
67 Ho 147 e 
68 Er 1.48 11 
69 Tm 1.89 11 
7) Hf Te a 
23 Ta 2.20 1.5 
74 W 2.33 ig 
15 Re 2.38 19 
16 Os 2.54 22 
n Ir 2.58 2.2 
28 Pt 2.46 2.4 
9 Au 2.35 2.4 
80 Hg 2.05 1.9 
81 Tl 1.65 1.8 
82 Pb 1.81 1.8 
83 Bi 1,82 1.9 
84 Po 1.94 2.0 
85 At 2.05 of 
90 Th 1.55 1.3 
91 U 2.01 1.5 

a a a ee ae 


(a) An electronegativity difference of about 2.1 corresponds to a bond which is 30 Ee cent 
ionic. Bonds with a larger electonegativity difference are therefore primarily ionic, those 
with smaller difference are primarily covalent. _ 

(6) Beryllium and aluminium have the same electronegativity. Bonds from these elements to 

her elements essentially covalent. 

s almost purely covalent, between boron and other 


ally ionic with predominantly covalent character. 
nts (except perhaps fluorine) are primarily 


fluorine are essentially ionic, to othe 
(c) Bond between boron and hydrogen | 
more electronegative elements is part 
(2) Bonds between silicon and all other eleme 
Covalent. 
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‘ve elements. Bonds between these element, 
tronegatlv in most cases predominant}, 


(e) Fluorine; 
é ec 
and oxygen are the most cl aracter, and 


and all the metals have considerable ionic ch 
lonic, si 
(f) That even if a bond is purely covalent, its character and str 
unless we know the orbitals involved in its a 7 
effective radii in calculating the lengths ef seer “s octahedral radii correspond ty 
radii are applicable when sp* hybridization takes pia ‘ chen dsp? hybrid is forge 
d°sp* and spd hybrids, square radii are those bas a oes of elements which form two 
and linear radii are those appropriate to the limited num 


* cht Ii are radii and the octaheq 
sp hybrid bonds oppositely directed along a straight line. The squ ral 


’ bulated separ. 
3 : a ae they have been ta Parately 
Se Plc Clee aga as to the types of coordination are 


because in some cases the valency states correspone?’ I; 2 +: 
not the same; for example, Pr'’ pao a dsp’ hybrid heresies ie ayenidlzea, 
Values for the covalent radii of a number of atoms are given | 


gth are not uniquely determineg 
e must therefore use differen 
of hybrid bond. Tetrahedra} 


: ronegativiti 
Example: Determine the percentage of ionic character 1n HF molecule, the electronegativities of 


the hydrogen and fluorine atoms are 2.1 and 4.0, respectively. 


Solution: Using eq. 22 and substituting the values of electronegativity 
obtain 


given by Pauling, we 


P = 16 (4.0 2.1) + 3.5 (4.0 - 2.1)? = 43% 


Table 4.8 Covalent radii (in Angstrom units) 


‘a) Normal radii 


H Cc N O F 
EEE eee 
Single bond 0.30 0.77 0.74 0.74 0.72 
Double bond _ 0.67 0.62 0.62 — 
Triple bond —_— 0.60 0.55 <a _ 

Si e S Cl 
Single bond 17 1.10 1.04 0.99 
Double bond 1.07 1.00 0.94 — 
Triple bond 1.00 0.93 — — 

Ge As Se Br 
Single bond 1-22 1.21 1.17 1.14 
Double bond B12 1.11 1.07 ph 
—_—_——<—<—_—K—K_—_—— TC rfp 

Sn Sb Te I 
a _ev0???:.?...K«. OG, L LT 
Single bond 1.40 1.41 1.37 1.33 
Double bond 1.30 1.31 127 _ 


(b) Tetrahedral radii 


1.06 0.88 0.77 0.70 0.66 0.64 
(Contd.) 


135 za 1.26 - 3 
ele! 1.22 * Se a 
_ oa it : 1.18 1.14 1.11 
A n 
ae 1.44 140 Sb Te J 
Au He TI ya Ee sea 
150 da 1.47 . HI 
; 1.46 1.46 
) octahedral radii 7 = 
(¢ 
dsp? hybrids 
ol Nie Rul! 
132 1.39 1.33 Os" 
i WW 1,33 
Co" Ni Rh 
1.22 1.30 [32 ts 
Vv Ni 
e 1:21 Pad'¥ pr AulY 
sp3d" hybrids 
“TV 
ie Zr¥ Snl¥ TelV ppv 
: 1.48 1.45 152 1.50 
() Square radii 
Nil Pq! Pl Au! 
1.39 1.31 1.3] 1.40 
(e) Linear radii 
Cu! Ag! Hg" 
1.18 1.39 1.29 
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To determine the metallic radii of metal elements is probably the simplest of all. Measurement 
of cell dimensions of the metallic crystals enables us to derive the characteristic atomic radii for 
given elements. In the case of metals with close packed structures, the atomic radius is clearly 
half the distance of closest approach. In structures of lower coordination, a similar definition of 
alomic radius is applicable, but the values so deduced are not immediately comparable with 
those derived from close packed structures. Study of polymorphous metals having several structures 
of different coordination, and alloy systems in which metal atoms often occur in a state of 
different coordination from that in the pure element shows that a small but systematic decrease 
ofatomic radius takes place with decreasing coordination. Goldschmidt summarized the observations 
Ona series of elements and alloy systems by expressing the radius in 8-, 6-, and 4-coordination 
‘oresponding to unity in a close packed structure (12-coordination) as follows: 


Coordination 12 8 ss 4 
Radius 1.00 0.97 0.96 0.88 


‘on is very itregular ang 80 
144 Solid State Physics he coordination ca a dircentan 
t ver, | é 
tals where ©”. Howe btained will be of 
: ; sub-group melo eas meanifig es $0 0 
few nae ae - ae have a definite mi but the - ediate influence on its 
eee ee” ee ae dictaroe of closest cl will have nO alloys are therefore often 
define the radius te ualpvne re of the element an d from study of a s. For this reason two 
Significance only in the a - of the radii derive jerments themselves. pe a 
behaviour in alloy systems. Values o d from the ele One of these 
ar ose deduce e 4.9. if necessary, is thar 
A een ie nae a element as In ee a and the os two values are, of 
A * the structure of the ele acked structures Js, in particular, the 
distance of closest approach eo elements with close a sub-group metals, 
i i ion. : 
pe Fs etme cases they differ. For the 
course, identical but in 
difference is often considerable. 


: w: 
cribed belo 
Certain important features of Table 4.9 are des 


ny metals 
Table 4.9 The atomic radii of the its 
units. 

d Transition elements. All values are in Angstrom Atomic stomilg 
Representative and Tran cee Aiei ais 
ae lone ne Ae 135 

= Te 1.33 
Li 1.52 1.56 - py 134 1.34 
Be 1.12 1.12 Rh 1.37 137 
* oe ie Ee 1.44 1.44 
a ce 1.42 As 1.48 1.52 
Al 1,42 : Cd ee 1.67 
K 2.31 2.38 In = ne 
e aa = 1.45 1.61 
Sc 1.60 ne Sb me “ms 

= oe 1,35 ie 762 2.70 
Vv 1.31 ae Cs ate i 
os 1.36 ma 137 1.87 
in  * 1.27 La 158 1.58 
my Fay 1.24 ua 1.37 1.41 
Zn 1.33 135 Os 1.35 135 
Ga 1.21 1.39 Ir 1.35 an 
Ge baz a Pt 1.38 a 
As Hp = re L La 
: 1.1 He 
Rb nae a TI 71 a 
Sr =e 181 Pb 1.74 oi; 
Y ae 1.60 Bi 1.55 - 
ae ee 1.47 Po 1.68 
Mo ZS = (Contd } 
a cr a a ee ee 
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, d Size 
panide {Staats Atomic Shape a" 
id 


Atomic The actinide elements 


wo aius! 2 
fe radius radius? Metal Atomic a 
A 482 1.82 radius! a 
Ce 1.82 1.89 Th 1.80 1.80 
r 1.81 181 Pa 1.60 a 
N ae -_ U 1.38 fee 
pt = _ Np 1.30 toe 
sf 1.98 2.04 Pu 1.64 am 
gu 1.78 ; Am | 2 
E : 1.78 g = 
i 1.77 177 m = ‘ . 

1.75 1.75 ae a _ 
Dy 1.76 Cf = _ 
a ; 1.76 

1.73 1 E an = 
- B 

1.74 Em = = 
1.74 

1,93 My = ~ 
; 1.93 . 

1.73 1.73 . 7 7 


Lu 
Re ee 
|, Half the distance of closest approach 
9, Atomic radius corresponding to 12-coordination 


(i) The atomic radii are very much larger than the corresponding ionic radii (Table 4.3), owing 
to the greater number of electrons in the extranuclear structure, e.g. 


Atoms Li Cs Be Ba 
Metallic radius 1.56 2.70 ites 2.24 
Jonic radius 0.90 1.81 0.59 1.49 


On the other hand, the atomic radij are not very different from the covalent radii (Table 4.8), and 
ina number of cases they are very nearly the same. 

(ii) The extreme values of the radii of metal elements differ by a factor little greater than 2, 
even the elements of high atomic number with complex extranuclear structure does not show 
any marked increase in radius, because of the compensating influence of the greater nuclear 
charge. If the alkali and alkaline-earth metals are excluded, the radii of all other elements lie 
within the range 1.2 - 1.9A. 

(iii) In each period, the alkali metal has by far the largest radius. A marked decrease in the 
radius is observed with increasing valency in the A group elements. This decrease in the radius 
is arrested in the middle of each family of transition metals, so that all these elements whithin 
each period have roughly the same radius. In each of the families of B sub-group elements a 
pronounced increase in the radius takes place. 

(iv) The systematic increase in radius of the transition elements which takes place in 
passing from the fourth to the fifth period is not observed in passing from the fifth to the sixth, 
80 that the radii of corresponding elements in these last two periods are very nearly the same, 


eg, 
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Atomic radios (A 


Cr ‘ 
: 1.28 1.27 Pd Ag 

Mo Ru 1.37 144 
5 1.40 1.33 Pt ae 

W 2 1.38 1.44 
6 141 1.35 


lready discussed in connection with 


This is another manifestation of lanthanide contraction a 
10nic radii. 
metallic radius of iron atom, 


Example: The unit cell dimension of bec iron is 2.81A. Calculate the 


Solution: Given: Unit cell dimension of iron = 2.81A, and the eiructun 
structure we have 


e as bec. Now, for a bee 


V3a=4R 


or pag x 281 = 122A 


Example: Metallic gold and platinum both have fec structures with the unit cell dimension 4.08 


and 3.91A. Calculate the metallic radii of these atoms. 
gA. unit cell dimension of Pt = 3.19A, both 


Solution: Given: Unit cell dimension of Au = 4.0 


have fcc structures. 
Now, for fcc structure we know that /2a = 4R. So that, the radius of gold atom 


J2a _ V2 x 4.08 _ 
- ar 1.44A 


Pm 
n= 


Similarly, the radius of the platinum atom 


R= apes 138A 


Example: Aluminium has an fcc structure. Its density is 2700 kg/m?, at. number is 13 and the at. 
mass is 26.98. Calculate the unit cell dimension and atomic diameter. 
Solution: Given: Atomic number of Al = 13, at. mass = 26.98, density = 2700 kg/m? and the 
crystal structure is fec. Now, we know that the number of atoms in an fcc structure, n = 4. Thus 
using eq. 4 (Ch. 1), we have 

nel PXN 

M 

where V = a? and N = 6.023 x 10°°, Therefore, we can write 


nxM _ 4 x 26.98 - 
a= V= XN 2700 x 6.023 x 19% ~ H09 x 10° m 


v7 ~ t 
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a 


No 


T= 405 f 
or fec structure V2a = 4R = an (di 
‘ameter Of the atom) 
D = 0 = 
Va = 2.86A 


( 
iar VAN DER WAALS RADY 


crystals composed of molecules 
er W; stances of closest-approach 


yy be divided to get the Values of va 
a's radii "w: Suitable for use in estimating various 


interest in cryst 
ameters of in TYStal strucy 
“a nae: A large number of research Papers have been published 


jous investigators in re ard 
" nde Waals radii due fait ® {0 find th Ost accurate values A qualitative interpretation 
of van Mson (1955 and Bondi (1964) ste. that 


Oble Las atoms, non bonded dj 


Table 4.10 Van der Waals radii (A) 


lenge ga 


H He 
1.20 1.40 
re ie ere 
1.70 1.55 1.52 1.47 1.54 
Si P 8 Cl Ar 
2.10 1.80 1.80 1.75 1.88 
As Se Br Kr 
1.85 1.90 1.85 2.02 
nn arn i 
2.06 1.98 2.16 
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4.12 SUMMARY of additio 
. . tive 
1. Shape of an atom remains spherical ie : tio and the type of f, 
however, its size changes. : umber radius a 
2. Size of an atom depends on the coordination P 
. . ” 
existing between them. ' roximately jaws 
3. Absolute value of the atomic size 1S only es fined a5 
4. In an ionic crystal, the radius of an 10n is de 
Gy 
n= 
Rion = 5 Z 
= ft 
Z c ed by the quantum number and 


nt determin 


where S is a screening constant, C, isa consta 
Zerg is the effective nuclear charge. aie 
i i e determined by the €4 


5. Radius of multivalent ions could b _oKn-V) 


RK puttivalent 
ic number, while 


= Rynivatent Q h 
ncreasing Charge, atom, 


decrease with I 


6. Ionic radii increase with atom 
half of the distance between the 


number and valency 
the 
re equal to 


7. Covalent radii are simply additive and a laghae atomic radii. 


half the distance of the Closest 


two bonded atoms (bond length), also ca = ‘are 
8. Metallic radii in metals with close packed structures, 
approach. dinati 
ro coordination. 
9. Metallic radii systematically decrease with the decrease aaa sienna) 
10. In crystals composed of molecules or noble £35 ators 20 a 
approach may be divided to get the van der Waals radil, 
4.13 DEFINITIONS 
cal reaction. 
bstance as a result of change in energy 


Atom: The smallest particle of an element that can take part in chem! 

Emission spectrum: The spectrum of the radiation emitted from a su 
level of its constituent atoms or molecules. 

y higher than the ground state. 


Excited state: The quantum state with energ 
Ground state: The quantum state with lowest energy. 
Tonization potential: The amount of energy require 
amount of energy required to remove the least strongly bound electron (valence 


d to remove an electron from an atom or molecule to 


infinity. 
Tonization Potential (First): The 
electron) from a neutral atom. 


Jsoelectronic: Ions having identical electronic structures. 
Monochromatic radiation: Radiation restricted to a very narrow band of wavelengths; ideally one wavelength. 


Nucleus: Central massive part of the atom consisting of protons and neutrons. 


REVIEW QUESTIONS AND PROBLEMS 


Give an account of Rutherford’s atomic model. What are the major shortcomings in Rutherford’s nuclear 


I. 
model? How they are overcome by Bohr? 
Derive the mathematical expression for energy of the electron in hydrogen atom. Give the interpretation 


2: 
of the negative sign. 
Discuss Bohr’s theory of hydrogen atom and derive an expression for the radius of the first Bohr orbit 


for the normal hydrogen atom. 


5 


7. 


19. 
20. 


y, Calculate for the hydrogen atom ( 


_ Electrons of energies 10.2 eV and 12 09 ¢ 


‘ze «149 
€ 
ribe Bohr’s atom le} Atomic Shape and S1Z 
Desc v4 model, Assu; . 
: SUMING the 
and charge e. find out the B Hae niteseny. @ 0 Mii 
a ne Bohr's theory See ort Sk nucleus is Infinitely heavy and the electron mas 
cos Ol hydrogen ; * Moving in the ; 
; \ ‘ Bin the nth : 
atom? MOM. How ig it Successful in a 2 the spectrum of hydrogen 
Briefly discuss how covaten, radii g the s 


en ; are ‘ 
Suggest possible reasons why fluo formed, 


- rine is 
est possible reasons . OTe Clegtryane. , 
Suggest p Cilsons Why Nuoring Is More clo eae than chlorine, 
: : -Clrone Zalive th; a 
i) Velogj ' & an oxygen, : 
N for the i OF the electron in the ground state (ii) radius of the orbit 
SCION to traverse the first Bohr orbit. ig 
At what speed the electron MUSI revo] Ans. 2.187 x 19° ms”!, 0,529 A and 1,519 x 107" s 
ve round the nucleus of the hydrogen in its ground state in order 


hucleus : 
US by electrostatic attraction (Given: the radius of the first Bohr 


in the ground state (iii) time take 


that it may not be pulled into the 
orbit Is 0.52A). 


V can cause radiation to be emitted from hydrogen atoms. 
"Humber of the orbit to which an electron in the hydrogen 


ton if it drops back to the ground state. 
Ans. 2 and 3, 1216 A and 1026 A 


Calculate in each case, the Principal quanty 
atom is raised and the Wavelength of radiat 


he critical ionization potens; . ‘ 
wi Potential of hydrogen is 13.65 eV. Calculate the wavelength of the radiation 


emitted by hydrogen atom bombarded by Ans. 950 A 


an electron of corresponding energy. 


ow many revolutions does i 
H y ©S an electron in the "= 2 state of a hydrogen atom make before dropping 


= | state? (The ; ifet; : 
ton (The average lifetime of an excited state is about 10° s). Ans. 8.2 x 10° 


vest two exci 
_ The lov TREE states of hydrogen atom are 10.2 eV and 12 eV above the ground state, calculate 


velength of radiatj 
paid radiation that could be Produced by transition between these states and the ground 


state. 
Ans. 1215 A, 1035 A and 6902 A 


. The energy of a Bohr orbit is given by -B/n*, where B = 2.179 x 107'® J. Calculate the frequency of 


radiation, wavelength and also the wave number, when the electron jumps from the third orbit to the 


second. 
Ans. 4.56 x 107'4 5-' 6561 A and 1.524 x 10° m7! 


. How much energy is required to raise the hydrogen atom from the ground state n = | to the first excited 


state n = 2? What is the wavelength of the line emitted if the atom returned back to the ground stae. 
Ans. 10.2 eV, 1217 A 


. Rubidium chloride assumes CsC1 structure at high pressure. Calculate the RbCl distance in the CsCl 


structure from that for NaC! structure (from ionic radii), 


. Calculate the M-X distances for LiF, BeO and BN as the sum of ionic radii and considering the charge 


effect. 
Compare the radii of Na* and Mg** and also of SO™ and Cl”. Explain the cause of variations. 


Determine the radius of a cation having CsCl structure, when all anions are in contact with the cation 
and touch each other. The critical radius of the anion is 1.90 A. Ans, 1.39 A 


Chapte; 5 


Crystal Imperfections 


5-1 INTRODUCTION 


Chapter 1 described the ideal crystals having perfectly periodic arrangements of atoms. This is true 
only for theoretical considerations, on the basis of which many structure-insensitive Properties 
such as density, electrical capacitivity, specific heat, and elastic properties, can be explained, 
This chapter considers the real crystals, which are not perfect. In general, any deviation from 
the perfect atomic arrangement in a crystal is said to contain certain imperfections (or defects), 
Imperfections affect the above mentioned properties only slightly but have strong influence upon 
many other properties of crystals, such as strength, electrical conductivity, and hysteresis loss 
of ferromagnets. These are structure-sensitive properties of crystalline solids. 


Imperfections in crystalline solids are normally classified according to their dimensions as 
follows: 


(i) Point imperfections (zero-dimensional defects), 
(ii) Line imperfections (one-dimensional defects), 
(iii) Surface imperfections (two-dimensional defects), 
(iv) Volume imperfections (three-dimensional defects). 


We shall discuss only the first three in this chapter. Volume imperfections can be foreign- 
particle inclusions, large voids (or pores) or noncrystalline regions which have the dimensions 
of at least a few tens of angstrom. 


5.2 POINT IMPERFECTIONS 


Point imperfections are the simplest imperfections involving a single atom or two and therefore 
referred to as zero dimensional imperfections. The point imperfections commonly observed in 
metallic crystals are illustrated in Fig. 5.1, and those observed in ionic crystals are shown in 
Fig. 5 2. Broadly they are of two kinds. 


Interstitial atom 7 . 
This ae Rositiensy i ihe voids between the Tegular atomic sites. This may u 
impurity atom (called interstitial impurity atom) Or an atom of the host (called self-interstitial) 
Open structures can accommodate interstitials more readily than those ‘vinnemaliee veqerstit 


Crystal Imperfections 151 


er atoms or; 


aces. AS a result, the smal] 
ones. A forei 7 i 
jarget &N atom that Substitutes Hy an Occupy interstitial sites more easily than the 


stitutional impurj ; r ; 
4 sub Purity atom (Fig. 5.1), Or replaces a parent atom in the crystal is called 


yacancy 


4 wa te - y refers to : ; 
neutral) 18 missing (Fig. 5,1), Schottky j an atomic site from where the atom (electrically 
, tamara is a type of vacancy in which an atom being 

i) 
Ccessive steps and eventually settles at the crystal 


a ; ae 
balanced by some means (in the crystal ncy on either a cation or anion site must be electrically 
“tal'as a whole). This may be achieved if there is an equal 


number of cation and anion vacane; 

appears. The combination of cTiGnasel <7 ey ci Vi eater aetiiiammetcca 

jfile hclesiabinatioliver agree cation vacancies (in pairs) is called a Schottky imperfection 
ancy and interstitial is called a Frenkel imperfection (Fig. 5.2). 


Cation vacancy Substitutional 
(effective negative impurity atom 


change) 
Self interstitial Vacancy ) C) (6) oj C) 
OelO €© o 
4 , S i) 


®©2OWO GO 
Oe © 
® |*] O(C WO 
Q/® O|® O'/e 


Intestinal Substitutional Anion vacancy Intertital Coupled 
impurity atom (effective positive impurity atom vacancy puir 
change } 


impurity atom 


Fig. 5.1 A two-dimensional representation of a Fig. 5.2 Point imperfections in an ionic solid 


simple crystalline solid, illustrating some 
common point imperfections in metal 


crystals 


53 CONCENTRATION OF POINT IMPERFECTIONS 


Vacancy (Monoatomic Solid) fs ' — 7 
ilibrium state of a solid is the state of minimum free 


According to thermodynamics, the equ a 
energy F = E - TS, where E is the internal energy, S is the entropy and 7 is the temperature 


in the absolute scale. It is to be mentioned here that for condensed systems like the liquid and 
‘ SC al, : * a ate rota + 
the solid state (at atmospheric pressure), the internal energy is equivalent to the enthalpy of the 
: Sli l¢ c E nears . my ae = . 
system (i.c. E = H) because PV term Is negligible in the expression H = E + PV. The tree energy 


in the lattice at all temperature, 
f disorder } noted that the defects unde; 


; unt O ‘i 
certain amo t is to not include 
. a perfect ceystal) conditions and do any 
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expression suggests the existence of 
T > OK (which otherwise seems to be hermodynam! — 
consideration are present as a result of the ing conditions. a regular atomic Site in the 
accidental fault resulting from Oe ae mnissio atom ‘ oF interior atom from its regula, 
S$ poi yut above that a vacancy 1! ferrin nenget e change i 
Pate Reo can be created deliberately by so as shown In Fig. sehen dine . @ = 
Site to a site on the surface of a two-dimensional . “fects into the cry ae vibrational ener - 
internal energy as a result of the introduction ool and (ii) the change ‘fin cry Stal ne of 
energy needed to produce defects in the static lattice tropy experienced by ry ‘Omes 
the BOIS coordinating the defects. A change in the entropy as 4 result of the change in the 
from two different sources. (i) Due to change a ogee” urational entropy associated with the 
frequency of atomic oscillators, and (ii) ig se + at In the following calculations, we 
number of ways of selecting which atomic sites will eile crystal. 
shall consider first the formation of vacancy in a mono 


ONO SOOO 


Fig. 5.3. The formation of Schottky and Frankel imperfections 


The energy of. formation of each imperfection E, taken in electron volts (also called the 
enthaply of formation AH, usually taken in Joules per mole) is the energy, Ey, required to take an 
atom from interior to the crystal surface minus the lattice energy per atom Ej, Le. Es = Ey — E. 
Thus the change in the internal energy of the crystal is 


nEs = n(Ey - E,) (1) 
and the internal energy of the imperfect crystal E; is 
E; = Ep + nEg (2) 


where Epis the internal energy of the perfect crystal. 
In order to calculate the change in the thermal 


Sp = 3NKI1 + In( &Z . 
rs alec] 6) 


In the imperfect crystal, the atoms neighbourin ; 
ga vacancy wil] h 
ave a frequency v’ (smaller 
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yin perfect crystal) part; 
han Pp (cularly al : 
ing forces are red Ong the line inin: 
estOFine & uced. There . Ne Joining the at se the 
sighbouring a vacancy is emia It is 4ssumed that in ie has Aer ee atom 
Kit, © three independ MDPER PER erat, ; 
er of Pendent harmonic oscillators of frequency V 


if x is the 
gv, THUS, | mM ato 
pegs Sis Ze ms SH] ° 
ossibilities arise: (1) For a Coordination of A Ping a vacancy (x-fold coordination), then two 


gscillate with frequency y’ ang (3N - 3nx) w; 
. = 7 
is then obtained in analogy with eq. 3 re ae j ieee ei a 
’ Il) as 


5) = Sn +n kT \] lr kT’ 
sett 4 H5 T 
7 I] +(3N - 3, ees 
hv }I nape he n(Fe) (4) 


Substracting eq. 3 from 4, we obtain the change in the thermal entropy as 


AS, = (5S; — Sp) =3 kT 
th 1 ~ 5p) mat sm) cw auf (£2) 


~3ne zs "(Ge )| 
hy 


kT 3x 
ee q kT V Vv 
nx [ + nt) So + (Ge | = 3nxk In (z) =nkIn (=) (3) 


In a similar way, the thermal entropy of the imperfect crystal for the case (i) can be obtained as 
AS, seine) 
th y’ (6) 


As far as the configurational entropy of a crystal is concerned, it has nothing to do with the 
distribution of energy; it is solely determined by the number of different ways Wc, in which the 
atoms may be arranged over the available number of lattice sites. For example, let us consider 
that there are N lattice sites in the crystal and n Schottky vacancies that are produced. Then the 
number of ways of arranging n identical vacancies and (N ~ n) identical atoms on N sites is given 


by 
M 
We = (N—n)ini (7) 
The configurational entropy associated with Wo is obtained from the Boltzmann equation 


N! | 
Sop = kin Wer = kin a (8) 


In the case of perfect crystal containing identical atoms, W.¢= | and S.¢= 0 because there is only 
One possible way of arranging the atoms. The total entropy occurring in the usual thermodynamic 


formulas is equal to the sum of the thermal and configurational entropies, i.e, 
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S = Sy t Set 6-fold or greater) we 


as 
. ° ° of vacancy 
Now using eq. 5 (i.e. taking into account the coordination 
may write the free energy of the imperfect crystal as 


N! 
“grin Fea (10) 


fv 
F = Ep +nEg — nkTIn (=) | 
y setting (OF fan); = 9 and making use 


The equilibrium value of n is obtained from this equation b 
of Stirling’s approximation, 


Inn! ex Ine —x for x >> | 


|=inw-v-m 


N (N-n)—ninn 


! 
so that in| oy Sai 


Consequently eq. 10 becomes 


r _nyIn(N—1n) - nln (n)] 
F=Ep + ns ~nkTin (Z) _ kT [NIn(N) — (N n) In( 


Differentiating with respect to n partially, we get 


3x ; (N -1n) 
li (Vv) _xrins—— = 9 
38) =e, -mm( 3) arm 
3x (N -n) 
Vv (N=) _9 
or Es, — kT In (=) = kf = 
y \ 3x , 
= —| -E 
or ering =n} : 
n aj Vv 3x Es 
or Ina—y = n 1 LT 
Oh N-n \v’ kT 
3x E 
I ta = (= exp (- #] a) 
0) 
where n << N. Use of eq. 6 would result in 
No (=| exp(-¥5) (12) 


f atoms, the internal energy NkT = RT, where N is the Avogadro’s number and R 


For one mole 0 


is the gas constant. Therefore, 
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R = Nk = 6.023 x 1023 


X 1.38 x 1073 = 8.314 Jmol!K"! 
Making use of this, eq. 12 equivalently ca 


n be written as 


N_of{y i AH ; 
ee (=) exp( — Atte (12°) 
Pressed in electron volts (eV) 


CTEY required to form vac 


, the change in thermal entr 
factor may be } 


where in eq. 12 the term Eg is ex 
a kJmol"', respectively, The en 
jisted in Table 5.1. Since y> y’ 
as WY" is greater than 1, This 
pec and 36 for fcc), 


and in eq. 12’ the AH; is expressed 
ancies in some monoatomic crystals is 
opy favours the formation of vacancies 
arge because 3x is rather a large number ( 24 for 


Table 5.1 & -. 
eS.1 Enthalpy of formation of vacancies in some crystals 


stal Kr Cd . 
a Zn Mg Al Ag Cu Ni 
AH, kJ mo 38 48 49 56 68 106 = «120—St—ts«*2'B 
eV/vacancy 0.08 0.39 0.50 


0.51 0.58 0.70 1.10 1,24 1.74 


The results obtained above may be used to explain qualitatively the rea 
of lattice defects at any temperature 7'> 0, For example, suppose that in a p 
we produce certain number of vacancies by transferring the atoms from th 
to the surface. This will require certain amount 
of energy so that the internal energy, E of the 
crystal will increase. As a result of this, the 
free energy F will also increase, which is 
unfavourable in the thermodynamic sense, On 
the other hand, creation of vacancies increases i 
the disorder in the crystal which in turn increases eal : 
the configurational entropy from zero to a certain 
value determined by the number of vacancies 
‘n’ produced. Since the entropy appears in the 
free energy expression (F = E ~ TS) in the form Fig. 5.4 Schematic representation of the energy, 
-TS, an increase in the entropy reduces the free configurational entropy and free energy 
energy F, which is favourable in thermodynamic term as a function of n/N 
sense. As a result of the competition between 
internal energy and entropy, the stable state of a crystal will always contain a certain number of 
vacancies. A schematic representation of F as a function of the fraction n/N is shown in Fig. 5.4. 
For simplicity the thermal entropy has been assumed to be independent of n/N. The equilibrium 
corresponds to the minimum value of F at temperature 7. 


son for the existence 
erfect metallic crystal 
e interior of the crystal 


E 


n/N 


-TSc¢ 


Frenkel Imperfection (Monoatomic Solid) 

In this case, an atom is being transferred from a regular lattice site to an interstitial site (Fig. 5.3). 
A Frenkel defect thus consists of two components: a vacancy plus an interstitial atom, Let Ex (or 
AH; F,, the enthalpy of formation) be the energy required to form one Frenkel defect. Further, if 


a 
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fies stal, Nj interstitial SHES: © l atoms and n id et i 
there are AN lattice sites in the cry fartonsinl (N-n) identica entical Vacan Ny 
produced, then the number of ways © = ie, 
on N sites is adi 

(N-—n)in! 


; ies and (N, — n) identi 
Also th ber of ways of arranging ” identical vacancies (N, cal atoms 7 
so the number 


N 
Sites is 
Ni! 
Ta EEL 
(N, — mint 
N! x N;! 
so that, We = (N-n)in! (N; —7)!n! 


i i tion, the expression for Frenkel g 
Following a similar procedure as in the preceding sec zh _ 
be obtained as 


n - yexo(-sa5 | (13 
(NN, )¥? \ 2kT ) 
or equivalently as 
MH; F, 
n o ms . 
amar = 7(-Tar) o 


As above, the pre-exponential term y is related to the thermal entropy changes through the 
changes in the vibrational frequencies of those atoms neighbouring both the interstitial and the 
vacancy. That part of yrelated to the vacancy component of the Frenkel defect will be (wy) 
as in eq. 11. If it is assumed that the interstitial site has fold coordination and that the frequencies 
of vibration of the interstitial and its immediate neighbours are v, and v7 respectively, then it can 


be easily shown that, 
34 
Vv ytl 
Woe ( * | — (14) 
This result has the following general im 


favours the formation of Schottky vacancies. For example with v = 2v’ in a simple cubic 


Frenkel defects are formed Vand ¥j are 
an unity. Consequently, the changes in the 
on of Frenkel defects. The factor 2 occu’ 


Schottky Imperfection (Ionic Solid) 


Feu US eos mss eles crystal composed of €qual numbers of positively and negative 
charged ions (i.e. an ionic crystal), In Such crystals, it is energetically favourable to form eq 


a 
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: S (Fig. 5.2). The : ; 
av -the crystal electrically neutral even on an ‘ formation of such pair of vacancies 
eps Scale, Let us suppose that there are 1 cation 


rhe internal energy of the imperfect crystal is therefore 

E\ = Ep+nE (16) 
The free energy of the fictitious perfect crystal is given by 

Fp = E, - TSp (17) 


where energy Ep incorporates the binding energy as well as the vibrational energy. The entropy 
is only thermal, because for a perfect crystal, Wor = 1 and S,- = 0. The configurational entropy 
for the actual crystal having n cation and anion vacancies each, is given as 


tN 


f 


Sp k ter (18) 
(N —n)!n! 

where the square term represents the number of ways of arranging n identical vacancies (cation 
or anion) and (N — n) identical ions (cations or anions) on N sites. The change in thermal entropy 
can be obtained in a similar way as discussed in the previous cases, by using Einstein model 
of lattice vibration. The imperfect (actual) crystal in this case will correspond to 6nx linear 
oscillators with frequency v’, and (6N ~ 6nx) oscillators with frequency v, where x (in general 
greater than 6) is the number of nearest neighbours surrounding a vacancy. The thermal entropies 
of the perfect and imperfect crystals, respectively, are then given by 


yer 
Sp'= oun) +192 (19) 
hv 
sok gees 
and Se=ONi8) i+ in £2) +(6N —6nx) k) 1+ In| iw] 
hv liv 
where we assumed hiv << kT. Hence, 
ra . 
AS = S, ~ Sp 6nxk In (~) (20) 
The free energy of the imperfect crystal is given as 
V4 S Nt oY 
- ™ arial) er in —_—___ a) 
F = Ep +nE - Onn Lv’) Ly oa | Met) 


- ts. value of n is obtained from this equation by setting (0F/dn); = 0 and using 
Stirling's approximation for solving factorial term, eq. 21 becomes 
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ate Physic _& Cp os =0 
¥i|_okr In, 
OF ) = E - 6xkT In v’ 
on T 
Actes ( ne 
—2kT in 
2 pour (5 | 2 N-" 
and consequently, 
; 3x E 
»(*] oxo -a57 
N 
3x Ec + Ey 
- (2) a “ 
N \v 
or equivalently as 
n Vv r _ AH Sch (22) 
ence ee) EXPL One 
N Vv 


i ill disappear from egs, 
If thermal effect is neglected then the pre-exponential term Y ate —s — I, 2 
12’, 13, 13’, 22 and 22’. They will reduce to simple expressions c gurationa 
entropy term. | _ oe 
From above discussion, we find that the concentration of each point imperfection is different, It 
his, usually both kinds of imperfections 


is because their energies of formation are different. Despite t “ 
are present in all solids, however, there is always a tendency for one type of imperfection to 


predominate. In metals, it appears that the energy favours the formation of vacancies, although 
Frenkel imperfections are also formed. On the basis of this, both experimental (measurements 
of ionic conductivity and density) and theoretical calculations, it has been established that the 
predominant imperfections in alkali halides are Schottky imperfections, whereas in pure silver 
halides the prevalent defects below 700K are Frenkel imperfections. 

As a result of the formation of Schottky imperfections, volume of the crystal increases without 
any change in the mass and therefore, the density of the crystal decreases. On the other hand, 
the production of Frenkel imperfections does not change the volume of the crystal and hence 
the density of the crystal remains unchanged. 


Example: Determine the fraction of atoms in a given solid with the energy equal to or greater 
than 1.5 eV at room temperature (300K) and at 1500K. = 


Solution: Given: E = 1.5 eV, temperatures T, = 300K and fox tena 

Further, we know that the Boltzmann’s constant ide = 

x 107 eV. nstant in terms of electron volts is given as k= 8.614 
Now, in order to find the required fraction of atoms 

only the configuration entropy term, , 


let us use simple form of eq. 12 containing 
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f 
n 
1300K,—=expp-—__!5 ; 
perefore# N Pl 8.614 x 10 x 399 | = XPL-58.045) = 6.185 x 10™ 


2s 15 
si N 8.614 x 10> x 1500 | = CXP(-11.609) = 9.084 x 10* 


is implies that with a five-fold increase in temperature, the fraction of highly energetic atoms 
« increased by about twenty orders of magnitude. 


ample: The energy of formation of a vacancy in copper is leV. Estimate the relative change 


athe density of copper due to vacancy formation at a temperature just below its melting point, 
356K. 


Solution: Using the same equation as above, we find 


E 

n l 

1 = exp{- }=ex Se ee er = a 
N kT | 8.614 x10" x =| exp(-8.56) = 1.914 x 10 
Therefore the number of vacancy per mole is 


n = 6.023 x 10% x 1.914 x 107 = 1.1528 x 107° 


Now the change in the density due to creation of vacancy is 


n+ N = 6.0241528 x 107° 


Therefore the relative change in the density of copper due to vacancy formation is 
n+N _ : 
ie 1.0001914: 1 


Example: The concentration of Schottky defects in an fcc crystal is 1 in 10'° at a temperature of 
300 K. Estimate the average separation between the defects in terms of lattice spacing at 300 K 
and calculate the value of concentration to be expected at 1000 K. 


Solution: Given: n: N= 1: 10"? at 300 K 


Since n __|_ ~ 19-!, therefore, = 6.023 x 10? x 10°" = 104 
N 19" 


-10 
Let the interatomic spacing = | A= mM a 
-30 
=> the volume of the unit cube =. 10° m 
Since we know that in an fcc crystal the number of atoms per unit cell is 4, which occupies a 
volume of 102° m?, Thus in one mole, 10°? atoms will occupy a volume of 
10° « 10°) = 10°77 m 


Since 10" defects are available within the same volume (i.e. within 10°77 m*). Therefore volume 
Per defect will be 


~7 5 
Vea’ = i = 107m, > a= 107m 


For the second part of the problem, let us again start with the given defect Concentration, ie 
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Es) 
= exp] -77 
nV = 19-10 2 exp(-10 x 2.303) = exP(-23.03) of kT 


N 10!° 

=> E, = 23.03 x 8.614 x 10° x 300 = 0.595 eV 
Therefore, the defect concentration at 1000 K is given as 

n E, —_0595___ | = exp(-6.909) = 9.987 * 107 = 103 

Wy = ex(- Ze) = exp ~ $614 x 10> x 10° . 
=> n:N=1:10° fo erated tate 

: ; ; Na* and CI, from NaCl ts ~ 2 eV, 
Example: The energy required to remove a pair of ions, ; ei 
Calculate the approximate number of Schottky imperfections present in the NaCl crystal at room 
temperature. 
Solution: Given: Temperature T = 300K and energy required to remove a pair of ions = 2 eV. 
Therefore, using the expression 
N= POET ) PL 2 x 8.61 x 10° x 300 


= exp (-38.70) = 1.564 x 107” 


or n= 6.023 x 1023 x 1.564 x 10717 = 9.42 x 10° 


Now, since the volume of one mole of the crystal = 26.83 cm, 


_ 9.42 6? 6 3 
Therefore, N= 7693 x 10° = 0.35 x 10° cm 


Example: The density of Schottky defects in a certain sample of sodium chloride is 5 x 10"! m? 
at 300K. If the interionic separation is 2.82A, what is the average energy required to create one 


Schottky defect? 
Solution: Given: Interionic separation = 2.82A = 2.82 x 107!° m, the density of defects, n = 5 x 


10" m-3, T = 300K, Ep = ? 
Since the unit cell of sodium chloride (without defect) contains four ion-pairs, therefore its 


volume will be 
V = (2 x 2.82 x 107!%)3 = 1.794 x 10-28 m3 


Consequently, 1m? of an ideal crystal will contain, 
+ 
1794x102 = 2.23 x 1078 ion-pairs = N 


Now, usi ion i = nm Ep a : : 
Ing the equation N = &XP| ~ apr and substituting various values, we obtain 


RST san CR) 


5 x 10!! 
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6) = V 
= 2x 8,614 x 10° x 300 x In (4.46 x 10) = 1.98 € 
Example’ The average energy required to create a Frenkel defe 
14 eV. Calcu 


: fc stal. 
late the ratio of Frenkel defects at 300K and 600K in Lg © ry 


=) 
solution: Given: Eg = 1.4 eV, T, = 300 K, T, = 600 K, (n390/t600) 
Ey 
Making use of the equation n = (N Ny? exp ar) we obtain 


14 \ 
n ee 
nag = (NN; )!? exo - gine | and neog = (NN, )! cx 1200k 


1.4 \ i » we | 
Ny6h  eyn| ae eee 
Neon aol k }\ 600 ~ 1200 
Simplifying this, we obtain M300. 


3 = 1316 x 10° 
Neon 


2+p2- is 
ct in an ionic crystal, A , 


so that 


5.4 LINE IMPERFECTIONS 


Any deviation from perfectly periodic arrangement of atoms along a line is called the pa 
imperfection. In the geometrical sense, it is a one dimensional imperfection. In this case, 7 
distortion is centered only along a line and therefore the imperfection can be considered as the 
boundary between two regions of a surface which are perfect themselves but are out of register 
with each other. The line imperfection acting as boundary between the slipped and unslipped 
regions, lies in the slip plane and is called a dislocation. Two extreme types of dislocations are 
distinguished as edge dislocation and the screw dislocation. Any particular dislocation is therefore 
a mixture of these two extreme dislocations. Let us discuss the edge and screw dislocations with 
the help of models based on simple cubic lattice. 

Edge Dislocation 


The formation of an edge dislocation can be visualized in two different ways: 


upper and lower parts are disconnected (Fig. 5.5). The 
upper half is now pushed side way such that it 
shifts by an amount b, the slip vector as 
indicated. As a result, the region to the left of 
EF is slipped while the region to the Tight of 
EF remains unslipped. The line EF within the A 
crystal marks the boundary between the slipped 

and unslipped regions and so is the dislocation 
line. The upper half of the block will Clearly be 
under compression while the lower half is under 
tension (Fig. 5.6). The atomic structure of the 
front face after the operation will look like the 
One as shown in Fig. 5.7. If there were n Vertical 


In first case, let us consider a block of crystal which is cut across the area ABEF such that the 


plane ABEF acts as a slip plane. The 


-----7 
---- q 
a at 


. D 
Fig. 5.5 Formation of an ed 


£e dislocati 
Process, EF is the di es 


n by sli 
Slocation line sia 
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tension 


) around the edge dislocation in a simple 


Fig. 5.6 The region of tension (light) and compression (dark 
cubic lattice f h ; 

after the unit sli 
planes before the slip in both the upper and lower halves of the ent cae pa 
n atomic planes above the slip plane try to join (a — 1) atomic pine he pee half * h : 
vertical atomic plane in the upper half of the crystal has no counterpart In ne 
a half plane, and hence 


to terminate on the slip plane. The dislocation lies at the edge of this extr 
the name “edge dislocation”. In this case, the dislocation line 1s normal to the slip vector. 


The strain pattern (Fig. 5.7) suggests immediately an alternative way of forming an edge 
dislocation. Let us consider that the crystal block is cut along the plane EFGH and insert (in 


imagination) an extra half plane of atoms above 
the slip plane or remove an extra half plane 
from below the slip plane. Situations resulting 
from inserting an extra half plane either above 
or below the slip plane may be distinguished 
from one another as positive and negative edge 
dislocation (Fig. 5.8a) and are symbolically __ 
Fig. 5.7 Front face of Fig. 5.5. Showiug the strain 


represented as 1 and T, respectively. 
pattern 


Just like the electrical charges, dislocations 
of the same sign repel, and those of opposite sign attract each other. Two edge dislocations X, Y 


of opposite sign on the same slip plane attract and annihilate one another, leaving a perfect 
crystal with a consequent reduction in the elastic energy of the oa ee ; 
System (Fig. 5.8b). 


Screw Dislocation 
The formation of screw dislocation may be illustrated } 
y the crystal m an et 
odel shown in Fig. 5:9: 


The crystal is cut along ABEF as shown in Fig. 5.9a, The right half j ‘th 

respect to the left half by one atomic spacing. The result is iocar iS then pushed down wil 

equal to the slip vector, b, is created on the surface of the crystal: idee fe Ue ii 
ov G0es not extend throughot 


i a 
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(a) 


(b) 


: d annihilate one 
g Two edge dislocations of opposite sign on the same slip plane (a) attract an 
another (b) leaving a perfect crystal 


a 
B B 


(a) 


Fig 5. 


(b) 
Fig. 5.9 The formation of screw dislocation 


the surface but is limited from the point F to the edge of the crystal. The line EF is the boundary 
between the slipped and unslipped regions of the crystal and hence is the dislocation iine. Fig. 
5.10 illustrates the formation of screw dislocation with the help of a simple cubic model. In 
this case, the dislocation line is parallel to the 

slip vector. Like edge dislocation, the screw 
dislocation may be either right handed or left 
handed; they are symbolically represented as& 
or ¢ depending on whether the slip vector is 
parallel or antiparallel to the dislocation line. 


Example: A strip of iron of dimensions 1 x 2 
X 15 cm is bent into a radius of curvature of 
12 cm. What is the dislocation density if (111] 


edge dislocations line up with their Burgers 
vector along the strip? 


Solution: Given: The length of the Strip L= 15 
cm = 0.15 m, the thickness t= 2 cm = 0.02 m 
and the radins of curvature r= 12 cm = 0.12 
M. .tso, for iron a = 2.81A. 


Fig.5.10 The illustration of screw dislo 


: cation usi 
ae a simple cubic model “e 
‘ Ce iron has bee structure, therefore the 
UIgeTs vector 


» - 3a_Bx2281 


nt 7 = 243A =2.43x 107 m 
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; ‘as i ositive edge ais ocations, 
Now referring to Fig. 5.11, let us suppose that the whole strip contains 1 P 
then we must have 
nb= ial 
F 
Since the density of the dislocation is simply 
given by the number of dislocation line piercing 
through a unit area of the plane of the paper, 
we obtain 
n | ] 
p =e or = Per, Ries 2) 0) 
tf rb 0.12x2.43x10 


= 3.42 x 10! m7? 


Fig. 5.11 Edge dislocations on a curved surface 
Example: An aluminium crystal is bent into 
a radius of curvature of 5 cm. What is the 


oe ‘ ; Sos ; = ? 
minimum dislocation density in the material (Burgers vector = 3A)? 


Solution: Given: b = 3A =3 x 107! m and r=5 cm =0.05 m. Therefore, similar to the above, 
we obtain 


n { ] 


pail eet, ines _ ign I) ay 
Lt rb 0.05x3x107!° 


5.5 BURGERS VECTOR AND BURGERS CIRCUIT 


One property of a dislocation is its Burgers vector b, which describes both magnitude as well as 
direction of slip. The Burgers vector is usually defined from a Burgers circuit as shown in Fig. 
5.12. A Burgers circuit is a sequence of lattice vectors, from one lattice point to the next such 
that it forms loop. This circuit around the dislocation fails to close the loop by the Burgers vector, 
whereas a similar circuit in a perfect lattice would complete the loop. The Burgers vector of a 
pure edge dislocation is normal to the dislocation line, that of pure screw dislocation is parallel to 
the dislocation line, and that of mixed dislocation makes an angle (lies between 0 and 90°) with 
the dislocation line. The Burgers vector of a dislocation is always the same and independent of 
position of the dislocation. The modulus of the Burgers vector is called dislocation strength. 


Burgers 

- Burgers circuit 
Finish vector b 

Burgers Burgers 

circuit vector b 


fee (b) 
Fig. 5.12 Burgers vectors and Burgers circuits of: (a) An edge dislocation; (b) Screw dislocation 
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j Ons are forced t the slip plane. 
t r hand, the Burgers : o move on the slip p 
e othe &ers vector and dislocation line of a pure screw dislocation, are 
dislocation is thus free to move on any of 
siderable activation energy, Both these processes take place without 
c0 


Burgers vecto i : ae 
ample: The Burg T of a mixed dislocation is 1/2 [110]. The dislocation line lies along 


irection. Find the slip pl : aialie 
, [112] direction P plane on which this d ion li 
i edge components of the Burgers vector. islocation lies. Also, find the screw and 


Solution: From abovgelscussioty we know that the Burgers vector of an edge or mixed dislocation 
and the dislocation line define the slip plane. 


This implies that they must lie within the slip 
plane. Now, referring to Fig. 5.13, we find that 
ihe required plane containing the Burgers vector 
and the dislocation line is (110). 

Also referring to Fig. 5.35a and keeping in 
yew the fact that in edge dislocation the Burgers 
yector is perpendicular to the dislocation line 
and in screw dislocation it is parallel, we can 
write the reaction. 


z (112) 


ba / 


N 


Devil i 
710] 25 [112] + r [222] 


= 4 (112) + ZT] (110) 
Fig. 5.13 Showing dislocation line and slip plane 
Thus, the first and second term on the right 
side of the reaction respectively represent the screw and edge component of the Burgers vector. 


56 PRESENCE OF DISLOCATION 


The presence of dislocation in a real crystal can be well appreciated if we consider the deformation 
process in a perfect crystal under the influence of an external stress and the same is compared 
with the experimentally measured value in areal crystal. Deformation is of two types; Permanent 
or Temporary. If the deformation stays even after the removal of the applied stress, then it is 
called “permanent” or “plastic deformation”. On the other hand, if the deformation disappears 
after the removal of the stress then it is called “elastic deformation”. The observed stress-strain 
relationship is qualitatively represented in Fig. 5.14. It is to be noted that plastic deformation is 
inhomogeneous in the sense that relatively a small number of atoms (i.e. only those atoms which 
form layers on either side of a slip plane) actually take part in the slip process. Elastic deformation, 
On the other hand, affects all atoms in a crystal. Here we shall study the nature of the plastic 
deformation due to slip only and consequently obtain an expression for the critical resolved 
Shear stress (CRSS) for such deformation to start. 
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Tensile 
stress 
oO 


6, --+-——- 


Elastic 


Oo Tensile strain € 


° : 
Fig. 5.14 Elastic and plastic deformations 
der the microscope shows lines 


Careful examinations of the surface of a deformed crystal un tal (Fig. 5.15). These are called 


in the form of parallel ellipses running around the elongated crys 
slip lines. They indicate that the atomic planes 

within the crystal have sheared with respect to Stress 0 
one another along the slip plane resulting in 
surface steps. It is generally found that the slip 
planes are the close packed planes and the 
direction along which the slip occurs are close 
packed directions. 

Now, making use of simplified model 
suggested by Frenkel, let us estimate the stress 
required to cause slip in a perfect crystal. For 
the purpose, consider two neighbouring atomic 
planes separated by a distance d, and a is the 
separation between two atoms in the same plane 
(Fig. 5.16). Further, suppose that a stress T is Fig.5.15 Formation of slip lines under tensile stress 
applied on the upper plane of atoms (called 
slip plane), so that it is displaced with respect to the lower plane of atoms by an amount x relative 
to its original position. For small elastic strains, the stress Tis related to the displacement x by 
the following equation 


TREES mw 


a 


Fig. 5.16 Representation of shear displacement 


_ Hix 
aT (23) 


where j is the shear modulus. But for large displacement, such as when the atoms progress by 
an interatomic distance a, we need another representation. We know that atoms in crystals are 


distributed in Periodic Crystal Imperfections 167 
ae ee si "sequent! , aS a nee there exists a periodic potential (refer Chapter 11) 
i slilaiadealeneanis *@pProximation we can represent the stress-displacement 


Ts Ksin( 222) (24) 
where K is a constant an a 2 


d the esti . 
i : Imation of j : 
for small displacements (i.e. x <c a) meen se that eq. 24 must reduce to eq. 23 
ch conditions 


so that, 


_ Ha 
a (25) 


= a ain (=) 
asa | (26) 


The critical shear s 
Seva ace aie necessary for Causing plastic deformation ina perfect crystal corresponds 
mplitude of the sinusoidal wave (ie. maximum value of 1). Therefore, 


t= 
Shag (27) 


Since this is rather a crude approach anyway, and no significant error will be introduced if we 
further assume that a = d in eq. 27 to give 


eh 
Te OF (28) 


As an example, for aluminium we may take 1 

=3x10!°Nm* so that the calculated value for e t 
t, is ~ 5 x 10° Nm~. Now, in order to compare —_ perpendicular | 
this value with the experimental one, it is to slip plane 
necessary to resolve our tensile measurements 
into the appropriate shear component (Fig. 5.17). 
The stress at which slip starts in a crystal depends 
on the relative orientation of the stress axis 
with respect to the slip plane and the slip 
direction. Consider a single crystal of cross- 
sectional area A under a tensile stress o (= F/ 
A), where F is the tensile force. Let ¢ be the 


angle between the slip plane normal and the : 
the angle between the 


e tensile axis. The 
d force, acting along 


Slip 
direction 


tensile axis, and A be 
slip direction and th 


component of the applic Fig. 5.17 Resolution of tensile stress 
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e shear stress resolved 


—_— ; a oh 
the slip direction is F cos A, and the area of the slip plane Alcos 
along the slip direction is then 


29 
T= Fico A ={£}cosp cos A= a cos 9c0s + (29) 
Alcos@ \AjJ a 
: ; itical resolved shear 
This resolved shear stress when reaches a critical value, 1S called the crit! 
Stress (CRSS) for plastic deformation to start. This is given by sas 


tT. = 6, cos gcos A ; 

~ 10’ Nm. This gives us 
For aluminium, from typical measured value of o, we find that T Folt calculated value of 
a difference of about three order of magnitude between the measured a redicted by a model 
T. In other words, a real crystal deforms at a much lower stress than ~ saute oe presene 
which is based on perfect crystal. This discrepancy can be explained on 


of dislocations in real crystals. 
resolved force of 130 N in 


Example: What force does it take in the [110] direction to have a 
the [100] direction of a cubic crystal? 


Solution: Given: Fj199, = 130 N. Referring Fig. 5.18_and 
finding the angle between the directions [100] and [110] as 


making use of the dot product for 
discussed in section 1.9, we have 


Fiio0) + 
= cos of angle between [110] and [100] 


{1 10] 
= 1-0+0 ] 
= 110] Z [100] = >= == 
cos[1 10] Z[ | neal 7) 


Therefore, Fz, =130x V2 =184N. 


Example: A force of 660 N is applied along [111] direction of a cubic crystal. What is the 
resolved force in the [110] direction? 


Solution: Given: F}11;) = 660 N. ae 
Referring Fig. 5.19 and making use of the dot product for finding the angle between the directions 


[110] and [111] as discussed above, we have _ 


Za 


y y 
; {110] 
Fig. 5.18 Showing [100]] and [110] direction ina — Fig. 5.19 Showing [110] and [111] directions in a 
cubic crystal 


cubic crystal 


cos(110) 2 tiy=1+i+0 
V2 x J 


or 


Example: The critical shear Stres 

| M Pa. (a) What stress must be ann); 
aes Pplied 

[001] direction to produce slip = Pi es 

direction on the (11 1) plane? (b) In the (110) 

direction on the (111) plane? 


Solution: Given: 
<110>(111}. 


(a) Now refer Fig. 5.20, for various directions 
and the plane (111). 


Using the dot product method, the angles 
between them can be found as: 


T = IMPa for the Slip system 


cos @ = cos [001] Z (111) = —L = 9577 
yy =O 


Therefore, 


= T 


>| 


{101] 


y {110] 


Fig.$.21 Showing [101], [110] and [010] directions 
and (010) plan in a cuble crystal 


eae 
= Cos (110) 2 (1114 = ey 


S T for the <T1Qs 


~ Cos@cosA 0.577 x 0.707 


Crystal Imperfections 169 


2 
—= = 0.816 
V3 


Fitio) = 660 x 0.816 = 639 N 


{111] slip system of copper is found to be 


@ (101) 


y {110) 


Fig. 5.20 Showing [001], (101) and [111] directions 
and a 11) plane in a cubic crystal 


cos A = cos [001] Z [101] = a = 0.707 


LMPa __ 2.45 MPa 


(b) In a similar way the angle between [001] 
and [110] is found to be 90°. Therefore, cos A 
= 0, and 0 =~, This implies that slip cannot 
occur in [110] direction when the stress is applied 
along [001] direction, 


Example: An axial stress of 123 MPa is applied 
in the [110] direction of bee iron, What is the 
resolved shear stress in the [101] direction on 
the (010) plane? 


Solution: Given: 6 = 123 M Pa along (110) in 
a bee iron crystal. 

Refer Fig. 5.21 for various directions and 
the plane (010). Again, using the dot product, 
the angles between them can be found as: 


170 Solid State Physics 


] 
Asecs(li0jZ lOul=5-2 


2) 


| 
cos @=cos[010] Z [1 ao and cos 


Therefore, 


= 43.5 MPa 
T= o0cos ¢cos A= 123 x 0.707 x 052 43.5 M necfisrtnd GN 
2 1 wi 
Example: An aluminium crystal slips on the (111) plane and in the [110] direc a 
Stress that was applied in the [111] direction. 
What is the critical resolved shear stress? 
Solution: Given: Slip plane (111), slip direction 
[110] and the applied stress o = 3.5 MPa along 
[111] direction. Further, we know that in a cubic 
System the normal to the slip plane (111) is 
[111]. Also referring Fig. 5.22, we have 


cos @=cos{l11] Z [1 11]= 


l \ 
3x3 3 


and cos A=cos{110] Z [111] a 
ee rr Fig.5.22 Showing [110], [111] and (111] directions 
V2xJ3 V3 


and (111) plane in a cubic crystal 


Thus using eq. 30, the critical resolved shear 
Stress is found to be 


] 
% = 6, cos Gcos A = 3:5 5X 0.816 = 0.95 MPa 


Example: A zinc crystal (hep) is oriented with normal to the basal plane making an angle of 
60° with the tensile axis and the three slip directions x1, x), and x3, lying on its plane making 
angles of 38°, 45° and 84° respectively with the tensile axis. If the plastic deformation is first 


observed at a stress of 2.3 MNm~’, find which of the three slip directions has initiated slip and 
at what value of the resolved shear stress? 


Solution: Given: o = 23 MNm”, (refer Fig. 5.17) @ = 60° and A, = 38°, A, = 45°, A, = 84°. 
Therefore, using eq. 29, we have 


T, = ocos ¢ cos A= 2.3 x cos 60 x cos 38 = 0.906 MNm~ 
T = ocos ¢cos A = 2.3 x cos 60 X cos 45 = 0.813 MNm~ 
T; = Ocos cos A= 2.3 x cos 60 X cos 84 = 0.120 MN 


Since T, > T > 7, therefore slip will occur along the slip direction Xx, at T = 0.906 MNm™. 


Example: An fcc crystal has a CRSS of 0.7 MNm~. What tensile stress must be applied along 
the [100] direction of the crystal to initiate plastic deformation? 


29 84s . ° aa oe : Z 
Solution: Given: T, = 0.7 MNm ; direction of stress to be applied is [100]. Further, we know 
that for a cubic system the slip plane ts (111) and the stip plane normal is [111]. 
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Now, let [110] be the directig 


n fe ‘ , : 
dot product and also referring Fj 8, oy ra som deformation to start. Thus, making use of the 
cos # = cos [100] Z [1147 = 
3B 
and cos A = cos [100] Z [170] = 
! V2 
Therefore, 
oO. = Us 
° cos dX cosa = 0.7 x V3 x 2 
= 1.7 MNm~? 
Fig. 5.23 Showing [100], [1 10] and [111] directions 
5.7 DISLOCATION MOTION and (111) plane in a cubic crystal 


Let us consider the simplest possible case of dislocation motion, i.e. an edge dislocation moving 
to the right under the influence of shear stress T (Fig. 5.24). The shear stress will have to do some 
work in pulling atom 1, just on the right to the 
dislocation center further away from its’ 
neighbour atom 2. The atom 3, however, 
simultaneously moves closer to its equilibrium 
distance from its neighbour atom 4, and releascs 
almost the same amount of energy as has been 
spent in moving the atom 1. . 

As the nature of interatomic forces near the 
dislocation line is some-what different from 
the rest of the crystal, the atoms near and within 
the dislocation line almost completes the slip 
process when the next nearest neighbours are 
beginning to slip. Atoms away on either side of 
Fig. 5.24 Atomic arrangements in the vicinity of the dislocation line are not affected by the 

an edge dislocation as it moves under presence or motion of dislocation. To a first 

ares approximation, the increase in the attractive 
forces for the atoms on the left just equals the increase in the repulsive forces for the atom on 
the right, so that the forces on the dislocation line are balanced, and hence the dislocation should 
start moving under the influence of smallest shear stress. —_ 

Suppose a uniform shear shress T is applied to the crystal along the direction of the Burgers 
vector b. Mott and Nabarro have shown that this leads to a force on the dislocation line such that 
the slipped area tends to grow. In order to find the amount of force acting on the dislocation as 
a result of applied stress 7, let us consider an element ds of the dislocation line which has slipped 
outwardly by an amount dl along a direction perpendicular to ds. The area swept out by this line 
element is then ds x dl. This corresponds to an average displacement of the upper part of the 
crystal relative to the lower part by an amount (ds x dl x b)/A, where A is the area of the slip 
plane. Thus the work done by the shear stress 1s equal to the total shear force (tA) times the 


} 
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average shear displacement, i.e. 


TAK =" 


. «oo be F- dss then the force Per un: 
Let the normal force on the element ds of the dislocation line Unit 


length on the dislocation due to the stress 7 is 
F=tTt b (31) 


- location line. If the force is 1 
This force lies in the slip plane and is perpendicular to the dislo 


‘ lipped area will grow an 
enough to make the dislocation to move in fe a? by 5 eat b in the slip ae e 
upper half of the crystal will displace over the lower on moves parallel to its Burger, 


: jslocati 
thus creates a step (Fig. 5.25). Notice that the = a to its Burgers vector. 
vector while the screw dislocation moves perpendicu 


Direction 
of motion 
>) 
(b) 
Fig. 5.25 Creation of a step by slip process by (a) An edge dislocation as it moves under stress (b) a screw 
dislocation 


Now let us visualize the motion of dislocation in the presence of some other imperfections 
and impurities. Suppose that in gliding along its slip plane an edge dislocation meets obstacle: 
in the form of a pair of precipitate particles at B and C as shown in the Fig. 5.26. As compare 
to the matrix material, these are not easily sheared. The applied stress t gives a normal force, tb 


tbl 


B Precipitate 
——— O C O particle 
|: sin 6 ee 

T 


tbl = 2T sin 0 
Fig. 5.26 Dislocation line tension when the dislocation encounters the obstacles B and C 
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n the dislocation line, bowing it out b 


grallel component of the dislocation “tween the points B and C. This force is balanced by the 


p line tension T, so that 
tbl = 2T sin 6 (32) 
is the dist 
where I is the distance between B and C The line tension, T is a vector and is given by the 
expression : 
T = Gb’ (33) 
where G is the elastic shear modulus. From equations 32 and 33, we have 
es a“ sin 0 (34) 


This tells us that the maximum stress re 


il quired to cause maximum bowing in the line segment is 
when it become semi-circular, i.e. at @ 


= 90°, the stress assumes its maximum value: 


tee = 20? (35) 


max ] 


According to eq. 34, a dislocation which does not meet any obstacle (i.e. @ = 0) should be 
capable of moving at a vanishingly small stress: a higher stress is required for smaller / when it 
does not meet any obstacle. Let us understand this further in a qualitative way by considering 
two edge dislocations as shown in Fig. 5.27. The dislocation in Fig, 2.27a is said to be stiff, i.e. 
no relaxing displacements have taken place in the adjacent planes around dislocation region. The 
bond lengths in this region are normal except below the incomplete plane, where they are 
virtually broken. On the other hand, the dislocation in Fig. 5.27b is said to be relaxed, i.e. 
relaxing displacements have taken place in the adjacent planes around dislocation region. In this 
case, the strains are distributed more evenly among the bonds to give rise to compression above 
and tension below the slip plane as shwon in Fig. 5.30. 


(b) 
(a) 
Fig. 5.27 An unrelaxed and a relaxed dislocation 


The motion of a dislocation depends on its width. The width of a dislocation is defined as a 
measure of the distance on either side of the dislocation, upto which the stress-relaxing displacements 
are appreciable. Therefore, a dislocation is said to be wide if the displacements are distributed 
Over an appreciable distance on either side from the core of dislocation. Accordingly, Fig. 5.27b 
is treated as having a wide dislocation. When such a dislocation moves, reallignment of a 
number of bonds takes place in the dislocation region, however, the change in any one bond 
length is very small. Contrary to this, Fig. 5.27a is treated as having a narrow dislocation, where 
the bonds are normal (except below the slip plane) and atoms remain undisplaced. In order to . 
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: : Ine will have to be , 
Move this type of dislocation, the rows of atoms below the ae are more difficult ae ae 
through full interatomic distance. Therefore the narrow dislocath BS ea oiniien oe 
than the wide dislocations. Peierls and Nabarro calculated the stress " on 


j a ee f its width w and is oi, 
4 Crystal (in the absence of imperfections and impurities) in terms © Blven 
y 


—2mw 
Tpn = rex b ) (36) 


where 1 is the shear modulus of the crystal and b the magnitude of the yee VECtOr Of the 
dislocation. Strong dependence of tpy on width w is illustrated in Table 5.2. 1 5 accurate 
calculation of Tpn, & very precise measurement of the dislocation width 1s require ince such 
measurements are inherently difficult, therefore our discussion has been only qualitative, 


Table 5.2 Dependence of Tpy on width w 
ee a ee gin nni icity Me nL Semen en ne me ee 
Width 0 : 5b 10b 
p/400 ywio' wo? 
a |) eee ce, eo ae 


Dislocation motion can be assisted by thermal energy. The rate of plastic deformation, i.e. the 
Strain rate € is proportional to Boltzmann probability factor: 


E oc exp - £) (37) 


where Q is the activation energy for dislocation motion. The strain rate during plastic deformation 
can also be expressed in terms of the velocity of dislocation vg as 


E= pbug (38) 
where p is the density of mobile dislocations and b is their Burgers vector. Equation 37 indicates 
that thermal energy alone could move a dislocation from its initial position. However, such 
motions would be random, where a dislocation line will have equal probability of moving to the 
next minimum energy position on either side of the line. This kind of motion does not result in 
plastic deformation. Actually, a certain amount (threshold) stress is necessary to move the 
dislocation in a specified direction. Besides, the applied stress can lower the activation energy 
Q. Since eq. 36 does not have a kT term, therefore let us suppose that Tpy is the stress in the 
absence of thermal energy (i.e. at OK). Thus, at absolute zero Tpn is equal tO Tapp, which is 
necessary to move a dislocation, as no assistance from thermal energy is available. At higher 
temperatures, the required external stress (T,,) is lower than tpy. These two stress terms multiplied 


by a volume term called the activation volume V is related to O as: 
Q = (tpn — Tapp)V Q9 
From eqs. 37 and 39, we have 


Eo oxp{ man”) 


(4 
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gquation 40 ra a for a Constant Strain rate the term within the exponential igeatsias 
fpr: a8 ENED i i x 'S Constant for a Particular crystal If the activation volume V is taken to 
be gonstailt then it ollows that, with increasing tem raitire less and less external stress is 
sequited to cause plastic deformation at an increasing strain rate at constant temperature, the 


external stress Should be increased Equation 40 can be written as 


Iné = — {PN ~ Tp V 


kT +A°=A + Bray G1) 


where A, A’ and B are Constant at Constant temperature 

i n . . - j i 
edearauke A analogous to a Wormlike motion. A worm moves forward by displacing 
its seg T the other rather thana simultaneous displacement of all the segments. In 


imilar way, dislocatj : ; } fae : 
a simula y 10N Moves in q sequential fashion, occupying successive positions during 
its motion. © 


When an edge dislocation Moves 
called climb. Such a motion must be 
or interstitials, depending upon the s 
equilibrium concentration of vacan 
climb is temperature sensitive. Cli 


change of slip plane by moving as 
5.28b. 


in a direction perpendicular to its slip plane, the process is 
accompanied by the generation or annihilation of vacancies 
€nse (positive or negative) of dislocation motion. Since the 
cies (interstitials) depends on temperature, the dislocation 
mb of an edge dislocation is illustrated in Fig. 5.28a. The 
crew disiocation is called cross slip and is illustrated in Fig. 


| Climb 


a 


Vacancy 


(a) 


. aN 


(b) 
Fig. 5.28 (a) Climb of an edge dislocation (b) cross-slip of a screw dislocation 


Example: Estimate the width of the dislocation in co 


Pper. The shear Stress to initiate ic 
ae : plastic 
deformation is j/10°. 


176 Solid State Physics 3 61 A. Since copper is an fcc crystal 
; tera=~" 

Solution: Given t= 11/10°, For Cu the lattice oh 
therefore the Burgers vector b = a/v2 = 


Now using eq. 36, we have 
_2nw 


po? =# exo 555 
o> = exp (-2.46W) 

; = 4,68 A. 
Taking In both sides and solving we find w = 4.6 


a=3A),a positive ede 
eated? 


l 


or 


e dislocation 1 mm long climbs down 


Example: Ina simple cubic crystal ( 


by 1 ym. How many vacancies are lost or cr 


on ih cation climb 1 ym = 10% 


' distance of dislo 
Solution: Given: Dislocation length = 1 mm 
anda=3A=3x 10m. gt Se" whe 
Consider a case opposite to that shown 1n Be ee ig 
vacancy will be created. Thus the affecte n ; 
10-3 m x 10° m= 10-°m 

number of atoms per unit cell in a simple 
eated within the affected area is 


n the dislocation climbs down 


d area 1 


: ‘ =90: 2 
Since the area of the unit cell is 9 x 10-7" m* and the 
cubic crystal is 1. Therefore the number of vacancies Cr 


1x 107 241% 10" 

9x 10° 
Example: A cube of copper of 10 mm x 10 mm x 10 mm is sheared at a rate of 10 mm per min. 
Estimate in order of magnitude the minimum number of dislocations in motion in this cube ata 
given instant. Assume a dislocation velocity of 1 kms"), 


Solution: Given: € = 10 mm per min. = 0.166 mms", Veg= 1x 10° mms. Also volume of the 
crystal V= 10° mm’, 

Since copper is an fcc crystal, therefore the Burgers vector b = a//2 = 2.55 A. Now using €q. 
38, the density is 
0166 
2.55 x 10% x 106 
Therefore the number of dislocations in motion in the whole cube is 


p= = 0.065/mm? 
Px V= 0.065 x 10° = 65 = 10 (order of magnitude) 
5.8 ENERGY OFA DISLOCATION 


Dislocations are hermodynamicall 
ae - y unstab] 


t 
crystal. It is usually impossible to elimi 
to assume certain metastable configuration 


e. Their presence always increase the free ene?) of 
nate them completely and those which remain ee 
In order to calculate the energy of a dis] a 
with a screw dislocation of Burgers ite, ek 
annular section of radius r and thickness i ( 


» let us consider a cylindrical crystal of leng!” 


along its axis. Th in Yi 
: . The ela train yin a 
Fig. 5.2 9) ig stic shear s yf 
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lad 


ig. 5.29 i 
Fig. 5.29 Geometrical model for the calculation of shear strain around a screw dislocation 
= 42 
2nr ~ 
where b=lbdl. 
The elastic energy per unit volume dE/dV, of this annular region is 
dE, | 2 
W"7 == 2. G 5b 43 
dv =A tV= 5 Gy - >} (43) 
where G is the elastic shear modulus. The volume of the annular ring is 
dV = 2nrldr (44) 
and thus the elastic energy per unit length of the shell is 
IGb* dr 
lr 4 
d= = a (45) 


The strain energy due to the presence of this dislocation may be computed by integrating both 
sides of the eq. 45 within the limit rp to'R. We therefore, have 


R 1p2 2 
IGb* dr _ IGb R 
= I. 4n or 40 in = ree oe) 


If we choose the limits rp = 0 or R = ~, in each case the integral becomes infinite, which is 

clearly unrealistic. The difficulty in choosing ro = 0 is that the Hooke’s law is not valid for the 

high strain at the dislocation core. The value of R = is also unrealistic because at large values 

of r the strain field of one dislocation is cancelled by those of other dislocations. It has been 

shown that if ro is taken as b, the real strain energy inside the core, Ep, is only a small fraction 

of the total energy and can be neglected. Since the energy is relatively insensitive to R/r, the ratio 
R aos 

usually adopted is In (=) = 47. Under the above approximations, the energy of a screw 
0 

dislocation is given as 


E = IGb? (47) 
Similarly, the energy of an edge dislocation is given approximately as 
1 [Gb YR) ae IGb? 
7 Pwr an 4 to a a (48) 


178 Solid State Physics 


where vis Poisson’s ratio. If ” e dislocation is 3/2 times that of screy, 


di ; ; : 
a onic Same length. Since the energy of a dislocation re, Ge nal 
Most stable dislocations are those which have minimum Ose in 
close packed directions). Equations 47 and 48 also show that the energy of a dislocation, is 
Proportional to its length, i.e. ine tension just as surface enerpy 
1S Equivalent to Surface tensi ll have a line tension T, a Vect, 


= 1/3, the energy of an edg 


the line energy is equivalent to 1 


acti on. Thus a curved dislocation wi ict 
Cting along the line so that 
0E 2 
ae ana (49 
a ) 


Fig. 5.30 illustrates the geometry of the stress field around edge and screw dislocations. 


Compression 


(a) i — b) 
Fig. 5.30 Geometry of stress and strain fields surrounding (a) an edge dislocation (b) a screw dislocation 


Example: An aluminium crystal has a dislocation density of 10'° m-*. The shear modulus of 


aluminium is 25.94 GNm”. Calculate the elastic energy of line imperfections stored in the 
crystal. 


Solution: Given: p = 10!° m~, = 25.94 GN m™. For Al, a = 4.05A = 4.05 x 107!° m. Since A 
is an fcc crystal, the Burgers vector 


b = —% = 2.86 A = 2.86 x 10-10 
2 - 


Now, the elastic energy per unit length of the dislocation is 


b? _ 25.94 x 10° x (2.86)? x 10-2 
E = = one eee = 10.63 x 10-° Jm7 


Therefore, the elastic energy stored in the crystal is 


Ex p = 10.63 x 10" x 10° Jm? = 10.63 Im3 


5.9 SLIP PLANES AND SLIP DIRECTIONS 


Plastic deformation due to slip in areal crystal occurs as a result of dislocation motion. Theref 
those dislocations which require the lowest energy or stress will move most readily. Furthet 
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the energy Of a dislocation ; 
shortest Burgers ie ox eth eage to the square of the Burgers vector, dislocations of he 
stress. The slip planes within , a along the close packed directions, will require the least 
which are also most widely se enone Occurs are usually the most densely packed planes, 
slip direction and the plane ig (as discussed earlier in Sec. 1.11). The combination of a 
of (111) and [1 10] fornis a <li aining it, is defined as a slip system. For example, the combination 
lie on the (111) plane. The ne System but not (111) and [110], as the direction [110] does no} 
crystals are listed in Table 5.3 *rved slip system in some fcc, bcc and hcp metals and fcc ionic 
“9. The first listed plane in each case is the most commonly observed 


Table 5.3 Observed slip systems in Crystals 


Structure A 
Slip plane Slip direction No. of slip Pictorial view 
systems of slip system 
FCC Cu, Al, Ni, 
INT 
Pb, Au, Ag, Ye, .... (111) <iT0> 4x3=12 pas 
= 


BSS ales Wee MO ypBtass {110} <Tll> 6x2=12 
aFe, Mo, W, Na {211} <1ll> 12x1=12 
aFe, K {321} <1ll> 24x1=24 
HCP Cd, Zn, Mg, Ti, Be... (0001) < 1120> 1x3=3 


Ti {1010} < 1120> 3x1=3 
Ti. Mg {1011} < 1120 > eeia~ 
{110} <110> 6x16 


NaCl, AgCl 
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the four planes of the family (111) 


f 
ere each o amatically shown in Fig 


one. All members of an fcc metal slip system wh dia 
has three slip directions < 110 > which are listed below and are gt 


5.31. 


Fig. 5.31 The 12 slip systems for fcc metals 


[110] (111), [110] (111), [110] (111), [110] (111) 
[101} (111), [101] (111), [10T] GT), [101] (11D) 
[011](111), [011] (111), [011] (171), [011] (111) 


In fcc metals, the predominating slip plane is the close packed plane (111), however, other planes 
may become active at elevated temperatures. In bec and tetragonal metals, slip can occur on 
several planes, most of which are among those most densely packed and most widely spaced. 
Many metals change their slip planes when deformed at usually high or low temperatures. 
Although the slip planes that are active may vary with conditions, depending on which ones 
happen to have the lowest resistence to slip, the slip directions are not so fickle. Among the 
equivalent planes of given indices {Ak/}, and the equivalent directions <uvw>, the ones that 
become active under a given applied stress are the one or two subjected to the highest resolved 
shear stress. 

The ratio of the lattice parameters (the axial ratios) also plays an important role in determining 
whether some other slip systems are possible or not. For an ideal packing of spheres in hep 
configuration, the c/a ratio is 1.632, However, this ratio is not found in an he ae In Zn and 
Cd, c/a is considerably higher than the ideal: Zn (1.856) and Cd (1 886) i. 4 h etals, cla 
is lower than the ideal: Mg (1.624), Ti (1.587), Be (1.568), Zr (1.59) = ‘a ght tei ead 
Co (1.624). When the c/a ratio is low, the (0001) plane loses the sities b - the plane 
of highest atomic density. Thus Ti can show additional slip planes, and in M ‘ i 101 I “ee 
are reported to contribute to deformation above 210°C, However, in all owt aap aes 


remain < 1120 >. 


Example: Find all the slip systems that have the following slip planes: cia Sal 
and (b) (110) in a bec crystal. (a) (171) in an fee crys 
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solution: We know that the combination of a slip direction and the plane containing it is defined 
zs the slip system. Thus referring to Fig. 5.32 the plane (111) contains the directions [011], 


01], [1 10] and their counter parts, Therefore, the required slip system are [01 1] (111), [101], 
111), fil 0), (11 » etc. Similarly slip System corresponding to the plane (110) are [111] (110), 
(dd (110) etc. (Fig. 5.33), 


(il!) , [111] 


[101] 
[O11] 


\ 


il 


| 
| 


' 


\ 
A 


[11] (111) 


Fig. 5.33 Slip systems corresponding to the plane 


Fig. 5.32 Slip systems corresponding to the plane 
(110) in a bee crystal 


(111) in an fcc crystal 


5.10 PERFECT AND IMPERFECT DISLOCATIONS 


In general, the Burgers vectors of dislocations are associated with lattice translations, When the 
Burgers vector of a dislocation is an integral multiple of the lattice translation, the dislocation is 
called full or perfect dislocation. On the other hand, when the Burgers vector of the dislocation 
is a fraction of the lattice translation, the dislocation is called partial or imperfect dislocation. 
Formation of a perfect and an imperfect dislocations are shown in Fig. 5.34 for a simple cubic 


lattice, 


QOOQOO00 OAO0OQ 
QGOO00 VVBO0Y 
OOOO _99G%9 
"OOOOOD. OO6 
QOOOVO OOO 


(b) 


(a) 
Fig, 5.34 (a) Crystal is cut and displaced along AB to form either, (b) Perfect dislocation, or (c) An 
’ we a 


imperfect dislocation 
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5.11 DISLOCATION REACTION 


I i i he 1 
Various kinds of reactions can take place among ¢ sible Burgers vectors in a crystal 
However, since there exists only a finite number of pos e 


: : ' imited. 
number of directions of dislocation lines are therefore i eee ™ 
Two parallel dislocations of Burgers vectors and 5» iy 


plane, or on two intersecting slip planes, can react to form a third dislocation of Burgers vecto, 
b3 and is given by the following equation 

b, + b,= b; . (50) 
so possible. For example, such a reaction 


dislocations, producing new dislocations 


Reaction among larger number of dislocations are al 
may be described by the equation 


by + by = b3 + bg (51) 


In this case, the dislocations described by the vectors on the left hand side of the equation have 
energies different from the vectors on the right hand side. 

A certain amount of energy is always liberated as a result of the reaction between dislocations, 
Let Q be the quantity proportional to the energy liberated, and taking into account the fact that 
the energy of a dislocation is proportional to the Burgers vector, we may write 


b? +b} =(b, +b,)? +O (52) 
where 0) = —2b,b2 (53) 


Equation 53 can be accepted as a criterion for the stability of a dislocation. Two dislocations 
attract mutually if their Burgers vectors form an obtuse angle, or repel if the vectors form an 
acute angle. Equilibrium results, if the Burgers vector of both dislocations are perpendicular to 
each other. 

Frank introduced the following criterion for the stability: that two parallel dislocations of 


Burgers vectors b; and b, may combine to form a third dislocation of Burgers vector b; only if 
the following relation is satisfied 


b? +b? > b} (54) 


Similarly, a dislocation of Burgers vector b, may dissociate into two parallel dislocations of Bur- 
gers vectors b, and b3, if 


by > bs + b? (55) 


It is easy to visualize that both the crystallographic direction and the magnitude of a Burgers 
vector are related to the distance between atomic sites. In Miller index notation na[hk!] having 
components nah, nak, nal along the three axes is used to describe a Burgers vector whose 
direction is [hk/] and the magnitude is na(h* + k? 4 [2y!2, Therefore, 


b? = n2q2 (h? + k2 4 I?) (56) 


where a is the length of the cell edge and n is a number. In fec crystals, slip occurs along <110> 
close packed directions and mostly on {111} close packed slip planes. A perfect or a unit 
dislocation in this case having a Burgers vector such as (a/2) [110], of magnitude alv2, 
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4 nearby face 
to cube centr 
with its magnitude equal to aV3/2 
direction having a Burgers ve 
in the (0001) plane. 

Figure 5.35a shows a close ry) 
Q on the next (upper) layer, ca 
js moved from O + Q -y p by 
(equivalent to QP), Tespective] 
through. It is thus possible for 
node, as shown in Fig, 5.35h. I 


centre. In bee crystals, the Burgers vector for a slip 
© along the close packed direction <111> is (a/2) [111], 


- Close packed hexagonal crystals normally slip along <1 120> 
tor (a/3) [1120] of magnitude a, where a is the lattice translation 


connects a cube corner to 
occuring from cube corner 


acked plane of atoms in an fcc or hep crystal. An atom sitting at 
n make a perfect displacement to P, Q, or R. Hence if this atom 
{Wo successive displacements with Burgers vectors OQ and OR 
y, the effect is as if one dislocation with vector OP has passed 
three such dislocations, with these Burgers vectors to meet at a 
n Miller index notation this can be represented as, 


(b) 


Fig. 5.35 Burgers vectors (a) On a close packed plane (b) meeting at a dislocation node 
<1101] + £[071) + [110] =0 
A [101] + 9 [011] + all 0] 


or 5 1101] + 7 [011] = 5 ll 10] (57) 


A billiard-ball model of close packed slip planes immediately shows that the atoms prefer to 
slide, not along perfect lattice vectors such as OP, but along zig-zag path such as O 38 >P. 
The same effect appears in crystals, probably because of the zig-zag slip, a perfect dislocation with 
Burgers vector OP splits into two separate partial dislocations with Burgers vectors OS and SP, 
respectively. For example, such a dislocation on (111) plane in an fcc crystal is 


Cra ioe = 41211 58 
s (110) = 2121) + $121) (58) 
Using a/6 as the unit length, this reaction can be written in a more simplified form as 
[330] = [121] + [211] (59) 


i 721] and [211] are partial dislocations, known as Shockley partials. 
ne ie on oe proposed dislocation reaction to ensure that the sum of the components 
is nece | 


Example: 
ple: Show that the reaction given by eq. 58 j 
» 95 IS energeti 
lically fi 
iS 
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z for the caction 
_ (58) 


of 
. the Burgers vector on both sides of the re 
e can verify that 


nt all important dislocations and dislocatig 
pson’s tetrahedron ABCD as a 
resent the four possible {111} ath 
ahedron feight if the plus-minus _ 


is distinguish he regular tet 
ed, as for (111) and (11 1))- The edges of the tetrahedron correspond to the sj 
1X 


<110> glide directi 
irections of the fec structure (12 with plus-minus sense). The atom at the origi 
belled ABC in the clockwise ati 


is labelle 
The mid pent oS corners of the tetrahedron are la 
FESPSSIVESIVERCIE es opposite to the corners A, B. C and D are labelled @ B. yand § 
c and d, respectively. If ihe ae to A, B. Cand D outside the surface are denoted by a bh 
arrangement as displayed in ai edron is opened up al D. it can be folded out into the a 
two end points on the tetrah is S37 The Burgers vector of dislocations are specified * is 
defined both in magnitud ab Accordingly, the Burgers vectors of the unit dislocat ed 
etc. Similarly, Shockley pols direction by the edges of the tetrahedron and will = i are 
corner and ending at the en dislocations can be represented Dy the line starti : anee 
the eq. 58 can be ex ntre of a face as AB, Azetc. The dislocation res SERRE ER he 
pressed alternatively by a reaction of the type: yn reaction described by 


represe 
h the help of Thom 


the tetrahedron rep 


a convenient way [to 
fears ce crystals is possible wit 
atte z _ The inner and outer faces of 

ie parallel to the four faces of t 


g Bg. 5 37 J h - i} . . 


arrange 
ments ee 
instead onal Notation [110]> is used 
indicate the ne usual notation [110] to 
nse of directi 
ection 


AB=A6 + OB 
(60) 


asible. 
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solution: From eq. 47, we know that the e 
pythagoras theorem, we can Calculate th 


2 m 
nergy of a dislocation is given by E = Gb’. Now fro 


e (length)? of [110] and of [121] and (211): 
(Length)? 710) = (-1)? : 12 +0? =o) 
(Length)? (727)-= (-1)? 422 4 (-1)? =% 


(Length)*111) = (-2)? + 1? + 1? =6 
Therefore the relative energies are 


Energy of one perfect dislocation IG(1/2)? x2 jl eas 
Energy of two partial dislocations ~ IG[1/6)? x 6 + (1/6)? x6] 13 


From the above calculation, it is clear that the perfect dislocation has 50% more energy even 
though the two partial dislocations have a greater total length of Burgers vector. This is in 
accordance with the eq. 55 and hence the reaction in question is energetically feasible. 


5,12 SURFACE IMPERFECTIONS 


As the name indicates, the surface imperfections are two dimensional in geometrical sense. They 
refer to regions of distortions that lie about a surface having a thickness of a few atomic 
diameters. The surface imperfections include grain boundary, tilt and twist boundary, twin 
boundary and stacking faults. 


Grain Boundary 

The most obvious manifestation of geometrical defects extending over whole surface is the 
appearance of grains and grain boundaries in polycrystalline materials. A typical polycrystalline 
solid consists of a number of interlocking crystals or grains, oriented randomly. The atoms along 
the boundary regions are being pulled by each of the two grains to join its own configuration. 
They can join neither grain due to the opposing forces and take up an equilibrium position. The 
boundary between the adjacent grains, therefore, must have a structure that somehow conform 
to the structures and orientations of both the grains and can be compared to a non crystalline 
material. Actually, the atoms along the boundary represent a transition between the two adjacent 
misoriented crystalline regions. The crystal orientation changes sharply at the grain boundary. 
The angles between the crystallite orientations of nearby grains are often large (greater than 
10-15°), the boundary between the grains in such cases is known as high angle boundary (Fig. 
5.38), 

The average number of nearest neighbours for an atom near the boundary of a close packed 
crystal is 11, whereas in the interior of the crystal it is 12. On an average, one bond out of 
tweleve bonds is broken at the boundary. The grain boundary between two crystals, which have 
different crystalline arrangements or differ in composition, is known as interphase boundary or 
simply an interface. 


Tilt and Twist Boundary 
Tilt boundary may be defined as a boundary between two adjacent perfect regions in the same 


(b) 


Fig. 5.38 The atomic arrangements at grain boundaries 


another. In other words, when the angle 
small (less than 10°), the boundary is said 
oundaries (Fig. 5.39). The structure of 
dislocations. It consists of a series of 
e above the other. 


crystal that are slightly tilted, with respect to one 
between the crystallite orientations of the two grains is 
to be a tilt boundary. They are also called as low angle b 
such boundaries can be described by means of arrays of 
equally spaced edge dislocations of the same sign located on 


{J 


» ) id | 
cs 


» 


\ 


Fig. 5.39 A tilt boundary consists of equally spaced ‘ ‘ 
ce y spaced edge dislocations of the same sign one above the 


The angle of tilt @ is related to the Burgers vector b of the edge dislocati b 
ions by 


b_ 
here hh is the vertical spacing b dion aD 
where / is the vertical spacing between two neighbouri . : 
tilt, gndouring edge dislocations. For small angle of 
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2 = 6 (62) 


.q contrast to the tilt boundary which 

ff the misoriented single crystal seo 
shat the boundary acts as a reflecting pl 
,oundary is said to be a twin bound 


poundary is a mirror reflection of 


Consists of a set of edge dislocations. 


lons are identical but are joined together in such a way 
lane, the pair of crystals constitute a twin and the resulting 
ary. In such cases, the atomic arrangement on one side of the 
the arrangement on the other side (Fig. 5.40). 


Fig. 5.40 A twin plane 


There are several ways in which twinning can be produced. Growth twins are formed during 
the growth of a crystal. The transformation between high and low temperature modifications of 
acrystal may take place via twining. Twining produced during plastic deformation of a crystal 
is called deformation twinning. The simplest example of twinning in an fcc structure can be 
represented by the sequence 

My 
tA BDCAB CBACBA.. +. 28 


where the arrow indicates the twin plane and the centre of the fault. The occurrence of twinning 
is common especially in metals with bec or hep structure. 

Example: Calculate the spacing between dislocations in a tilt boundary in fee nickel, when the 
angle of tilt is 2°. 

Solution: Given 0 = 2°. Crystal is fcc Nickel, so that a = 3.52A and hence b = al¥2 = 2.489A. 
Now, using eq. 61, we have 
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i  — 2.489 = 71.3A 

ans 010) pl d 

. ane an 

Examp le: A single crystal of copper contains a low angle tilt goa ei Ae ae 
lit axis parallel to the [001] direction. Calculate the tilt angle, if the sp 
in the boundary is 1.5 x 10m, 
Solution: Given: h = 1.5 x 10 m= 1.5 x 10* A. Cuis an fec crystal with a = 3.61A and hence 
b = alJ/2 = 2.55 A. Thus, using the eq. 61, we have 
b__ 255 _=47x 10 rad 


BRO oF ists 


Example: A single crystal of copper contains low angle tilt boundary on (001) plane with a til 
axis parallel to [010]. Calculate the tilt angle if the spacing of the dislocation in the boundary is 
3 x 10° m and their Burgers vector is 0.4 x 10? m. 


Solution: Given: h = 3 x 10m =3 x 10'A andb=0.4x10°m=4A 
Therefore, 


b 4 4 
tan@= += = 1.33 x 10~ rad 
= h 3x 104 


Stacking Faults 

In Chapters 1 and 3, we studied about close packings. A close packed structure is generated 
by stacking close packed layers on top of one another with the restriction that no two adjacent 
layers are in the same orientation. Given a layer A, a close packing can be extended by placing 
the next layer such that its atoms occupy either B or C sites (Fig. 5.41). Here A, B andC 
refer to the three possible layer positions in a projection normal to the close packed layers. In 
the following, we shall discuss various ways of producing stacking faults in fcc and hep 
crystals. 


$2710] 


Fig. 5.41 Projection normal to the (111) plane showing three types of BUR Fi accion oe 
and hep notations are also presented 
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stacking Faults in fee Crystals 


stacking aul may be produced jn fcc crystals in the following ways: 
(a) By removing a close packed plane: 


This can be achieved by diffs; o sin 
together the adjoining planes to ae Of a sheet of vacancies into the plane and by collap B 


minate the layer of void between them. For example, removing ~ 
a B layer, the cubic close packed sequence — 


-+-,ABCAICABC.... 


oe oe an bat ae fault. This can be regarded as a layer CACA of hep or as two 
over ot a a Oundaries, CAC and ACA, across which next nearest layers are wrongly 
stacked. In such Cases, the normal stacking sequence is maintained in the crystal on either side 
of the fault nght upto the fault plane. 
(b) By inserting an extra plane 


This can be achieved by diffusion of interstitial atoms into the space between two close packed 
planes. If say, a B layer is introduced as in the sequence 


L 


This is called an extrinsic fault. This fault is equivalent to two neighbouring twin boundaries, 
BCB and BAB. 


(c) By slip on a close packed plane 


This can be produced by displacing all atoms above the reference plane by shearing operation 
on {111} planes. Let us consider an fcc crystal and suppose that the plane A as shown in Fig. 
5.41 is a reference plane, and the next plane above it is a B plane. If the B plane and all other 
planes above it are displaced by the vector (1/6) [211], the B plane moves into C positions, and 
the planes above it transform in cyclic order, A— B — C > A, relative to the reference plane. 
The shear displacement is represented by the arrows in the reaction 


Liddd 


PIVING | can coe ABCACABCA....... The resultant fault is equivalent to an intrinsic fault 
as obtained in (a). 


Stacking Faults in hcp Crystals 

In hep crystals, close packed plane is the (0001) plane. This basal plane is also the most freuently 
observed glide plane in hep crystals, but unlike fcc crystals, this does not correspond to twin 
plane. Referring again to the hard-ball model (Fig. 5.41), one can easily verify that there are two 
kinds of intrinsic faults and one extrinsic fault in hep structures. 

The mode of formation of these faults are as follows: 


(a) By removing a close packed plane and then shear 
Removal of a close packed plane in an hep structure is done in the same way as was done in the 
cubic case. The resulting stacking becomes 
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 ABABAIABAB.-:: 
ch violates the rule of close Packing 


‘ ; i hi 
Here, either side of boundary has the same plane CS cable configuration, the layer above th, 


Moreover, this is unstable also. In order to acquire 
boundary must shear. fs 7 
= into osition, 
Therefore, shearing them by the vector 7 100], the A plane moves ! ; and the 
planes above it transform in anticyclic order, A>C7B> 
the stacking sequence 


A, relative to A plane, yielding 


at. ABABAICACGA. ~*> 


This fault is equivalent to cubic layer BAC. 


(b) Simply by Shear ' heari I 
Another intrinsic fault can be produced in the hcp structure by eines neamne aie plates 


] — . 
above a reference plane by the vector 3! 1100], i.e. the sequence 


ABABIABA.... 


Similarly, this fault is equivalent two overlapping cubic layers, ABC and BCA. 


(c) By Inserting an Extra Plane 
This can be achievd by inserting a C plane in the normal hexagonal sequence ABAB.... 


such as 


J 
ABABCABAB..... 


This is called an extrinsic fault and is equivalent to three overlapping cubic layers, i.e. ABC, 


BCA and CAB. 


5.13 SUMMARY 


1. Imperfections can be classified according to their geometry, such as point, line, plane 


and volume imperfections. 
Point imperfections include vacancy, Schottky and Frenkel imperfections. 


2. 

3. Line imperfections include edge and screw dislocations. 

4, Surface imperfections include grain boundary, tilt and twist boundaries, twin boundary 
and stacking faults. 

5. Measurements of critical resolved shear stress (CRSS) indicate the presence of dislocations 
in real crystals. 

6. Dislocation motion is analogous to a wormlike motion. Movement of partial dislocation 
changes the layer orientation in the structure. 

7. Dislocations are thermodynamically unstable and their presence always increase the free 


energy of the crystal. 


SS 


Crystal Imperfections 191 


8. The slip planes with} . ; 
The combination me ee Slip occurs are usually close packed planes. 


system. lip direction and the plane containing it, is defined as a slip 
10. Since the ener . 
dhe aieisentinnee 2 dislocation is Proportional to the square of the Burgers vector 
Me shortest Burgers vector, that is, along the close packed directions 
require the least stress. , 


11. Two dislocati 
=i ations of Burgers vectors b, and by can react to form a third dislocation of 
» Sets Vector b3 only if the condition b? + 52 > b2 is satisfied. Similarly b, may dissociate 
into 6 and bs if b? > p2 4 b2, 


5.14 DEFINITIONS 


Burgers circuit: A sequence of connec 


in perfect lattice but fails to close 
circuit around 


ted unit lattice translation vectors forming a circuit which would close 


fare Roe when taken around a dislocation. The vector necessary to complete the 
4 cislocation is the Burgers vector of that dislocation. 


Burgers vector: The vector by which the lattice on one side of an internal surface is displaced relative to the 
lattice on the other side as a dislocation moves along the surface; it is a property of the dislocation. 

Climb: The movement of a dislocation along any internal surface other than one of its slip planes. 

Critical resolved shear stress: The resolved stress on an active slip system, at which the slip is initiated. 

Dislocation: A line imperfection which can be visualized as the boundary between a region of an internal surface 
over which slip has occurred and another region over which no slip has occurred. The dislocation is called 


edge when the Burgers vector is perpendicular to the dislocation line; it is called screw when the Burgers 
vector is parallel to the dislocation line. 


Frenkel imperfection: A point imperfection in which a cation vacancy is associated with an interstitial cation 
in an ionic crystal. 


Grain boundary: A surface imperfection which separates crystal blocks of the crystal structure but different 
orientations in a polycrystalline aggregate. 

Interstitial impurity atom: A point imperfection in which a foreign atom fits in an interstitial position in between 
the host atoms. 

Low-angle boundary: A surface imperfection separating two misoriented regions of a crystal; the angle of 
misorientation is small (a few degree or less). 

Partial dislocation: A dislocation having a Burgers vector not equal to the lattice translation. 

Schottky imperfection: A point imperfection in which a cation vacancy 1s associated with an anion vacancy in 
an ionic crystal. 

Self-interstitial: A point imperfection in which an atom of the same species as those of the host material is 
squeezed into an interstitial position between the host atoms. 

Slip: The parallel movement of two adjacent crystal planes relative to one another. 

Slip plane: Any crystallographic plane containing both the Burgers vector and the dislocation line. 

Slip system: The combination of a plane and a direction lying in the same plane along which slip occurs. 

Stacking fault: A surface imperfection which results from the stacking of one atomic plane on another out of 
sequence, so that the lattices on both sides of the fault have the same orientation but are translated by less 
than a lattice translation with respect to one another. 

Substitutional impurity atom: A point imperfection in which a foreign atom occupies a site which would be 
occupied by a host atom if the crystal were prefect. —_ -_ 

Tilt boundary: A low-angle boundary in which the misorientation is a rotation about an axis lying in the 
boundary. : ; : 

Twin boundary: A surface imperfection separating two regions of a crystal which are mirror images of each 
other with respect to the plane of the boundary. 

Twist boundary: A low-angled boundary in which the misorientation is a rotation about an axis normal to the 
boundary. 
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ROBLEMS 
REVIEW QUESTIONS AND PRO ize relative to the size of the Coordinating 


1. 


18. 


19. 


20. 


. Calculate the fraction of atoms with energies equ 


. Describe how the movement of atoms in a crystal might 
. Sketch how two edge dislocations of opposite sig 


. Show that vacancies must be either created or anni 


. Make two neat sketches to show the climbing up and the cli 


the larger is its s 


perfections are more likely in fluorite (CaF;) tha, ha 


The larger the coordination around an interstice, 
atoms. Using this fact, explain why Frenkel 1m 


BEDS veteran eal ber of two different kinds of atoms on one mole of fix, ‘| 


. Show that the entropy of mixing equal num 


r than 1 eV at 300 K and 1500 k 
Ans. 1.56 107", 4.35 x js 
= um at 300 K in aluminium to that produceq by 


ee I: aly 
atomic sites is 5.76 J mol” K™. al to or greate 


. Calculate the ratio of the number of vacancies in equilibn 


rapid quenching from 800 K. eee 
be accomplished by the motion of vacancies. 


interstitials? 


. ‘ f self- 
Could the same result be achieved by the motion © lip plane can anihilate each other. Can 


non the same Ss 
hilate each other? 


t i i ite sign also anni . . 
wo screw dislocations of opposite sign eineacuaneltie climb of a pure edge dislocation 7 


a direction perpendicular to its slip plane. ; . ; 
Bete PP uestion 6 are in the adjacent slip 


. What are the possible end results, if the two edge dislocations in q 


planes? 7 
imbing down of an edge dislocation. What 


happens to the vacancy concentration in the crystal during each process? 


. Ina simple cubic crystal (a = 3A), a positive edge dislocation of | mm long climbs up by 1 ym. How 


many vacancies are lost or created? 
Ans. 1.1 x 10" Jost 


. Estimate approximately the atomic per cent of interstitial carbon required to fill all the core sites of edge 


dislocations in iron. Assume the edge dislocation density to be 10"! m-?, Comment on the result that you 


obtain. 
Ans. 5x 10° 


. Does the Burgers vector change with the size of the Burgers circuit? Explain. 
. Draw a Burgers circuit that encloses a positive and a negative edge dislocation each with one incomplete 


plane in a cubic crystal. What is the Burgers vector obtained? Comment on your result. 


. The Burgers vector of a mixed dislocation line is 1/2[110]. The dislocation line lies along the [112] 


direction. Find the slip plane on which this dislocation lies. Find also the screw and the edge components 
of the Burgers vector. : 


Ans. (110); 1/6[112] and 1/3 (111] 


. Sketch the arrangement given in Fig. 5.7, after the edge dislocation has reached to the right side of the 


face. 


. Distinguish among the direction of the dislocation line, the Burgers vector and the direction of motion 


for both edge and screw dislocations, differentiating between Positive and negative types 


. Acopper crystal has a dislocation density of 1.0 x 10!3 m2. The shear modulus of copper is 44 MN 


m7“, Calculate the elastic energy of line imperfection stored in the crystal 
‘ 3 
, , 14.30 Jm 
Show both graphically and analytically that th : ; Ans. cg 
Res lit vane aeacnion: » € first two dislocations add to give the third dislocation in 
V6{211] + 1/6 [121] + 172 [110} 


Calculate the square of the Burgers vector of the above dj 
: : ; € dislocati : clon 
from left to right is energetically favoured, cations and determine whether the rea 


Would you expect a dislocation to dissociate on the close Packed plane of h tal? Why or why not? 
cp crysta 


ai. 


22. 


24. 


25: 


26. 


is 


28. 


29. 


30. 
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Give three differences betw islac w 
€€n dislocationc ; i 
a eaten \slocations in SC and fcc lattices. Compare both these with dislocations 


Sketch the distortion of th 
e lat : 
» Small feat around an edge dislocation and show the preferred regions for large 
stitutional atoms and interstitial atoms. 


by the three phases are res ye ne a, B and y meet along an edge. The angles subtended at the edge 
Pectively 120°, 105° and 135°. If the surface energy of the a@— B boundary 


nergy of B- yand y~ @ interfaces. 
Ans. 1.225 and 1.366 Jm~ 


Calculate the spacing between dislocatione i. . « : 
is 10° (Burgers vector = 26h SALE in a tilt boundary in fcc copper crystal, when the angle of tilt 


Ans. 15A 


twi . ‘ ; 
is sa ei the orientation difference between adjacent parts of the crystal is as large as that at 
. — ite eal wie twin boundary energies are in the range of 0.01 to 0.05 Jm~2 as compared to 
gen o energies in the range of 0.2 to 0.6 Jm™, What is the reason for this difference? 


The Burgers vector o a mixed dislocation line is 1/2 [011]. The dislocation line lies along the (211] 
direction. Find the slip plane on which this dislocation lies. Find also the screw and edge components 
of the Burgers vector. 


Ans. (111); 1/6 [211] and 1/3[1 11] 


Although MgO (NaCI crystal structure) is fcc, slip in it occurs primarily on {110} (110) rather than on 
{111} (110) as in fee metal. Sketch a {110} plane and a (110) direction lying in it. 


Cadmium slips on {0002} in (1120) directions; how many slip systems does it have? Titanium slips on 


{1011} in (1 120) directions; how many slip systems does it have? 
Ans. 3, 6 


Hexagonal crystal may twin on {1012} in a (1011) direction. Sketch a cross-section of such a twin in 


hexagonal Bravais lattice. 
Grain boundaries and twin boundaries are sometimes called “high-angle boundaries”. Can they be 


described in terms of dislocation arrays? Explain. 


Chapter 6 


Atomic Diffusion 
oe AtorICor_EEaes 


6.1 INTRODUCTION 


In general, it is believed that in a solid any given atom is fixe 


to it and does not move from its position except due to thermal v! Fed rates 
atoms do have more freedom and they move from one lattice site to another in jumps. 


This kind of motion is called diffusion. therefore, diffusion is essentially an irreversible mass 
flow process by which atoms or molecules change their position relative to their neighbours and 
travel to a large distance. They do so under the influence of thermal energy OF thermal gradient 
(other gradients like concentration, electric, magnetic field or stress gradients may also have 
similar effect). In other words, diffusion is the mechanism by which matter is transported 
through matter; on the atomic scale it is the net effect of random atomic motions. 


d at a particular lattice site assigned 
] vibration. However, in reality the 


In fluids: liquid and gases, the random molecular motion causes a relatively rapid disappearance 
of concentration difference. On the other hand, in solids, particularly in crystalline solids, where 
the atoms are more tightly bound, there still remains an element of uncertainty due to thermal 
vibrations that some atoms move at random through the lattice. A large number of such movements 
result in a significant transport of the material. This phenomenon is known as “solid state 
diffusion”. Even in a pure substance, a particular atom does not remain at its equilibrium site 
indefinitely, but moves from place to place in the material. Such movements are known as “self 
diffusion”. On the other hand, in a multicomponent substance, such as binary metallic alloy, the 
diffusion of one component through the lattice of the other is known as “interdiffusion”. 


6.2 FICK’S FIRST LAW 


Let us consider a unidirectional flow of matter in a binary system of A and B atoms. In general, 

the two types of atoms will move in opposite directions under the influence of a concentration 
gradient. However, let us assume that only B atoms move along the positive x-direction until an 
equilibrium is reached. Concentration -distance profile between two vertical planes of concentration 
c, and C2 (where c; > C2) for steady state diffusion is shown in Fig. 6.1. For this kind of a system, 
it would be reasonable to assume that the flux (i.e. the number of atoms flowing per unit cross- 
sectional area per unit time) across a given plane to be proportional to the concentration gradient 
across that plane. Therefore, if the x-axis is taken parallel to the concentration gradient, the flux 
J of B atoms along the gradient can be given by the equation 
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Concentration —- 


(Constant) 


Fig. 6.1 : : 
& Concentration-distance profile for steady state diffusion 


d (de 
eee 
dx 


(1) 


/ 
dn . 
where a the number of moles of B atoms crossing per unit time through a cross-sectional 


C 
plane of area A, te the concentration gradient and D is called diffusion coefficient (or diffusivity) 


and is a constant characteristic of the system. The value of D depends on: (i) nature of diffusing 
species, (ii) the medium in which it is diffusing and (iii) the temperature. The negative sign 
indicates that the flow of matter occurs from regions of high concentration. The eq. | is known 
as Fick’s first law under steady state condition and fits the empirical fact that the flux goes to 
zero as the specimen becomes homogeneous. It is analogous to Fourier’s law for heat flow under 
a constant temperature gradient and Ohm’s law for flow of current under a constant electric 
field gradient. Under steady state flow, the flux is independent of time and remains the same at 
all cross-section along the diffusion direction, 1.e. 


S#f (%,.D (2) 


Further, the concentration-distance profile in Fig. 6.1 is a straight line, when D # f(c) . On the 
other hand, for D =f (c), the profile will be such that the product D (dc/dx) is a constant. Thus 
in neither case, the profile changes with time under steady state flow. 


Example: A steel tank contains nitrogen at a constant pressure of 10 atm., with a vacuum outside. 

Se 7 ‘amo Tha diffne 
The nitrogen concentration at the inner surface of the aoe get to lO kg m™. The diffusion 
coefficient of nitrogen in steel at room temperature Is 10°" m’s™. Calculate the rate at which 
Nitrogen escapes through the wall of the tank, which has a thickness of 10 mmm, 


Shirin We veomnnns sendy) state flow is established, a constant flux of nitrogen will escape 
en Pin wall, as the pressure drop inside the tank is negligible. There is a vacuum on 
ie ne Gan fhie concentration of nitrogen on the outer surface of the wall is zero, From 
Fick's first law, 
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ee 
Ot x 107" kgs 
10x 107 
Example: Ina pure thick aluminium sheet, there are 0.19 atomic percent of reer i ; hae 
and 0.18 atomic percent at the depth of 1.2 mm from the surface. Calculate t : ux O the 
copper atom from the surface at 550°C if the diffusion coefficient of copper tn aluminium at 


= =19 
Flux outward J = 107!" x 


this temperature is 5.25 x 10° m?s7!, 

Solution: Given: — cy = 0.18 = 0.0018 per unit volume 
c, = 0.19 = 0.0019 per unit volume 
dx = 1.2 mm=0.0012 m 

and D Ss253010F ins: 


* . . . « . -10 
Since aluminium is fcc crystal with lattice parameter a = 4.05 A = 4.05 x 10°" m. Therefore, 
the number of aluminium atoms per unit volume is 


poms _ 4 - =6x102 m7? 
mv (4.05 x 10°~) 


Therefore, 


28 
de _ (0.0018 -0.0019)x6x10" 5 927 Gy m4 
dx } 0.0012 


cu 


so that the flux 
( de \ 
xe Ol = — (5.25 x 107!) x (-5 x 107?) 
: 
= 26.25 x 10'4 Cu ms"! 


Example: At the surface of a steel bar there is one carbon atom per 20 unit cell of iron. Ata depth 
of 1 mm from the surface there is one carbon atom per 30 unit cell. If the diffusion coefficient 
of carbon in iron at 1000°C is 3 x 107'! m?s"!, find out the number of carbon atoms diffusing 


through each unit cell per minute? The structure of iron at 1000°C is fee with a = 3.65 A. 


1 FF cx 
Ge a eres deta EO ae 1 
Solution: Given: c2 30 x(3.65 x10) 


I 
and “1 50 x (3.65 x 107)3 


Therefore 


=1,03x 10” m=? 


(0.68 — 1.03) x 1077 
a 
107 
Now, since each unit cell has an area of (3:65 % 10°'°)?| therefore 
Joe, = 1.05 x 10!? x (3.65 x 107'°)? x 60 = 84 atoms m™! 


P= wai? = 4.05 x 10!" m?s" 


he 
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63 FICK’S SECOND LAW 


e now develop the diffusio we 
veal) flows in which the soieae 'n@ more general form taking into account the non- 
gee ati ; 
concentration-distance Profile, the adie, Ps 4 point changes with time. Consequently, the 
e flux also change with time. Coasts ¢ 
elemental slab of thickness Ay ma 


along the x-axi 
and unit cross-sectional area perpendicular : 
x. Under non-steady state Conditions, the flux 


into the slab J; is not equal to the flux out 

the slab ce) (Fig. 6.2). If the thickness of a 
slab Ax 1s very small, then J, and Jy will be 
related by the expression 


(a) 


Concentration 


Oe) a ey et 


2 a nso 
~ 
v 


hada ae{ 2) 
\ ox 


| ! 
| | 
I | 
I | 
ee 
EG wweCy (b) 
The volume of the elemental slab is 1.Ax (unit : 
| 
| 


area times thinkness). The rate of change of 
concentration within this elemental volume Ax 
is (dc/dt)Ax. This can be expressed as the 
difference of the fluxes in and out of the slab: 


x> 


—-4--- yy - 
tad 
iy 


i] 

] 

| 

dc 

From eqs. 3 and 4, we have le Ar 
dc Ay Fig. 6.2 (a) An assumed plot, (b) J(x) for this plot, 
(=) =- (3 (5) (c) the element of volume with flux J; 


entering and J; leaving 
Equation 1 is still valid even if the concentration 
and concentration gradient at that point are changing with time. Therefore substituting the value 


of J in eq. 5, we have 
dc\_ 9 ,(d 
ents : 


This is called Fick’s second law of diffusion. Here concentration c varies with distance x, time 
tand diffusivity D. Partial derivatives are used to distinguish between the change of c with x at 
a given time ¢ and the change of c with time at a given position x. If D is a constant and 
independent of concentration, eq. 6 reduces to 


dc d*c 
id MO 2 Noel 
or \ Ox? (7) 
The generalisation of these equations to two or three dimensions is simple. In three dimensions 
eq. 6 becomes a 
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. dc 
dc) 9 dc\, a ( dc ( ge) (8 
—_ j= — —ft+t— D —|+ Za. ) 
& Ox [2.55 oy yoy dz} 
where D,, Dy and D, are the diffusion coefficients along the x, y and z axes, respectively. In an 
isotropic medium 
D, = Dy = D, =D (9) 


These equations can also be transformed to suit particular geometries. If the concentration (or 


temperature) gradients have radial symmetry about a cylindrical axis, then eq. 7 for an isotropic 
material with a constant D becomes 
2 
aeg'l 2c) (10) 


fdc ; 
thes rar) 


where r is the distance from the axis. Similarly, when the diffusion field has spherical symmetry 
about a point, i.e. c varies only with radial distance r from the point, then eq. 7 becomes 


dc \ 
Ga 


(11) 


(ae 2. ac) 
some oe 


6.4 SOLUTION TO FICK’S SECOND LAW (CONSTANT D) 


Steady State Solutions 
Steady state solution of the diffusion equations are important for analysing the conduction of 


heat through furnace walls, recuperator tubes, gas ducts, etc. Let us analyse the solutions of 
diffusion through plane, cylindrical and spherical surfaces: 


Diffusion through a Plane Surface 

Let us consider the case of one dimensional diffusion in a medium bounded by two parallel 
planes at x = 0 and x = /. These will apply in practice to diffusion into a plane sheet of material 
such as membrane so thin that effectively all the diffusion substance enters through the plane 
face and a negligible amount through the edges. Let the diffusion coefficient be D and two 
surfaces are maintained at constant concentrations c, and c2 respectively. After certain time, a 
steady state is reached in which the concentration remains constant at all points of the sheet and 


therefore, dc/dt = 0. Equation 7 then reduces to 


ae =f (12) 
dx* 


where x is the distance into the shect. Integrating twice, the solution of the equation can be 
obtained as 


c=Ax+B (13) 


where A and B are constants and can be determined by applying the boundary conditions. At the 
two surfaces, the boundary concentrations are: x = 0, ¢ = c, and x = /, ¢ = cp. Substituting these 
values and solving for A and B, the solution becomes 
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c-c; x 
eae — 4 
aoe (14) 


oth equations 13 and 14 
B show that the Concentration changes linearly from c, to c2 through the 


sheet as shown in Fig, 6.1, Also the m 
, the rate of t iffusi 
=H gasolibetten tari i ransfer of diffusing substance is the same across all 


ye HES Cj — Co d 
od il ee ae (15) 


If the thickness / and the surface conc i 
entrations i 
an observed value of J by ahachcis c, and c, are known, D can be determined from 


Diffusion through a Cylinder 
We now consider a radially symmetrical diffusion through the walls of a hollow cylinder. 
Concentration is then a function of radius r and time t, the diffusion eq. 10 can be written as 


dc. 1 dc\_ 
(feat ai a 
The general solution of this equation is 

c=Alnr+B (17) 


Introducing the boundary conditions that c = c, and c = cy, respectively at the two surfaces, 
r=roand r=ry,, of the cylinder wall, and solving for A and B, the solution becomes 


_ ey In (y/r) + cz In (7/19) 
“— In (4/7) ate) 
The flux through any shell of radius r in a time f is -2mrtD(dc/dr), 1.e., 
_ -2n Dt(cz - C}) 
cs In (7/1) (19) 


Since J decreases only logarithmically with the increase in r), building up an excessively thick 
insulating lagging (i.e. r) >> 370) is a rather ineffective way of conserving heat in a cylindrical 
pipe; it is better to use a thinner coat of a more highly insulating material. Contrary to this, a 


plane surface can be insulated by a thick layer because J varies directly as r in eq. 15. 


Example: In a cylindrical crystal of radius r = 12 mm, calculate the ratio of cross-sectional area 
available for diffusion through the surface layers to the area available for mass transport through 


the cylinder. 
Solution: The cross-sectional area for diffusion through the cylinder is 
mr = 452.39 mm? 


Let us assume that the effective thickness of the surface is 4 A (~ two atomic diameters), the 
ectional area for diffusion along the surface will be 


cross-S 
2ar x 4x 1077 = 301.59 x 1077 mm? ' 
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The ratio of the two cross-sectional areas will become 


301.59 x 107? 
452.39 


= 6.66 x107° 


Diffusion through a sphere 
In this case, we consider spherically symmetric diffusion through the wall of a hollow sphere, 


The diffusion eq. 11 becomes 


fe ute ly 


' dr? or dr j 
or aa €\=0 (20) 
dr dr } 
The general solution of this equation is 
co Aan (21) 


} 
Ingtroducing the boundary conditions c = c, and c = C2, respectively, at the two surfaces, r= rp 
and r = r, of the sphere wall, and solving for A and B, the solution becomes 


_ HC) 1) + C2(" — 1) 


(22) 
rt — 1) 
The flux through any spherical shell of radius in a time ¢ is —4r*Dr <. 1:63 
dr 
we —4RDtiyK (Cc, - C,) (23) 


vine 

Non-steady State Solutions 

Non-steady state solutions of the diffusion equations are important in many problems of 
metallurgical reactions; 1.e. heterogeneous reactions at interfaces between phases, dissolution, 
precipitation, etc. In the present case, we are interested in determining the concentration as a 
function of position and time, 1.¢. c (x, £), for some simple cases. In general, the solutions of eq. 7 
for constant D fall into two forms: (1) when the diffusion distance is short relative to the dimension 
of initial inhomogeneity, ¢ (x, 4) can be most simply expressed in terms of error functions, and 
(ii) when complete homogenization ts approached, ¢ (x, f) can be represented by first few terms 
of an infinite trigonometric series (in the case of a cylinder, the trigonometric series is replaced 
by a series of bessel functions). We shall consider the former type for a simple problem of one 
dimensional diffusion from one medium to another across a common interface (Fig. 6.3). If the 
two mediums are sufficiently long such that the concentrations at their outer ends remain constant 


Solution 
concentration of solute Pure solvent 


initially C,, 


Fig. 6.3 Diffusion across a common interface from one medium to another 
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during the diffusion periog 
P » the general Solution of eq. 7 in terms of error function is given as 


C(x, th=A- x 24) 
Berf ( | ( 
initial boundary conditions of a particular 
al to the common interface and f is the 
for illustration. Suppose that a gas A which 
diffuses into a solid B (Fig. 6.4a), a process 
el by gas carburizing. As the diffusion time increases, the 
ny point in the x-direction aiso increases. Concentration- 
se d fz are shown in Fig. 6.4b. It is also shown that the solid 
contains a uniform concentration of element A, called Cp, before the start of the diffusion. If the 


diffusion coefficient of the gas A in the solid is independent of position, then the solution to the 
Fick’s second law (eq. 7) will be given as 


where A and B are constants to be determined f 

problem, x is the distance in either sffectiOnear a 
diffusion time, Let us consider some specific sa 
maintains a constant concentration C, on the ue 
identical to the case of hardenin g Of ste 
concentration of the solute atom at a 
distance profiles of A for times t) an 


C.-C, 2 
———- = erf | ——— 
C,- Co () 


where C, is the surface concentration of element in gas diffusing into the solid surface, Co = 


initial uniform concentration of the element in solid and C, = concentration of element at a 
distance x from the surface at a time 1. 


(25) 


Much later (f = f2) 


Ca Cy Later (t = ty) 
bot _Z_Mnitially, time ¢ = 0 
Gas A° %%° Solid B Cert ee eS 
° °° 
x Distance X 
[> At this distance the concentration 
x=0 (a) we of the diffusing species is C, 


(b) 


Fig. 6.4 Diffusion of a gas into a solid (a) Gas A diffuse into a solid B and (b) Concentration-distance 
profiles of element A for different times 


The error function, erf, can be found in standard tables in the same way as sines and cosines. 
Table 6.1 is an abbreviated table of the same. 
Now, either applying the initial boundary conditions or just comparing equations 24 and 25, 
the constants A and B can be obtained as: 
Cc. = Cy at t= 0, also c (x, 0) =A-B 
C&C, at x = 0, alsoc (0, =A 
sothat -A =C,and B=C,- Co 


Thus, either eq. 24 or 25 could be used to represent the Fick’s second law, depending upon the 
nature of the problem. In these equations, the error function erf, is a probability integral or 
Gaussian function and is defined as 
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x/2VDt 
a i 29.45 (26) 
4 -2. | exp (-y~) dy 
e (sts) Va Jo 


where 2/./7 is normalization factor. The value of Gaussian error function entirely depends on 
the upper limit of the intergral while the lower limit of the integral is always zero. Fig. 6.5 shows 
a curve between exp(-y”) and y. The shaded area under the curve from y F 0 to x/ 2/Di is the 
value of the integral in eq. 26. On the other hand, the value of integral within the limit, 0 to 
and 0 to co comes out to be ¥z/2 and -J7/2, respectively. Thererore, 


Exp(-y?) —> 


0 ND?) 


Fig. 6.5 Illustration of the error function. Hatched area is equal to the value of the integral in eq. 26 


Sires aaa en 


vt 2 
eaywete 2% 2g 
3 
erf (0) = O and erf ( ~ six | =- ert ( — 
\ 2VDr \2VD1 
Now, let us suppose that it is desired to achieve some specific concentration (say C,) of solute 
in an alloy, then the left hand side of the eq. 25 will become 
i Se 
C=or constant (27) 
If this is the case, then the right hand side of the eq. 25 will also be a constant, and consequently 
x 
= consta 
2v Dt ia 


Many other non-steady state solutions have been derived for Various geometrical and physical 
conditions. They become increasingly complex as the ; 


conditions themselves become more 


Atomic Diffusion ay 
complicated. In metallyr 
may be reacting togethe 
neither possible nor necessary. Fort 
simple general argument. Diffusion = 
walks made by individual Migrating 
systems and shows that in a time ; ap 
starting point. This distance, is referre 
measure of the diffusion depth of di 


81Cal reactions, 


r under a nonin irregularly shaped lumps or drops of many phases 


conditions, exact solutions of the diffusion equations are 
ately, order of magnitude values can be obtained by 4 
mentioned in the beginning is the overall result of random 
particles. The theory of statistics suitably analyses such 
article migrates on an average a distance of Dr from its 
d to as the “diffusion length”, which is a rough but useful 
ffusing species. 


Example: The diffusj . ef 
P sion coefficient for Li in Ge at 500°C is of the order of 107!° m?/s. What is 


its approximate distance of Penetration in | hour? 
Solution: Given: D = ]Q7!9 


2 
his,1= = sane — —_ : : 
know that the diffusion len 1 hr, T = 500°C = 773K, x = ? From above discussion, we 


gth is approximately given by 


x= Di 


Therefore, the distance of penetration corresponding to the given data is 


x= 107! x 60 x 60 = 0.6mm =6 x 104m 


Example: The diffusion coefficient for Li in Ge at 500°C is of the order 107!° m?/s. How much 
time it should take to penetrate a distance of 2 mm? 


Solution: Given: D ~ 107!° m/s, T = 500°C = 773K, x = 0. 2 mm =2 x 107 m, = ? From the 


relation x = ,/Dt, we can obtain 


we Xe, 1 AeR [037 
a eo 


6.5 SOME APPLICATIONS OF DIFFUSION 


Measurement of Diffusion Coefficient (D) 

The diffusion coefficient D can be measured experimentally by placing two dissimilar and long 
bars in intimate contact so that they form a diffusion couple (Fig. 6.6) and then measure composition, 
distance, time and temperature. The temperature is kept such that there is a measurable amount 
of diffusion, after a reasonable length of time. Diffusion takes place across the common interface 
which is taken as the origin of the diffusion direction. The diffusion anneal is done at a constant 
temperature (to keep D constant) for a known length of time. After the anneal, the slices of the 
couple normal to the diffusion direction x are cut with the help of precision lathe. Composition 
can then be measured by fine scale X-ray analysis, hardness tests, chemical analysis or with 
some suitable radiation counting technique if the diffusing species is radioactive, to give the 


value of c as a function of x, 
Concentration-distance profile so obtained (Fig. 6.6) clearly indicates that the flux is changing 


as a function of x at a given f, as well as with time f at constant x, under the non-steady state 
conditions prevailing. When D is independent of concentration, the concentration-distnce profiles 


are symmetrical about the junction as shown in Fig. 6.6. The concentration at the junction is 
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Concentration —» 


Distance x — 


Fig. 6.6 The diffusion couple for non steady state diffusion 


independent of time and is ¢ = (c; + cz)/2, the average concentration. The constants A and B for 
above diffusion couple can be determined from initial conditions: 


c x 0 
(x, 0) = (29) 
C2 x= 0 
Then substituting the values of erf (+ o) and erf (— ~) in eq. 25, the constants A and B can be 
found as 
Cy + Co 
matee (30) 
ea 
p= S54] 


Now, since the annealing time ¢ is known A, B and erf (x/2 Dt) can be determined from the 
initial conditions using eq. 24. The term (x/2 {Dt) is then obtained from Table 6.1 directly or by 
suitable interpolation of the neighbouring data as the case may be. With x and t known, D can 
be determined. If D is a function of concentration, the above procedure can still be used, by 
choosing c; and c, within a narrow composition range for any one diffusion couple. The experiment 
can then be repeated with additional diffusion couples to cover the entire composition range. 
Further, we know that the atomic diffusion is a result of the movement of atoms, therefore the 
rate of diffusion is expected to depend directly on temperature. In order to determine the valuc 
of D as a function of temperature, the diffusion couple experiment can be repeated at different 
temperatures. The experimental results indicate that the diffusion coefficient D of many systems 


obey Arrhenius type equation 


D = Do exp (-} (31) 


where Do is a pre-exponential constant independent of temperature in the range for which 
equation is valid, E is the activation energy for diffusion (in Joules), k is the Boltzmann constant 


and T is the temperature in the absolute scale. 
In terms of molar and calorie units (as discussed in section 5.2), eq. 31 can be written as 
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Table 6.1 


The error function 
Zz 
ert (z) 
0.000 — 


0.025 nee 0.85 0.7707 
0.05 ae 0.90 0.7970 
0.10 ee, 0.95 0.8209 
ue see 1.0 0.8427 
0.20 pel Ll 0.8802 
o> See 1.2 0.9103 
0.30 nae 13 0.9340 
0.35 neck 14 0.9523 
: 0.379 

a a 15 0.9661 
0.40 

0.4284 16 0.9763 
0.45 

0.4755 17 0.9838 
0.50 
0.55 0.5205 18 0.9891 
0.60 0.5633 1.9 0.9928 
0.65 0.6039 2.0 0.9953 
0.70 0.6420 a) 0.9981 
75 0.6778 2.4 0.9993 
0.75 0.7112 26 0.9998 


Haan (-4] (32) 


‘The logarithm of the diffusion coefficient is related to the reciprocal of the temperature, 1/T. 
Thus eq. 31 becomes 


InD = InDo - E (33) 


kT 


In terms of molar and calorie units eq. 32 can be written as 


InD = InDg = £ (34) 


Q 
m03srT | |) 


where Q is the activation energy for diffusion 
(in cal/mol) and R is the molar gas constant. 
The values of Do and E (or Q) are determined 
from a plot of In D vs I/T. This plot, according 
to eq. 33 or 34 is a straight line, whose intercept 


or logi D= log io Do - 
In Do 


is In Dy and slope —E/k (or -Q/R) as shown in f 

Fig. 6.7. In Table 6.2 we provide the In D 
experimentally determined values of Do, E and 

Q for some important diffusion processes. It is 0 ae 


interesting to see that the diffusion coefficient . 
D increases very rapidly with temperature. For Fig. 6.7 Arrhenius plot of experimental data 
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. = ions 
Table 6.2 Constants for diffusivity calculatto E - 
Q 


Solute Solvent Do " mo!) (107'"?J/atom) 
Carbon fec iron 0.2 shes 0.204 
Carbon bcc iron 2) 29.3 0.445 
Tron fcc iron 0.22 Se 0.400 
Iron bec iron 20) ple 0.465 
Nickel fee iron 0.77 re 0.469 
Manganese {ec iron 0.35 oe. 0.317 
Zinc Copper 0.34 ae 0 0.210 
Copper Aluminium 6315 es 0.327 
Copper Copper 0.2 nfl 0. 306 
Silver Silver (crystal) 0.4 ee 0.149 
Silver Silver 0.14 eho 
(grain boundary) 

Carbon hep titanium 5.1 aoe ae 
Carbon ——_heptitanium Se 


Example: If Q = 2 eV, and Dy = 8 x 10° m//s, then 


(i) at T= 300 K, D~ 8x 10° x 10 = 10-8 m/s — 
(ii) at T= 1500 K, D~ 8x 10% xe! > 8x 10° 107 = 10 m/s 


Thus, we observe that the value of D increases by 27 orders of magnitude when the temperature 
is increased by a factor of 5 only. 


Example: What is the diffusion coefficient of Cu in Al at 550°C, assuming Q = 121 kJ mol! 
and Dy = 0.25 x 10% m?s"!? What is the approximate distance of penetration of Cu atoms in 
| hour? 


Solution: Using eq. 32, we can write 


Devin ai = Do exp (- Q/RT) 


8.314 x 823 
= 0.25 x 10-7 exp (-17.68) = 5.25 x 1078 ms! 


( ) 3 , 
= 0.25x10" xexp|- Ean 
/ 


Therefore, the depth of penetration, 


x= 5.25 x10" x 60 x 60 =0.434 mm 


Example: If the ratio of diffusion rates of silver in silicon at 1350°C and | 100°C is found to be 
8 in a doping process, calculate the activation energy. 


Solution: Given: Temperatures, say T; = 1350 + 273 = 1623 K and T; = Fah waans nek 
and corresponding D,/D2 = 8/1. 2 JO + 273 = 1st. 
Using eq. 32, we have 


Q 


8 = Dp Sead = Dy exp (-Q x 7.41 x 1075) 


5. i et Ee vata 
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and similarly we can Write 


l= Dy ex ( Q 
P| ~-——_ 
aa caH | = Do exp (- O x 8.76 x 10°) 
Therefore, D\/D, = 8/) = EXP (Ox 1.35 y 68 
(135 5) 


On simplifying this, we gel 


Q = In8/(1.35 x 10) = 154 kJ mol! 


xample: The diffusivity of galticc. <_<. ; 
aoe (1) ee gallium in Silicon is 8 x 1078 ems at 100°C and 1x 10°!’ eme/s 
< reciente (alive : ‘ ror of diffusion constant Do and activation energy Q, assuming 
> oe (W's obeyed for this diftye; i RS a 
, S diffusion system. (2) Calculate the sivity of the 

system at 1200°C, N system, (2) Calculate the diffusivity 
Solution: Given: Dijowwre = 8 x 1OrR 


em'/s, 1) = 1373 K a 1 cm/s, Ty = 1573 
K. ait AS 1,087 eqn erat * Sf) = 1373 K, Dine = 1x 107 emess, Ty 


Dy=?,Q=9 and Disp =? 


(1) Using Arrhenius equation in the logy form 


) 
logy) D = logy Da - saaeF 
) cal/mol 
Or log) D = los = —_Veal/mol 
80D = log Dn - s357 47987 x T(K) wy 
Thus, at 100°C, 
) 
lOz yp sx 10 he log jp Do - ea (b) 
And at 1300°C, 
) 
logig Lx 10° = log yDo - aaah ce 


Subtracting eq. (¢) from (b), we have 
logyo 8 x LOOP = logyy 1x 107! = - 9 (1.59 - 1.39) x 107 
=~0x0,20x (07 


or 09-13 + 10=-Qx0.20x 107 


Vesetes, Aus 21 ae ' . o- 
Therefore QO = a 105000 cal/mol = 105 keal/mal 


Now, substituting the value of Q in eq. (¢), we find 


105000 


10 ’ 
logyg LOO = log iy Do = 4.576 x 1573 


ar log yy Do = -10 + 14.58 = 4.58 
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/s. . , 
Therefore Do = 38645 «m rama 195000 cal/mo 
(2) Given: T = 1200 + 273 + 1373 K, Do = 3864 in yer 
2) Given: T = 12 ‘ 
: : have 
Now substituting these values in eq. (a), We 105000 


545 - 14/5 
logy D x 10°'° = logio 38645 - 4.576 x | 
= 15.57 = 10.99 


= 4.58 
-! om?/s. 
Therefore pay a 850°C. It was found that, for the 
Example: The diffusion rate of A in B Was sel ae a std experiments were in the ratio of 
an 2 


same diffusion time, the depth of penetration x SAB: 
1 : 4, Calculate the activation energy for diffusion 


= 773 K 
Solution: Given: Temperatures, say T; = 500 + 2327 
T, = 850 + 273 = 1123 K 


and 
. =fh=Tt 
The penetration depth xj) = 1:4 and h =! 


From the problem, the quantity 


= #2 , OF X| /X> -_ {D/Dy 
2/D\t  2fDzt 


DID» = (xlx2)? = 1/16. 


or 
Now, let us suppose that D, corresponds to 7, and D 
as above, we get 


, corresponds to 72 and finding their ratio 


D,/D> = 1/16 = exp (-0.485 x 107 x Q) 


On simplifying this, we get 
Q = 1n16K0.485 x 107) = 57.16 kJ mol"! 


Carburizing and Decarburizing Process in Steel 
For many engineering components such as gears, shafts and valves it is an advantage to use steel 


with hard surface and a soft, tough interior. This could be achieved by surface hardening treatment 
in which the surface layer of the soft steel is enriched with hardening alloy element (usually 
carbon or nitrogen) by diffusion process. In carburizing process, the steel is heated for a few 
hours at about 900°C in a carbon-rich atmosphere provided by gaseous, liquid or solid carbonaceous 
substances. A carburized layer of about 10° m thick is produced. The surface is then hardened 
by quenching from about 750°C, a treatment that leaves the interior soft. In nitriding process, the 
metal containing ae percent aluminium is heated at 500-550°C in ammonia for a few 
hours. Nitrogen atoms diffuse into the surface and form fine stable ete ot de 

aluminium, so that the metal is precipitation hardened ee 3 So Speen jel 
is needed in this case. Surface hardening by carburizing, nicer sei, es a 
important for improving the fatigue strength of the material, Re a 
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If the carbon content of the Atomic Diffusion 


Car 17; 
C,) at the Surface of the Stee] ring atmosphere 


(equivalent to Co in eq. 25) We bie 8a) 4S also th 
: Write 


remains constant (i.e. carbon concentration 
€ initial carbon content of the steel is C, 


c (0, N=C, 


x>QO 


so that, from eq. 24 we 
Thus, knowing the va]y 


h - 
ave A = C. and B= @ = G. 
can be determined. 


Alternativel . 25 can be used directly. 
es of D, C, and C; the depth o i bets ee 


f carbon penetration as a function of time 


Carburizing 
atmosphere 


Decarburizing 


C2 atmosphere 


Cs 


0 
X 
(b) 


Fig. 6.8 Concentration-distance profiles for (a) carburization, and (b) decarburization 


Example: Consider the gas carburizing of a gear of 1018 steel (0.18 wt.%) at 927°C, sie the 
time necessary to increase the carbon content to 0.30 wt.% at 0.60 mm below the meee of the ae 
Assume the carbon content at the surface to be 1.00 we and that ye ae iui 9) 

the steel gear before carburizing is 0.18 wt.%. D (C in yiron) at 927°C = 1.28 x m’/s. 


Solution: Given: Cp = 0.18%, C, = 0.30%, C, = 1.0% 
x= 0.60 mm =6x 107m t=? 


Al Dooqec = 1.28 X 10°" in’/s: 
SO 


Now using eq. 25 and substituting the given values, we find 
W . 


C.-C, » Xx 
CaO eet te 
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—j 
ie 1.0 - 0.30 _.¢ SN 
10-018 ~ | >/1.28 x 107! (1) 
0 


Or 


e of Zcan be found by interpolation: 


Here, Z = —- and erf Z = 0.8536. From Table 6.1 the valu 
t 


erf Z Z 
0.0106 
X-—1.0 _ 0.8536 — 0.8427 _ 0.0106 
ia “0 11-10 ~ 0.8802 - 0.8427 0.0375 
0.8536 x 


or X = Z = 1.028. 


Since, Z= - = 1,028 or t= 6653s=110m. 
t 


Example: A gear made of 1020 steel (0.20 wt.% C) is to be gas carburized at 927°C. Calculate 


the carbon content at 0.060 inch below the surface of the Beer after a en sae pet 
Assume the carbon content at the surface is 1.20 wt.%. D (C in yiron) at —alt 


m’/s. 
Solution: Given: Cp = 0.20%, C, = 1.2%, t = 10h = 36 x 10°s 
x = 0.060 inch = 0.060 x 25.4 = 1.524 mm 


Also — Dor7-c = 1.28 x 107"! m/s, C, =? 
Again using eq. 25 and substituting different values, we find 
120-C, _ a 1.524 x 103 | 
1.20 - 0.20 “(21.28 x 107! x 36 x 10° | 


or 1.20 — C, = erf (1.1225). 


Here, Z = 1.1225. Let us find the erf of this value by interpolation: 


erf Z vA 

X- 0.8802 _ 1.1125-1] 
0.8802 1.1 0.9103 — 0.8802 — 12-11 
x 1.1125 

. X- 0.8802 _ 0.0025 _ 
0.9103 1.2 oF 0.0301 ~ 0.19” = 9.025 


213 
OF X= 0,889 _— 


° i 9 ia om 

qherefore, 1.20-C, = erf (1.1225) ae 

m . B809 
ot ©,= 1.20- 
The opposite Of carburizing js 
of CO of CO) from surface layers of the "88, In this case, carbon is lost in the form 
surface layer soft and ductj '¢ steel due to an oxidizing atmosphere. This makes the 
during the carburizing pro n lowers the fatigue strength of the material. Therefore, 
process 1s undertaken in an Ve atmosphere should be used. In case, the carburizing 
can be estimated from the ilmosphere (c.g. air), the extent (depth) of decarburization 
by proper machining, Ualion so that the decarburized layers could be removed 

Referring to Fig. 6, 


8b, the d : 
CCarburizing « . ; : 
at the steel surface, as compared to ie 1S equivalent to a lower carbon content 
n 


0.8809 = 0.32% 


CCSS 2 protect 
ON-protective 
diffusion cq 


Here ial carbon concentration C, (# Cp) of the steel. 
C@O=C, x<0 
| c(0,n=C, 

Now from eq. 24, w a ) 

25 can aie enivene C; and B = C,-C,. Alternatively an equation similar to the eq. 
C=C 

—— = erf | —~— (36) 

C-G, (ais ) 


Thus, knowing the values of D, C, and C), 


: ; the depth and the degree of decarburization as a 
function of heat treating time 1 can be deter 


mined. 


Example: At 927°C, a 1.2% carbon steel is getting decarburized for a duration of 5 hours in an 
atmosphere equivalent to 0% carbon at the surface of the steel. Determine the minimum depth 
upto which post machining is to be done, if the carbon content at the surface after machining 
should not be below 0.8%. D (C in y iron) at 927°C = 1.28 x 107! m’/s. 


Solution: Given: Cy, = 1.2%, C, = 0.8%, C, = 0% 


x=?,t=5h=5 x 3600 = 18000s. 
Also Doo7°c = 1.28 x io m/s. 


Now, using eq. 36 and substituting the given values, we find 
C ie C. x 
S = erf 
C,- C; 5 (= =| 


0.0 ~ 0:80 _ pfs ee = 
s 1.2 — 0.00 21.28 x 10-!! x 18 x 103 


x ~ 830 = * 
a - (sae) = - 950 = 0.6666. 
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e value of Z can be found by 


Here, Z = ——*__ and erf Z = 0.6666. From Table 6.1, th 
; 9.6x 1074 

interpolation: 

ert Z Z 


X-0.65 _ 0,6666 - 0.6420 


0.6420 ae 
ee 0.70-0.65 0.6778 — 0.6420 


0.6666 4 


0. —_—__ a 0.68 


or x = Z = 0.6843. 


Therefore, Z = ——__. = —0.6843 
9.6 x 107 
or ¥= 6.575010" in. 


Thus, the depth upto which machining is required is 0.66 mm. 


Preparation of Semiconductors ee ee 
Semiconductor devices are prepared by first growing a pure semiconductor cry es e 

refining process and then a known quantity of impurity atoms called dopants (e.g. As or Sb for 
p-type; In, Ga or Al for n-type) are allowed to diffuse into the crystal by a) Process known as 
“doping”. The depth of penetration and the amount of dopant can be determined following the 
same procedure as above. 


Example: If boron is diffused into a thick slice of silicon with no previous boron in it at a 
temperature of 1 100°C for 2 hours. What is the depth below the surface at which the concentration 
is 10'’ atoms/cm? if the surface concentration is 10'8 atoms/cm?? D (boron into silicon) = 4 x 
107'3 em*/s at 1100°C. 


Solution: Given: Cy = 0, C, = 10'’, C, = 10!'8, T = 1373K 
t= 2h=7200s,x =? 
Also Diyoorc = 4 X 1073 cm/s. 


Now, using eq. 25 and substituting the given values, we find 


10'8 — 19!” | ¢ ‘ 


—__ —— 
“ 10° 24x 10-8 x 7209 


4 


x 
f| —_———_~ |=0.9 
o a aes | 
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is x 

Here. Z = 10.73 x 1oF Merl Z = 49 
Now, making use of Table 6 | le 


Cus fi 
lind out the value of Z by interpolation: 


Z 
ns Tat. 0.9000 ~ 0.8802 
war tee » 99103 = 
9.802 LI 0.8802 
0 X 
0.900 sdieiende 
0.9103 1.2 
Therefore, L65§ Soe 
10.73 x 19-5 
or x= 1.24 x 107 ein: 


6.6 DIFFUSION MECHANISMS 


Meterial may be transported b 


: y diffusive motion along surfaces, grain boundaries and through 
the volume of a solid. The fu 


ndamental mechanism by which atoms move through the crystals 
depends on crystal structure, atomic sizes, and the extent of defect in the crystals. 


There are several mechanisms by which are diffusion of atoms in solids might occur. Fig. 6.9 
shows some of the possiblities of volume (bulk) diffusion in a single crystal. Since these mechanisms 
are geometrically possible, they must all occur simultaneously to some extent. However, their 
relative importance will depend on the nature of the system as well as on the temperature. 
Detailed theoretical calculations of the energy required for atomic diffusion by above mechanisms 
show that the diffusion by vacancy motion is predominant in pure metal and substitutional 
alloys. However, for some alloys, it is the interstitial diffusion which predominates. 


Interstitial Diffusion 


An interstitial atom, whether it is an impurity atom or a displaced atom of the host crystal, can 
jump into an adjacent interstitial site as shown in Fig. 6.9a. Successive jumps of this kind result 
in atomic motion over many atomic distances. Interstitial diffusion rates are often orders of 
magnitude greater than those for other bulk mechanisms, especially for small diffusing atoms 
and open lattices. Thus interstitial diffusion is strongly affected by size considerations. This not 
only limits the size of the interstitial atoms, but also the jump probability because of the hinderance 
caused by the atoms at the “neck” between interstitial sites. 

Dissociative Diffusion a, . oe 

A slight variation in interstitial diffusion mechanism, shown in Fig. 6.9b, is often called “dissociative 
diffusion”. In this case, the foreign atoms present in normal substitutional lattice sites migrate 
Via interstitial sites. Certain impurity systems, such as copper in germanium, show this behaviour, 
the copper can occupy both normal lattice sites and interstitial positions with an equilibrium 
governing the distribution between the two kinds of sites. Even if the concentration of interstitials 
present are less, they dominate the diffusion because of their much greater diffusion rates. 
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Vacancy Diffusion contains 4 certain number of vacant 
In thermal equilibrium, any crystal above absolute oer ei aeitins An atom occupying a Losec 
lattice sites. These vacancies provide an easy path Fors ite and thus effectively interchanging 
lattice site adjacent to a vacancy can jump into the vacant S} motion of the vacancy over large 
positions with it. Successive jumps of this kind result in in the direction opposite to the 
distances, and this will result in a net motion of the atoms 


vacancy motion (Fig. 6.9c). 


6G OC © he". 
Oo 0.0 
eo 2.8) o “™s, © 
Go 6 oO O 00 0 
00000 0000°P° 
(a) (b) 
00000 070),0939 
6000 0..6 0 6 CO 
0.0. oO 00a) 0 
a: OOS 0.9 OO 9 


(c) (d) 
Fig. 6.9 Atomic mechanism of diffusion in solids 


Both impurity and host atoms can diffuse by this mechanism. In the case of impurities, jumps 
are possible only when the vacancy is adjacent to the site of an impurity atom. The probability 
for jumps to occur may be different for the impurity and for the host atoms, because of the 
differences in their binding forces: hence their diffusivities will in general be different. 

Diffusion rates for both interstitial and vacancy mechanisms depend directly on their 
concentrations. As we discussed in ch. 5 that a finite concentration of vacancy is always present 
in a real crystal at thermal equilibrium. However, excess concentrations can often be produced 
either by impurity additions or by sudden reduction of temperature of the growing crystal. 


Ring Diffusion 

Diffusion mechanisms also include another broad class, 
The cooperative motion of two (or more) atoms can result in a net diffusive motion, as the 
atoms simultaneously interchange their positions. No lattice defects are necessary or involved in 
this kind of motion. When the atoms are alike or reasonably simlar chemically, as in metals or 
alloys, a simple exchange (2 atom ring) is possible because the resulting sivigitte is energetically 


as likely as the structure before the exchange. This is tru ‘ffici 
: , ; : € for diffusio i : : 
or host atom in these solids. In an ionic solid, however, ther n of either an impurity 


: : — € are clear] icti 
motions, as a cartion and an anion cannot exchange positions. This biletonvercatel ae 
the possibilities of diffusion in ionic solids by this mechanism, since eal on greate y re uce 
left is the cooperative motion of serveral ions. - Only Permissible rotation 


In addition to the volume diffusion in single crystals, other diffusions alo fi 
ng surfaces, grain 


involving atomic rotations (Fig. 6.9d). 


‘ is a 
poundaries, pores, cracks, dic) pom: DG 


: OCatio 
rface atoms re NS etc. 
of su lative to the bulk is ae also found to occur in solids. The comet 


jal can z . 
materia a Sata be transpon sere small encazh so that only small ques ot 
high. In polycrystalline solia 8 the surface, although sarfzce deffasivmes may Be 


S, £Tain boundary 


Te amenab] : 
e . 
y. Por neither to Sausfectory theoretical treemment mor © 
€S and cracks are even Y 


gle crystals ‘More difficch to deal ah. Dasiocamons. 


diffusions. However, these a 
quantitative experimental stud 
normally present in most sin 
sinks or sources for vacancj 
diffusion mechanisms. 


effects alomost cenzinly predominate m@ mOS 
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Fig. 6.10 Diffusion coefficients in silver 


The interstitial and vacancy diffusion are more important than others in crystals and hence we 
shall consider them in some detail. 

The unit jump in interstitial diffusion is the diffusion of an atom from one interstitial site to 
a neighbouring site. Interstitial diffusion and corresponding potential energy curve as a function 
of position is shown in Fig. 6.1 1. The points a and b represent the equilibrium interstitial sites 
and correspond to energy minima. While the point c lying midway between the equilibrium sites 
Tepresents energy maxima. The potential barnier Em (or AH,,, called the enthalpy of motion) is 
mainly elastic strain energy arising when the interstitial atom squeezes through the narrow space 
between the host atoms. in order to diffuse, an atom must surmount the potential energy barrier 
presented by its neighbours. Let us consider the diffusion of impurity atoms through interstitial 
sites: identical results apply to the diffusion of vacacies. For many alloys, the potential barmer 
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an atom al reasonable temperatures is only 


“ry of : maine: * 
rmal energy around its equilibrium position with g 


is ab “Voowhile the average the saa Pack 
Is about | eV, while the averag fe (oscillates) 


about 0. eV. We know that an atom vit 

ee recon Seat 

characteristic frequency, v, but usually ts enc a. Z 
is {' se cee rh the 

is Car too small to allow it to jump through : : 

: ay fraction O 

potential barrier, However, during a fraction 

| 

| 

! 

I 

I 

| 

! 

| 

! 

| 

I 

| 

! 


O 
8) 
O 


time equal to the Boltzmann factor ¢xp (-En! O 
AT) [or exp (—AH,/RT)], the atom has encrgy 

equal to the height of the potential barrier, when 

it is able to make necessary jump. Since Vv IS 

the frequency of oscillation, therefore the atom 

strikes the potential barrier v times per second. | 

The probability that sometime during one second 1 [Em 

the atom will have energy equal to the height of ye 


the potential barrier E,, (or AH,,) and crosses 
over it. Such a probability is given by Fig. 6.11 


~ 
> 
— 


Interstitial diffusion and corresponding - 
potential energy curve as a function of 


(_AN, | (37) position 
ar) 


\ 


. E., ) 
p= Vexp| -—— |= vexp 
kT 


\ 


On the other hand, the probability of escape on each trial is a ee ee [or 
exp (-AH,,/RT)]. Thus, p is the number of successful gumpeae. ms : a e Jemmp 
frequency and is related to the diffusion coefficient D. A simplified view of this relationship is 
as follows: ¢ : i ae fl . 

Let us consider a single jump of an atom to a vacant site. The jump estes in this case is 
a, the atomic diameter. Due to jump, the concentration changes (in a volume a’) from unity to 
zero over the jump distance. Thus, the concentration gradient can be approximated as 

de (-Wa? ] 
ax a a 
where concentration is expressed as number of atoms per unit volume. During an individual 
jump the flow is across a cross-sectional plane of area a? and therefore the flux J is equal to p/ 
a’. From Fick’s first law, the diffusion coefficient D is given by 
J Pos 2 
= —— = a =pa 39 
(-deldx) a? 6?) 
Since the probability that a given site is vacant is given as exp (-E,/kT) [or exp (-AH;/RT)] it 
follows that the jump frequency of the diffusing atom is 


v exp Fy) , exp ~£ 
KT ) kT 


\ 


p 


/ 
E+E ( \ 
hel exp| = lmexp _AH,, + AH; (40) 
kT J \ RT 
From eqs. 39 and 40, we obtain 
2 f E+E / 
B98 | eva ep (40 
\ RT 


; . , 
Equations 32 and 41 have the same form with Dy = va? and O=E, +E AN. + hip 
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47 RANDOM WALK TREAT 


inthe preceding section, we con 
gall relate the number of rando 
ade bY an atom during diffy i 
ine each jump is equal to the interatomio 4: lective distance travelled from the starting point. 
uch a calculation should not be dit my cistance and the erystalline lattice i highly symmetrical, 
ly The net distance travelleq i tes per simplicity, let us consider one dimensional motion 
€ atom will be given b 
y 


ENT OF DIFFUSION 


Sidere 1 5 F 
the Possible diffusion mechanisms of atoms. Now, we 


™ jumps (i.e, the iy tied 
Sion to the ef; Jumps may be forward, backward, up 0 


Th ttt. d= Ba 


d ’ d d yous d a . 
ve ie connie ae : he first, Second, third and nth jumps, respectively. Because the atomic 
fe ee value Any — om, the forward and backward jumps are equally probable and hence 
ee . Or a large number of such jumps is zero. However, it can be shown that 
the root mean square of the average has a non-zero value. Thus. we have 


i Py 
Xx MUNG A haart a) Uh ated ety 


- 42 2 2 
aaa a Fes tdn + 2didy + 2didy +... 4 2ddy + 2dydy +... + 2de ad, 


Now, each square term in the above €quation is equal to d*, since Id\l =|d,l=...=Id,|=d. Also, 
al hevolner (erin Tike 2did>, 2dads, .. . 2d, d, are equal to zero, since each of the di, dy, . 


.. d, jumps are equally probable in both forward and backward directions. 
Therefore, 


ade dades...4d? 
= nd* 


where 1 is the number of jumps, If ¥p is the frequency of jumping and t is the time for a jump, 
then n = vt. If a one dimensional diffusion coefficient (D) is defined as 


_ vd? 
: 2 


VR? = VX? = [201 = vod 


In a crystal (e.g. for a cubic system), there are three mutually perpendicular directions available 
for jumping, therefore, the root mean square displacement will be given by 


VR? = V¥X?74¥? 42? 
But for such a system, X? =V? =7? 


Therefore, VX? = JR273 = fv,a2rh3 


Finally, the three dimensional diffusion coefficient will be 


D 


then 


‘ 
Vod~ 


eons 
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6.8 THE KIRKENDALL EFFECT 


no 
In binary substitutional alloys, the rates of diffusion of the two oe Pat 
unequal (usually, the lower melting point species diffuse much faster Fa inmpincestSlict 
not be possible if the atoms of the two species interdiffuse simply nan denateen companeti 
interdiffusion can, however, be possible only through vacancy diffusion. sia BABIepECIESOR ator 
alloy A-B in which vacancy diffusion occurs. It may well be understoo raceales lubstuonar 
(say B in the present case) changes place with a vacancy more easily than 6 wanidle than th 
a difference in energy barrier height), therefore the B atoms will diffuse mo oa = ~*~ 
A atoms plus vacancy in the reverse direction, where vacancy flow is comp g e 
slowness of the A flow. : 

The phenomenon of unequal diffusion in binary alloy was first observed by ert come any 
hence is known as Kirkendall effect. This can be experimentally demonstrated by P na Sone 
inert (say Molybdenum) markers (of high melting point substance which 1s insoluble in diffusion 
matrix) at the interface of copper and brass (Cu-Zn) diffusion couple, prior ab She (Capision 
anneal. As the copper and zinc interdiffuse across the interface during the anneal, these markers 
are found to shift in the direction of slower moving species as schematically shown 1n Fig. 6.12. 
The displacement of the markers is larger than 
can be accounted for by the change in lattice 
parameters. More atoms have left the brass than 
have entered into it because the zinc atoms move 
faster than the copper. As a result, porosity or 
voids are left on the more rapidly diffusing 
component side (lower melting point side), 
indicating that the bulk flow does not fully 
compensate for the difference in diffusivities 
of the two species. For example in a system 
with 50/50 Au-Ag, the porosity is exceptionally 
large. The porosity zone moves as the diffusion 
proceeds, so as always to occur at a particular 
composition. It consists of larger or smaller 
holes, which are presumably formed by the 
condensation of excess vacancies. 

Occurrence of Kirkendall effect, porosity, 
elastic and plastic strains etc. invalidates the 
applicability of the simple kinetic theory of 
chemical diffusion presented earlier in section 
6.2. Also the thermodynamic treatment of 
section 6.1 breaks down, since no equilibrium 
exists with respect to the vacancy concentration. 
Measured diffusion curves in alloys rarely have 
the perfect symmetrical form as shown in Fig. = 

6.6. Thus, ina binary A—B alloy, we must give (c) Marker migration and porocity 
each component its own diffusion coefficients, 


Inert markers 


a td 


Fig. 6.12 The Kirkendall effect 
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ag. Da and Dg. The Kirkendal] effect 
i qual migrati On, aM overall cher °Ccurs when Dy # Dg. If no porosity is generated by 
Ical diffusion Coefficient D can be defined by the equation, 


D= CyD 
BYA + CA Ds (42) 
pas been shown by Darken 
as (1948), where Ca and cp are the respective atomic concentrations. 


6.9 DIFFUSION IN ALKAL] HALIDES 


We know that the diffusion of atoms (or ions 
not have any vacant place to 80) while it eas 
presence of Schottky vacancies isa 
high temperatures at which these ; 
formation and mobility of crystal j 
atoms in crystalline solids. 


apother, Crook ae 
ate = Sect s ea Maurer made SOme measurements on diffusion in ionic crystals. They 
a sty ‘ i ae of radioactive sodium in NaC] and NaBr crystals. For this purpose, 
they deposited a thin layer of about 5 x 104 cm of radioactive salt containing Na”* i 


isotope on 
f ; 

one face of a cubic crystal, approximately 1 cm on edge. The crystal was then held at a constant 
temperature for a certain length of time. After 


1 : this diffusion anneal, the distribution of radioactive 
sodium was determined by means of a sectioning technique, employing a microtome. In a 
similar manner, Schamp investigated the diffusion of bromine in NaBr. 

In order to understand the actual mechanism of diffusion in alkali halide crystals, let us 
consider a sodium chloride structure. For 
simplicity, assume the diffusion of radioactive AC Bs 
sodium to be along the x-axis coinciding with 
one of the cube edges. Let there be a positive 
ion vacancy at the centre as indicated by square 
in Fig. 6.13. This vacancy may jump to any of 
the 12 surrounding positive ion sites lying at a 
distance a2. Out of these possible jumps, | 
four lie in the positive x-direction, four in the 
negative x-direction, and the remaining four in 
its own plane. If p is the probability per second 
for the vacancy to make any jump, then p/3 
will be the probability per second for a 
displacement a: - ane 0, ee eeDMED, whe Planes A, B and C are perpendicular to 
a is the shortest inter-ionic distance. In Fig. the x-axis along which diffusion takes 
6.13, let Np represents the number of nliee 
radioactive +ve ions crossing 1 cm’ of the plane —— 

C by going from the plane A to B (moving towards right), while Ni tepresents the same number 
crossing the plane C from B to A (moving towards left). Further, ifN is the density of positive ions 
per cm3, nis the density of vacancies, and n* is the density of radioactive +ve ions, then we have 


) is impossible in a perfect crystal (because they do 
ily occurs in crystals containing imperfections. The 
very Common phenomenon in alkali halides particularly at 
Mperfections are expected to be mobile. Thus, both the 
mperfections are important process in diffusive motion of 


ocr 
A CB 


Fig. 6.13 Positive ion vacancy in a NaCl structure. 
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‘1 B21 + 4 tnt a) (43) 
a si 2a? N 3 iG dx 


where 1/2a’ is the total number of positive lattice sites per cm” on plane ae OF 2 uN _ the 
probability that such a site is vacant, and n*/N is the probability that a tve ion in pene Is 
radioactive. Consequently, the net number of radioactive +ve ions In passing through | cm’ of 
plane C per second from left to right is 


' np dn* 
J=Np ~NL=—-Gyiq dx (44) 


However, from Fick’s first law, we known that the net flux is proportional to the concentration 


gradient, i.e. 


dn* (45) 
dx 


3 . . 
Comparing equations 44 and 45 and taking into account that N = 1/2a", one can easily obtain the 
self-diffusion coefficient associated with the migration of single +ve 10n vacancies, 


J=-D 


2/4 8 46 
D=34 NP (46) 


As expected, the self-diffusion coefficient is proportional to the number of vacancies per unit 
volume n and to the jump probability of a vacancy per second p. If we write eq. 40, in the form 


p= vexo(-F (47) 


where v is the frequency and ¢ is the activation energy associated with a jump. Also recalling the 
expression of vacancy concentration (n/N) as obtained in eq. 22 of ch. 5 for alkali halide crystals 


{ 
i = Cexp{ - 587 (48) 


where C = (v/v’)** arises due to thermal entropy change associated with the production of 
vacancies. Now from eqs. 46, 47 and 48, we have 


= I nee (€; + 9/2 ) 
or D= 3 Cva exp - a | (49) 


A curve between InD versus 1/T according to eq. 49, gives a straight line (Fig. 6.14), the slope 
of which is determined from the sum of energies (€ + 9/2), i.e. the energy required for the 
formation of vacancy plus the activation energy for its jumping. The diffusion measurements of 
radioactive sodium in NaCl show that the slope in the high temperature region (& + ¢/2) 
= 1.80 eV (41.6 kcal/mole). 
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either OF both of the following t 
the freezing In of vacancieg 
ynderstood as follows: Let ys sup 
contains a small amount of divalent impure: 

such as St, Ba or Ca which occupy dime 

occupied by Na* ions. The con Allen a aay 

neutrality then requires that for eee 9 
positive 10n present, there must be a ivalent 
jon vacancy. Such crystals at POsitive 


low tem 
E $ rae e€ratu 
will contain more positive jon aoee tha a 
n is 


expected on the basis of thermal equilib 
alone. In fact below a Critical (enecturaae 
number of vacancies per unit volume remai ; 
constant and is approximately equal to fi 
density of divalent metal ions (herman 

produced vacancies is Supposed to FA 


Ig. 6, er 
wo sSaoone (i) He may in principle be observed as a result of 
These Can be © Presence of divalent positive impurities, (ii) 


Pose 
that NaC] 700 600 500 400 350°C 


101.1 12 13 14 1.5 1.61.7 


negligible). Since the number of vacancies © 1000/T 

resent in the low temperat ion i 
P Poeeen Canta P sha BEIM 1S Fig. 6.14 Self-diffusion coefficient of Na in NaCl 
as a mperature and is determined crystal as a function of temperature. Fully 
only by impurity concentration, only the drawn and dashed curves represent the 
activation energy for diffusive jump & is to be experimental and theoretical curves, 


included in the temperature dependence of respectively 


diffusion coefficient (i.e. according to eqs. 46 

and 47). Thus, if the presence of divalent metallic ions is accepted as the cause of the break in 
the InD versus 1/T curve, the activation energy for jumping & = 0.77 eV (17.7 kcal/mole) in the 
low temperature region is to be considered. However, at high temperature, the number of thermally 
produced vacancies predominate over the number required by the presence of the divalent ions 
and the crystal will behave in a normal fashion. From the slope of the high temperature region 
of the curve (€ + ¢/2) = 1.80 eV (41.6 kcal/mole), while the experimental value of ¢ is found to 
be 2.06 eV (47.5 kcal/mole). Experimental value of 1.80 eV is in close agreement with the 
theoretical value of 1.86 eV given by Mott and Littleton. 

The other hypothesis 1s based on the following reasonings: suppose a crystal contains a 
attice defects in thermal equilibrium at high temperatures. If the temperature 
a certain amount of time to establish new equilibrium, because 
this requires migration of vacancies. At low temperatures, such time intervals may be very long 
and consequently, the crystal may contain many more defects than permitted by the equilibrium 

ie : of the strong experimental evidence, the presence of divalent positive 
conditions. Because ed over the freezing-in hypothesis. 
es is ery meee and experimental values of pre-exponential factor appearing 
ow comparing a ' 
in eq. 49, we have 


certain number of | 
is suddenly lowered, it will take 


Dy = 5 Cva = Icm?/sec 
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100, while the experimental value of D, 
; This discrepancy suggests that the 
s aresult of migration of single 


where v ~ 10" per sec., a ~ 3 x 10% cm and C ~ | 
according to Mapother, Crooks and Maurer is 3.1 cm/sec. 
diffusion of positive ions in NaC! does not necessarily take place a 
positive ion vacancies only. Consequently, at 
least two other possible diffusion mechanisms and 

| 


must be considered in alkali halides: (i) Diffusion - rt 


resulting from migration of pairs, and (ii) 


Diffusion resulting from migration of divalent a aoe 
positive impurities together with associated : 
vacancies. Ee OS 
These two mechanisms are illustrated in Pe a a 


Fig. 6.15. A pair of vacancies may diffuse as a 
result of positive or negative ions jumping into 
the corresponding vacant site of the pair. The 
resulting diffusion expression is given by 


Fig. 6.15 Possible diffusion mechanisms in alkali 
‘halide crystals 


(50) 


where @ is the energy required to produce ion pair vacancy, & is the binding energy of ron Pale 
vacancy, and &,, is the activation energy for the jumping of a pair. Theoretical values estimated 
by Dienes and by Mott and Gurney give €, © 1 eV and &, ~ 0.4 eV for NaCl. On the basis of 
this, it is expected that the ion pair will diffuse much faster because their activation energy for 
jumping is about half the value for a single positive ion vacancy. That this must be so, may be 
seen qualitatively because the jumping ions are allowed more free space in former case. 

The second mechanism may be understood as follows: As we know that for each divalent 
positive ion present, there must be a positive ion vacancy to satisfy the neutrality condition. 
Only a fraction of these vacancies are free and contribute to the diffusion as discussed above, 
most of these are being attracted by the divaleit +ve ions as a result of Coulomb interaction. 
Thus, there will be a certain number of associated complexes, consisting of a divalent positive 
ion and a neighbouring vacant positive ion site. This unit may migrate through the crystal as a 
result of other positive ions jumping into the vacancy and as a result of possible jumps of the 
divalent ion into the vacancy. 

Although we have limited our discussion to the diffusion in ionic crystal only, however, the 
same general idea may be applied to other cases. For further details refer the book of Jost. 


Doar = Const. exp (@- & + Ein) 


6.10 IONIC CONDUCTIVITY IN ALKALI HALIDE CRYSTAL 


Consider the presence of Schottky imperfection in an alkali halide crystal at high temperature, 
where both anion and cation vacancies are mobile. Sincé their motion is random no current 
flows in the crystal. When an electric field is applied between two faces of an ionic crystal, 
the imperfections drift in a direction dictated by the applied field and the effective charge on 
the vacancies. As a result of this, an electric current may be detected. For alkali halide, these 
currents are too large to be explained in terms of free electrons only because the number of such 
electrons in the conduction band for the temperatures involved is usually much smaller. Thus, 
the current must be as a result of the migration of ions under the influence of the electric field. 
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gimilar to the electrolytic conduction of 


to be ionic, which is indicated by the Pc ee Solutions of salts. The nature of current is found 
The problem reduces to der, Act that decomposition occurs at the electrodes. 


. : termine t] 
constituent which carries the Curren = 


: t. . 

the actual experiments are te YI" 
involved, this question may be answered with + 
the help of a simple experimental arrangement os 
such as indicated in Fig. 6.16, Two slabs - a 
salt M*X™ are pressed together between ic 
electrodes of the metal M. For the polarity as YJldd M 
indicated, the two following extreme 


possibilities 7 


xist: 
; = Fig. 6.16 The simple experimental arrangement 
(i) Only positive ions move; in that case for measuring transport numbers 
the cathode wi a 
ee e will grow at the expense of anode, the thickness of two salt slabs remaining 


(ii) Only the negative ions move; the X~ ions are then neutralized at the anode and form new 


layers of salts. Hence the anode decreases in thickness, the cathode increases. Further, 
slab 1 will grow at the expense of slab 2. 


If both types of ions contribute to the current, the result will be intermediate between (i) and 


(ii). By knowing the relative contribution of the ionic current by the positive and negative ions, 
their amount can be determined. . 


The ionic conductivity of the isotropic crystal is defined by the scalar equation, 
1=0E (51) 


where / is the current density, E the electric field strength, and o the conductivity. If the 
conductivity of positive ions alone is o,, the transport number of these ions can be defined by 


i= o (02) 
oO 
O_ 

Similarly, fo (53) 
oO 

so that, +a) ) 


In alkali halides, the experimental observations show that the positive ions are much more 
mobile than the negative ions. For very pure Kel crystal, Kerkhoff found r, = 0.88 at 525°C 
and 4, = 0.70 at 600°C. _— , . 

Like diffusion in alkali halides, ionic conductivity 1s also explained in terms of migration 
of vacancy. The positive ion vacancies have an effective ave charge and will therefore move 
towards the anode. Similarly, the negaive ion vacancies will move towards the cathode. Further, 
as mentioned above that the mobility of positive ion vacancies is much more than the negative 
ions and therefore let us assume that the conductivity is entirely due to the motion of positive ion 
vacancies. Now consider the sodium chloride structure (Fig. 6.13) and assume that the electric 
field is acting along the x-axis. Further, N be the density of positive ions per cm? and n the 
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density of positive ion vacancies per cm’. If the field in Fig. 6.13 is directed towards right (along 
+ ve x-direction), a positive ion vacancy will jump with a higher probability to the left than to 
the right, because it has an effective —ve charge. 

The potential energy along the line of motion Va 
may therefore be represented by the solid curve, 
which is the resultant of the dashed field free 
curve and the linear external field (Fig. 6.17). 
Then the probabilities per second for a jump to 


the left and to the right are, respectively, 


External field 


plese 1 
Ja (+6 - ack kT Fig. 6.17 Field free potential energy curve, linear 
external field and the resultant potential 
PR= i vexp (C6; _ aeE)/T] (55) energy curve. A, B, and C may be 
“ associated with positions of a positive ion 
where v and € have the same meaning as in the in the planes A, B, C, of Fig. 6.15 
preceding section; ¢ is the effective charge due 
to missing ions and E the effective field strength. The current density, ie. the net flux of charge 


passing per second through 1 cm? is then equal to 
]_ on 
l= TaN (Pt — Pre (56) 
where 1/2a? is the number of positive ion sites per cm’ on plane A or B (perpendicular to x), and 
n/N is the probability that such a site is vacant. Now, for nearly all practical cases, aeE << AT, 


so that the first approximation 


_n e-vE i )_ 
~N 6akT P (- i) “a oD 


Substituting the value of n/N from eq. 48, the conductivity becomes 


_ Ce*v (€; + 9/2) 
~ 6akT exo(- kT (58) 


It is to be noted that the current density is proportional to E as long as aeE << kT, i.e. Ohms law 
is valid only under this particular condition. For very high electric field, aeE, is not small 
compared to XT and the current increases exponentially with field strength. 


6.11 DIFFUSION AND IONIC CONDUCTIVITY 


According to eq. 50, the conductivity associated with the positive ion vacancies depends on two 
activation energies & and @, as does the coefficient of self-diffusion (eq. 49). In fact, the conductivity 
cis related to the diffusion coefficient in a simple manner, as was first pointed by Einstein. From 


eqs. 49 and 58 it follows that 
Ne? 
_ Ne Es 


[ 5 
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must be =e a ee that the Einstein relation is valid only if the conductivity and ae 
diffusion are _ . ; ‘ ate mechanism. In order to derive this relation, it is ue a 
ena are are Saad 
oth phenom sult of the migration of single positive ion vacancies. In Fig. 6.14 t 


gashed curve represents the diffusion Coefficient calculated from the conductivity measurements 
means of eq. 59. Actually the Einstein 


ae relation is not very accurate for the interpretation 
of the diffusion mechanism and therefore some discrepancy arises. This could be understood 
from the following. In the high temperaure region, theoretically calculated value of diffusion 
coefficient is slightly larger than the directly meagarea one. This may be explained as a result 
of the fact that a small fraction of ionic current is carried by the —ve ion vacancies; these, of 
course, do not contribute the self-diffusion of Na. In the low temperature region, the calculated 
diffusion coefficient is somewhat smaller than the directly measured one. This implies that 
besides the diffusion of positive ion vacancies, the diffusion of some neutral carriers also takes 


Jace. These may be either ion pair vacancies or positive divalent ion associated with vacancies. 
They contribute to the diffusion but not to the ionic conductivity. 


6.12 SUMMARY 


1. The process of diffusion is governed by Fick’s first law and second law. 

2. Steady state solutions of the diffusion equations are important for analysing the conduction 
of heat through furance wall, recuperator tubes, gas ducts, etc. 

3. Non steady state solutions of the diffusion equations are important for heterogeneous 
reactions at interfaces between phases, dissolution, precipitation, etc. 

4. The diffusion coefficient D can be measured experimentally by placing two dissimilar 
long bars in intiamte contact to form a diffusion couple, and then measure composition, 
distance, time and temperature. 

5. The diffusion coefficient L of many mateials obeys Arrhenius equation. 

6. Atomic diffusion may take place by interstitial diffusion, vacancy diffusion, dissociative 
diffusion and ring diffusion. 

7. The phenomenon of unequal diffusion in binary alloy (ie. Dy # Dg) was first observed 
by Kirkendall and hence is known as Kirkendall effect. 

8. Diffusion in alkali halides are supposed to be due to the migration of divalent positive 
impurities together with associated vacancies. 

9. Ionic conductivity in alkali halides, like diffusion is explained in terms of migration of 
positive ion vacancies. 

10. If conductivity and self-diffusion are due to the same mechanism, then they are related 
through Einstein expression, 
Oo _ Ne? 
D&T 


6.13 DEFINITIONS 


Activation energy: The height of the energy barrier to a reaction which must be surmounted by thermal excitati 
; oO. a , . "Le . . 3 oY es -XC vl W, 
Arrhenius equation: An empirically based equation describing the rate of a reaction as a function of t mM me 
. net elupe 
and any energy barriers to the reaction. per 


ure 
Diffusion, The motion of matter through matter. 
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+b? Ss. 5 : 
of Fick’s Tay ne diffuse into another. 


h that the atoms of o 
f Fick’s second law. , 
the concentration gra ient. 
o the second derivative (Laplacian) of the 


y in both 
lose contact Suc 
e solutions © 
ortional to 
portional t 


Diffusion coefficient: The constant of proportionalit 
Diffusion couple: An assembly of two materials inc 
Error function: A mathematical function found in som 
Fick's first law: The rate of change of composition is prop 
Fick's second law: The rate of change of composition 18 pro 


concentration, +7 boundaries. 
Grain boundary diffusion: Atomic migration along the grain DO : 
Self-diffusion: The migration of atoms in pure iratenttls lane: for instance, along a solid vapour interface, 
face of a plane. 


Surface diffusion: Atomic migration along the sur 


a nee net aterial. 
Volume diffusion: Atomic migration through the bulk of the matert 


REVIEW QUESTIONS AND PROBLEMS | 
f composition change in the unit area 


‘ te o 
at the time rate lab, J(x), and the flux out of the slab 


1. Derive Fick’ f nizing th 
erive Fick’s second law (eq. 6) by recog B he flux into the s 


slab of Fig. 6.2 is equal to the difference between t 
( oJ 
J(x + Ax); also that J(x + Ar) equals J (x) + (24) Ax. 
Sasa 7. d . " 
2. Derive the Fick’s second law under the following boundary SS ae ie oe 
from x = 0, the appropriate boundary conditions will be c = €) aba = , 0 


t = 0 for all values of x. Also at all values of time, ¢ = Co at ee nsional medium where D is 
3. Prove that the net flux across a symmetry plane is zero in a three-aime a 


constant. [Hint: A symmetry plane is said to exist on the plane x = 0 if ¢ em ys 2) = é % ¥ 2-1 
4, Discuss the condition under which a metastable phase could be found in a bine diffusion couple, 
Determine the ratio of diffusion rate of silver in silicon at 1350°C to ne 1100°C in a doping process. 
The activation energy Q for silver diffusion in silicon is 154 kJ mol”. at 

ns. 8. 

The diffusion rate of A in B was studied at 500°C and 850°C for the same diffusion time. If the activation 
energy Q for diffusion of A in B is 57.16 kJ mol"!. Determine the ratio of depth of penetration x, and x, 
in the two experiments. Ans. 1: 4. 
7. Amorphous selenium used as a semiconductor material exhibits unusual diffusion characteristics. The 

following is the set of experimental data for self-diffusion in amorphous selenium. Calculate Do and Q 


and comment on your results. 


Te D, m’s"! 
35 7.7% 0°" 
40 pai 
46 S201 
56 2x 10°" 


i Me Ans. Dy = 10”? m’s™!; Q = 262 kI mol” 
8. A diffusion couple of 95% Cu - 5% Zn and pure copper is annealed at 900°C for 50 hr. The Z 
concentration at a depth of 2 mm inside the copper bar was found to be 0.3% after the anneal, Determin 
the diffusion coefficient of zinc in copper. , 

9. Compare the diffusivities of hydrogen, nitrogen, and nickel in iron at 300K ne a : wp a 
acne hesval es and explain the differen 
10. rain a rate at which a vacancy jumps in copper at 20°C. The activation barrier for the jumps 

100 kJ mol”. 5 

) 
11. How will the diffusivity of NaCl change, when it is doped with KC] and CaCl,? Ans, 2.28 x 10° s 
12. At what relative temperatures do surface, grain boundary, and volume ditiac ae Geeta eee 
these compare with the temperature at which th ive diffucivit: aL ! 

P P he respective diffusivities are equal? 


——— 


_ Make a plot of the activation energy Q for diffusion of different s 
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What is the driving force for self-diffusion? 


leet do you expect inert gases to diffuse through metals? 


a short essay with figures deseri i a alt SP oon + ments. 
In £ describe the use of radioactive tracers in diffusion experimen 


iat = aris polycrystalline solid for the same amount of material to be sees wa 
Saeed ie — ce boundary at 500°C. Assume that the grains are cube shaped and 2 
For lattice diffusion: joomews a 

Q = 188 kJ mol! 
For grain boundary diffusion: Dy = 0.09 x 107 m’s™! 
Q =90 kJ mot" Ans, 0.54 mm. 


pecies as a function of the melung 
point of the species. Comment on your result. 


cece tt . 1-infinite regi At atthe initial weld 
_ Two markers are placed in a couple formed of two semi-infinite regions of A and B. one 


; 8 a hal 
and the other at a short distance away. Show qualitatively how the position of each marker Varies ¥ rt 
time if Da > Dg. Derive these curves by plotting N(x) and SN/Sx versus x and using the equanon 


U = (Dy - Dp) SNA Ex. 


Chapter 7 


____ Lattice (Atomic) Vibrations 


7.1. INTRODUCTION 


In chapter 6, we have seen that the atoms in a real crystal are not at rest indefinitely, but they 
move from one lattice site to another in a discrete jump under the influence of a suitable field 
gradient. In this chapter, we shall discuss the elastic vibrations of the atoms in a solid under 
the influence of thermal energy or thermal gradient. We know that the internal energy of a solid 
increases by heat energy. This is manifested mainly as: (i) the increase In the vibration of atoms 
(usually called the lattice vibrations) about their mean positions (actual lattice site) and (ii) the 
increase in the kinetic energy of free electrons. 

The thermal energy present as lattice vibrations is looked upon theoretically as a series of 
superimposed sound waves or strain waves or lattice waves with a frequency spectrum determined 
by the elastic properties of the crystal. The quantum of energy of an elastic wave is called 
phonon, in analogy with the photon (which is the quantum of energy of an electromagnetic 
wave). Almost all concepts such as the wave particle duality, which apply to photons apply 
equally well to phonons. Like photons, phonons are bosons and are not conserved; they can be 
either created or destroyed during collisions. 

Based on the above discussion, sound wave or elastic wave in crystals are said to be composed 
of phonons. Therefore, thermal vibrations in crystals are thermally excited phonons, analogous 


to thermally excited photons of black-body radiation in an enclosure. The energy of each phonon 
(photon) is | 


sand (1) 


where h is the Planck’s constant (= 6.626 x 107% J-s). In eq. 1, the zer _ a 
as it has no direct effect on the matters we are going to discuss. 

We know that the photoelectric effect provides strong evidence f i eT ae 
electromagnetic wave (light). So far, no direct analogue of tt or the qu 


; ee photoelectric experiment has 
been carried out with phonons. However, some indirect evidence in support of the phonons (the 
quantized elastic wave) are: 


1. The lattice contribution to the specific heat of solids 
as the temperature approaches zero; this can be expl 
are quantized, implying the existence of phonons. 


‘ ec. 9.3) always approaches zero 
ained only if the lattice vibrations 
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-rays and neutro ae 
° change enicspondigi inelastically by crystals, with energy and momentum 
the recoil of the scattered smal or absorption of one or more phonons. By nce 
individual phonons, Such “Tay OF neutron, it is possible to determine the properties ) 
relations (a relation bet ©Xperiments provide the best way of determining the dispersion 
wee Mfequency and wave vector for phonons) which consequently 
ce for the existence of phonons. 


72 DYNAMICS OF THE CHAIN OF IDENTICAL ATOMS 


A convenient Way to visualise lattice vibrations is to consider a system of identical atoms 
elastically coupled to each other by springs as 


shown in Fig. 7.1. Let us suppose that the system 
has a simple cubic arrangement of masses Mf 
joined by springs of force constants K (some 
cross-bracing is necessary for structure rigidity, 
but this does not matter for the present purpose), 
the interatomic spacing is a. These elastic 
couplings provide restoring forces on the atoms 
when they are displaced from their equilibrium 
positions. If each atom is imagined to be 
vibrating about its equilibrium position, a fairly 
accurate picture of lattice vibrations emerges. 
However, this is not practically the case. 

In order to make the treatment more simple, : : Te : 
let us consider a model in which the longitudinal Biseik pi couple Sot unpSne aaa 

‘ simple cubic lattice 

waves are parallel to the cube edge, 1.e. along 
[100] direction. In other words, consider the case of a one dimensional chain of atoms. Fig. 7.2 
shows one such system of atoms in the equilibrium position as well as in the displaced one due 
to the passage of longitudinal waves. One 
dimensional approximation is considered 
because of the fact that for a longitudinal motion 
the transverse springs in Fig. 7.1 have no effect. 

Further, let us suppose that the chain consists 
of a large number of atoms, say N, and that the 
last atom is connected with the first so as to 
form aring. This assumption is simply to make 
the chain endless so that all atoms have identical 
environment. Now, allow the system to vibrate. 
If one atom starts vibrating, it does not continue 
to vibrate with a constant amplitude because 
Fig. 7.2 Equilibrium and displaced positions of each atom in the Ting interacts (since a solid 

vibrating atoms for a one dimensional chain can be characterized by short range forces 

of atoms (i) at equilibrium position therefore only nearest neighbour interactions 


x® = na, (ii) at displaced position are considered) with its neighbours. In such a 
x, =na + i 


provide the strongest eviden 


system, the transfer of energy from one atom 
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to another takes place in a complicated way. Here, we consider the motion of entire chain 
of atoms. If u, is the displacement of the nth atom, then within the elastic limit (ic when 


the force is proportional to the displacement), the force on the nth atom due to (1 ~ 1)th ang 
(1 + 1)th atoms will be: 


(i) K (u, — U,_1) to the left, from the springs on its left 
(ii) K (uy4; — Uy) to the right, from the springs on its right. 


Since these forces are acting in opposite directions, the net force on the mth atom ts 


Fy = K [(ttpay — Ug) — (Uy — Up_1)] 


/ 
at aM a = K(uys) 7 2H, - Uy) (2) 
afr 
Let the solution of this equation is 
u, = A exp i (nka - at) (3) 
Also, one can take 


uy, = A exp i (Axp — Gf) 
where xj, is the undisplaced position of the nth atom. 


Equation 3 represents a travelling wave, in which all atoms oscillate with the same frequency 
® and have the same amplitude A. Substituting this in eq. 2, we have 


~ o Mu, = K (eK ~2+ ei, 
(where, 2 cos ka = eS 4. ek) 


= woM = 4K sin? k 


a 
2 


1/2 
(=e) __ ka 
or w= | — | |sin— 
M ? 


(4) 
From eq. 4, the maximum (natural cut off) frequency is obtained as 
1/2 
0 (<<) 6) 
=) — 5 
mM M 
so that eq. 4 can be written as 
L. . ka 
W= (,, ee > (6) 


Equation 6 is a dispersion relation between the angular frequency @ and the wave veetor k for 
a one dimensional periodic lattice. A corresponding plot shown in Fig. 7.3 is a dispersion curve 
which is sinusoidal with a period 2a/a in k-space. The dispersion relation (eq. 6) has several 


important properties which are applicable to all the three kinds of lattices (i.e. linear, plane and 
space lattice). 


Symmetry in k-space (the First Brillouin Zone) 


There exist two types of symmetry clements (ie. the translational symmetry and the mirror 
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Continuum 


Pap } 
2Tla -tla 0 tla 2nla >k 
F- 2nd —-——__ 1st —__4- — and 


: ispersi , P . 
Fig. 73 oa w versus k for a one dimensional monoatomic lattice with nearest neighbour 


symmetry) In the above dispersion curve (Fig. 7.3). The one dimensional chain of atoms has a 
translational periodicity “a”, Because of this, the frequency « is a periodic function of k with 


a period dala, giving several values 6f k for each @ below @p. To each of these k’s, there is a 
corresponding wavelength, because 


20 
k= — (7) 
= A e . . 
In order to make a unique representation, one must therefore choose a certain interval in 
k-space whose length is equal to the period, 2z/a. In principle, the choice is entirely arbitrary; 


however, the most convenient one to specify unique k and hence a unique A is to take & in the 
range 


-nla<k< ala (8) 


The region of k-space defined by eq. 8 is called the first Brillouin zone (BZ) for a one 
dimensional periodic lattice. The extreme values of k in this region are 


Knax = + Aa (8’) 


In addition to the translational symmetry, the dispersion curve also has a mirror symmetry 
(about the origin k = 0) in k-space; That is 


ak) = ok) (9) 
where mode k (with k > 0) represents a wave travelling through the lattice in the positive 
x-direction and mode — k represents a wave of the same wavelength but travelling in the opposite 


direction. Since the lattice is symmetric in the two directions, it responds to the two waves in the same 
fashion and hence the corresponding frequencies must be identical, as indicated in eq. 9. 


Number of Modes in the First Zone 


The assumption that the last atom of the one dimensional periodic lattice joins the first to make 
the chain of atoms endless and have identical environment, provides the basis to apply a periodic 
boundary condition. Therefore, 

U(X = O)= UNan (x > L) (10) ° 
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Where L = Na is the length of the ring of atoms. Substituting eq. 3 Into VO eM at 
exp ikL = | h a 
This equation imposes a restriction on the permissible ert ae ee” “ 
satisfy eq. EL are allowed, For any integer 7, eq. HI — . 
(12) 


20 
Kaus 


4 


_ whe 1a k-axis, they form a one dimensional] 
Where n= 0, £1, £2. ete. When these values are plotted along a k-aXxis, 


mesh of regularly spaced points with the spacing Origin 

27/L between them, as shown in Fig. 7.4. When Y 

Lis large (as would be the case for any lattice — oS ' 
20 


of macroscopic size encountered in actual 


practice), the allowed points come close together Fig. 7.4 allowed values of k 


to form a quasi continuous mesh along the k- Aste biwan't 
axis. Thus the total number of points inside the first zone wil! De g » 
a 
2n/L oa 


where A is the total number of atoms or unit cells in the lattice and is equal to the number of 
allowed values of & inside the first Brillouin zone. This is expected because the values of k inside 
the zone uniquely describe all the vibrational modes of the lattice. Therefore, the number of 
modes must be equal to the number of degrees of freedom in the lattice, which is N. This is an 


important conclusion and holds good in general. 


Long Wavelength Limit 
We have seen that the dispersion curve is periodic and symmetric about the origin (Fig. 7.3). In 


order to know the behaviour of the lattice during the wave propagation through it, let us consider 
0 <k < Wa part of the curve within which the frequency of the wave varies in the-range 0 < @ 
< @, (where @, is the natural cutoff frequency). This implies that the one dimensional crystal 
Jattice allows the propagation of frequencies lying between 0 and ,, only while strongly attenuates 
all other frequencies and hence behaves as a low pass mechanical filter. In the long wavelength 
limit (k — Q), the eq. 6 may be approximated as 


o = (*3*}k (13) 


2 


This shows a linear relationship between wand k, an expected result, because in this limit the 
lattice behaves as an elastic continuum. The quantity within the parenthesis is equal to the 
velocity of sound in a solid medium and hence ; 


Om 
V, = ae = /(¥7p) (14) 


where Y is the Young’s modulus and p is the density of the solid _ fect 
eq. 5 and p= Mla? in eg. 14, we obtain id material. Substituting On 
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(15) 
hk Sarr 
eful relation for estimating force constant K, 
a us 


is es slowly: 
i ‘st when the valuc of k increas 
The lineat relationship between co and k ceases (0 exist when the si A eee a 
Tt dispersion curve begins to deviate from the straight path and even ys 
ye Guspets 
tha maximum frequency given by eq. 5. 
Ww x 


se nnd Group Velocities _ btained aS 
hi oa, 6, the phase velocity (v) = alk) and the group velocity (U, = dovydk) are 0 
sin(ka/2) 
=U 


(16) 
bp =P fal2 
and 


U, =U COS (kal2) 
where U = a(K/M)'” is the ordinary speed of sound in a solid, uv, 
a pure wave of an exactly specified @ and k and v, 


(V7) 


the velocity of propagation for 


is the velocity of a wave packet whose 


tum are 
average frequency and wave vector are specified by w and k. Since energy and ater nc 
practically transmitted via pulse rather than by the waves, group velocity is physically 
significant. 


Thus, considering the case when k- Q, 


sin(ka/2) 
71 
( kal? ) — | and cos (ka/2) 


> Up =V,=U 


This is expected as the waves of the long wavelength are not sensitive to the discreteness of 
the crystal structure. That is, in the above limit the lattice behaves as a continuum and no 
dispersion takes place. But, as k increases (Fig. 7.3), v, being slope (dw/dk) of the dispersion 
curve, decreases steadily and becomes zero at k = aa (also from eq. 17). 


At the zone boundary, k = tz/a, v, = 2u/n (from eq. 16) and A = 2a. This indicates that the 
nearest neighbour atoms are moving in antiphase. Further, atk =+ mWa,v 2 = 0 means no energy 


is being propagated; the wave is a standing wave. The situation is equivalent to Bragg reflection 
in X-ray diffraction. 


73 DYNAMICS OF A DIATOMIC LINEAR CHAIN 


In this section, we shall consider slightly more complicated case, viz. the lattice dynamics of a 
diatomic chain having masses M and m (where M > m) alternately such that the nearest neighbour 

distance is a, This is a one dimensional analogue of the three dimensional NaCl structure. For 
Convenience, the atoms are numbered in such a way that the even numbers correspond to the 
masses M and the odd ones to m. Fig. 7.5 shows the equilibrium and displaced positions of such 
a system. The equations of motion in this case may 
we have: 


be written in the same Way as eq. 2, so that 
For masses M 


ut. Udy 7 


(At 


a 
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(n — 1th oe | 


Fig. 7.5 Equilibrium and displaced positions of vibgadingiea gee 


and for masses m 


dire = K (ug_ — 2Up-1 + U2n-2) (19) 


‘ i ion of the f 
These equations can be solved as before by assuming a solution of the form 


Uy, = A exp i [2nka — at] (20) 

and Uq_ = B exp i [(2n — 1) ka - aot] (21) 
On substitution of eqs. 20 and 21 in eqs. 18 and 19 respectively, we obtain 

(2K - WM) A - (2K cos ka) B = 0 (22) 

(-2K cos ka) A + (2K - om) B=0 (23) 


and 
These are a set of homogeneous simultaneous equations in the unknowns A and B. A nontrivial 


solution exists only if the determinant of their coefficient is zero. 
This leads to the secular equation, 

2K-0°*M -2Kcoska 
-2Kcoska 2K-—w?m 


(24) 


i.e. 4K? — 2Ko? (M + m) + Mmo' — 4R? cos? ka =0 (23) 


This is a quadratic equation in @” and its roots are 


o=K(L L) aK (3 Ly: bane (06) 
Vee lien 1. 
Mom M x) Mm 
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yation 26 is the requireg 
cause of the positive and 
-orresponds to two values of Q. 
eves in reduced zone schem 
ae corresponding the minus Sign in eq 
jue t0 the positive sign jg the Optical branch 
= 0 the lower branch represents long Wavele 
velocity (@  k), and longitudinal ela 
ig due t0 the fact that near k=0 
spectrum, the Corresponding wa 

molecular vibration. 


“ispersion relation between « and k for one-dimensional lattice. 
CZative lerms on the right hand side of the equation, each k 
webs shown in F ig. 7.6 represent the corresponding dispersion 


" ONES are referred to as branches. The lower branch of the 
26 is the acoustic branch, while the upper curve 
- The former name is due to the fact that near k 
ngth elastic waves with a frequency independent 


Stic waves are identical with the sound waves. The latter 
» the frequen 


velength isa 


Cy of upper branch lies near infrared region of the 
typical wavelength for infrared absorption due to 


Fig. 7.6 The dispersion curve, 


@ versus k for a one dimensional diatomic lattice (M > m) in reduced zone 
scheme 


The frequency range between the top of the acoustic branch and the bottom of the optical 
branch is forbidden, and the lattice cannot transmit such a wave. Therefore, waves in this region are 
strongly attenuated by the diatomic lattice which behaves as a band-pass mechanical filter. 


The Acoustic Branch 
Dispersion relation corresponding to the acoustic branch is given by 


1/2 
w=K pes -K JAY _4sin? ka 
~ (2 ( 


m) M m) Mm (27) 
Since the acoustic branch begins at k = 0, this is mathematically defined as 


Under this limit, eq. 27 becomes 


\ 
i» V2 
| 1 2 22 
ima? =(L41)_ x (2 th) _4ka 
k~0 M m} \M im) MGR 
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ro uyaeli- 2a? Me 
-«(h+m) (M +m) 


_| mt M 2k2a°Mm 
~ Mm ) (M+m) 
in 
so that 0K (= +M (29) 
With the help of this, the phase velocity and the group velocity can be obtained as 
QO. = Ks =U 
lim (Up -y(22)=*(aea1) (30) 
: ( do_ aah 2K Tes 
and lim (Ug) = 1M) | ak (in +M ) G1) 


Now, as the value of k increases, acoustic 


slowly decreases and eventually saturates at k= 


branch of the curve rises linearly first and then 
n/2a. Thus, the maximum allowed frequency fo 


this mode is obtained by putting ka = tn/2 in eq. 27, 1. 


2K 2 
(@_)max = Ga 


This is independent of the lighter atoms in the chain. This physical distinction between the 


(32) 


acoustical and optical modes of lattice vibration can be appreciated by looking at the ratio of the 
wave amplitudes A/B and the phases of the solutions for each branch of the dispersion relation, 


From eg. 22, the ratio A/B is 


B 2K -Mo? 


A _ _2Kcoska_ 


(33) 


Making use of the limit (k — 0) given in eq. 28, the above ratio reduces to 


iil 
Thus, at k = 0, for the acoustical branch, the 
two atoms in the cell have the same amplitude 
and are also in phase as shown in Fig. 7.7. 
Again from eq. 23, we have 


B_ 2Kcoska 

A” 2K -mo? 35) 
At first zone boundary, ka = + 7/2, so that B=0 
implying that the smaller atoms are stationary in 
the acoustic branch. Consequently, A/B > ~, 
These two observations are shown in Fig. 7.7. 


(34) 


AIB 


—(m/M) 
Fig. 7.7 Ratio (A/B) of the amplitudes of the two 
branches of dispersion relation for 4 
diatomic linear chain 
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The 


he upper branch of the curye Correspond; 
and is given by Ponding to the Positive sign in eq. 26, is the optical branch 


2 a 1 7 1/2 

aK Tela ft 4 * _ 4sin? ka (36) 
implifyin 36 : ae “m 

On simpltying eq. 36 at k = + = 

optical branch is found to be 72a, the minimum allowed frequency corresponding to the 


2 
(,),.,. = (2) (37) 
at k = 0, the maximum frequency is ‘ 
1 oy? 
(, max = ax(L+4)] (38) 
Substituting the value of « from eg. 37 into eq. 23, we find 
MA+mB=0 S 
From eq. 39, ratio of two amplitudes 
A m 
A_(m 40 
B F - 


Again putting ka = + 2/2 in eq. 22, we have 
A 
ae A=-0 41 
: or (41) 


This corresponds to the optical branch of the curve. 

From the above discussion, it may be concluded that for k = 0 in the acoustical branch, the 
two types of atoms may be considered as vibrating in phase (together with their centers of mass) 
as one would expect in an ordinary elastic wave propagation, whereas in the optical branch they 
vibrate out of phase, keeping their centers of mass fixed (as one might expect in a system of 
alternating charges under the action of an electric field parallel to the linear chain). Similarly, 
at the boundary (k = 7/2a), in the acoustical branch only the heavy atoms (M) move, 7 out of 
phase and in the optical branch the light atoms (m) move, also z out of phase. They have been 


shown in Fig. 7.8. | 


Symmetry in k-space and Number of Modes in First Zone 

Like monoatomic system, the diatomic chain also satisfies symmetry properties in k-space. For 
example, it has a reflection symmetry about k = 0, however the periodicity of the dispersion curve 
in this case is 7/2a and not 7/a (unlike monoatomic case). Consequently, the first Brillouin zone 
lies in the range —7/2a < k < m/2a since the period of the real lattice is 2a and not a. These can 
be easily verified by considering either eq. 26 or Fig. 7.6. Further, using the periodic boundary 
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trtdt Ly hy? 


= 0 (optical) 
(a) k = 0 (acoustical) (b) k 
7 
Filton j 7 
a N\ 
LTA fT) 
NLS 


(c) k = 2/2a (acoustical) ane | 
e acoustic and optical modes for a diatomic linear chain 


(d) k = 2/2a (optical) 


Fig. 7.8 Motion of atoms in th 


= is N and hence the 
boundary conditions, that the number of allowed k-values inside whey oe modes—acoustic 
total number of modes inside this zone is 2N (because of the prese of freedom in the lattice, as 
and optical—for each k), which is equal to the number of degrees 
must be the case. 


Frequency Ga . : 

Tapeeeiee ok Fig 7.6 further reveals that no solution exists for the i ple bar ay ete 
< © < ((,)max at the origin (k = 0) and (,)min < © < (@.)mnax at the first zone boun ee a 
2a). Separation between acoustic and optical branches is maximum at the origin an a um 
at the boundary. The gap between the two branches at the zone boundary is known as a 
gap and is a characteristic feature of a diatomic lattice. It is, however, possible to obtain solutions 
in this region by introducing an impurity atom (e.g., by replacing one of the atoms of mass m by 
one of mass M), such solutions are called gap mode. Another possibility of looking solutions in 
the gap with real @ will have complex k, so that the wave is damped in space. 


Example: If the velocity of sound in a solid is taken to be 3 x 10° m/s and the interatomic 
distance as 3 x 10°!° m, calculate the value of cutoff frequency assuming a linear lattice. 


Solution: Given: v = 3 x 10° m/s, a= 3 x 107m, critical frequency, v= ? As we know that the 


cutoff frequency occurs at k = qa (i.e. A = 2a). Further, the velocity and the frequency are 
Telated by the equation 


v= vA=2va 
26, Une 3x 10° _ 12 
or = Oa Ai ee Hz 


Example: If the velocity of sound in a solid is of the order 10° m/s, compare the frequency of the 
sound wave A = 10A for (a) a monoatomic system, and (b) acoustic waves and optical waves in 


a diatomic system containing two identical atoms (M = m) p 


er unit cell of interatomic spacing 
2.5A. 


Solution: Given: Velocity of sound v9 = 103 m/s. 
(a) In case of a monoatomic lattice, the frequency is given by 


W = Upk = bp 2 


A 


a) 
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—_ 10 X2n 
10x 19-10 = 6-28 x 10" rad/sec 


(b) 


For acoustic waves in a gi Be igs 
diatomic (identical M = m) lattice, the frequency varies from 


Sinh _ aK \!? 
| k= 010 = (24) atk = n/2a 
Also, the velocity expression jg given by " 


_— (2K\" 
Uo at es) 


12 
or O= Ll = (7) = 10° 

| a 2.5x 107! 
For optical waves, the frequency varies from 


= 4x 10!” rad/sec. 


_ (4K 1/2 1/2 
om EY a eetemal2®) wens 
Km ) ) 


Lim 


Vv, 
Therefore, @= J2x = = 4/2 x10! rad/sec. (at k = 0) 


v 
and O= Snax 10’? rad/sec. (at k = n/2a) 


Example: The unit cell parameter of NaCl crystal is 5.6A and the modulus of elasticity along 
[100] direction is 5 x 10!° N/m? Estimate the wavelength at which an electromagnetic radiation 
is strongly reflected by the crystal. At. wt. of Na = 23 and of Cl = 37. 


Solution: Given: 2a = 5.6A, Y = 5 x 10'° N/m, At. wts. Na = 23, Cl = 37, 1 amu = 1.67 x 
10°77 kg. The maximum frequency of radiation (in optical range) strongly reflected by the NaCl 


crystal will be given by 
V2 
t* 4 
(4) max = [ax (i. +\| 


Let us assume that an extension along [100] direction will have negligible effect on vertical 
springs. Therefore, we can write 


K=aY 


The frequency expression becomes 


1 1 1/2 
(@,)max = jaor( a +)| 


1/2 
Soni SeO" (+o 
7 167x107" = (37.23 
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= 3.44 x 10!? rad/sec. sacri 
— refie 
Hence, the wavelength at which this radiation !s strongly 
§ 
2nc 2nx3x10" 5.48 il 
o  3.44x10 
IN THREE DIMENSIONS 


f one dimensional chain of atoms 


In the foregoing sections, we discussed the dy the properties of dispersion relations 
(monoatomic and diatomic cases). It was pointed out that saat and three dimensional systems, 
corresponding to one dimensional cases are also applicable ii ce that emerges in two and three 
However, the only additional feature of considerable importan ‘aves, But the basic difficulty in 
dimensional system (a crystal) is the polarization of vi ace a a three dimensional space 
developing the lattice dynamics of a two dimensional p a : Ive very complex mathematics 
lattice containing one or more atoms per unit cell is that they involve {jtative discussion of th : 
Thus, to avoid mathematical details we shall present here only a.qualrs 
subject. oe ee oe, ere eee 
Let us consider a system of monoatomic Bravais lattice (€-8- SIE eat - hank 
of one atom per unit cell. The equation of motion of each atom call re aa a ner 
similar to that of eq. 2. The normal mode solution may therefore be wniten as 


7.4 DYNAMICS OF IDENTICAL ATOMS 


namics 0 


o 
u, = A exp i(k. r— OF) (42) 
avelength and direction of propagation, A represents 
ons of the atoms and r is the position vector. 
e is longitudinal (A parallel to 


where the wave vector k specifies both the w 
the amplitude as well as the direction of vibrati 
Thus, the polarization of lattice wave is observed when the wav 
k) or transverse (A Lk). However, in general the wave in a lattice is neither purely longitudinal 
nor purely transverse, but a mixture of both. 

On substitution of eq. 42 into the equations of motion, three simultaneous equations 
involving A,, Ay, A, (components of A) are obtained. These equations are coupled together and 
are equivalent to a 3 x 3 matrix and so is the secular equation. This gives three dispersion 
relations as its roots and hence three dispersion curves as shown in the Fig. 7.9a. However, 
for a nonprimitive lattice containing two atoms in the unit cell will look like as shown in Fig. 
7.9b. Six dispersion curves are because of the fact that for r atoms per unit cell there are 3r 
dispersion curves as discussed earlier. Out of these, three branches are acoustic (because it 
can be shown that three of the roots always vanish at k = 0), and the remaining (3r — 3) are 
optical. Acoustic branches may be classified at 7), 7, and L according to their polarization. 
Similarly optical branches may be classified as LO and TO when & lies along high symmetry 
directions, such as [100) or [110]. Dispersion curves along three symmetry directions in 
aluminium crystal are shown in Fig. 7.10. 


7.5 EXPERIMENTAL MEASUREMENTS OF DISPERSION RELATION 


From the discussion of lattice specific heat of solid (refer chapter 9), we observe that even the 
Debye model is unable to provide completely Satisfactory explanation to the experimental data 
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Mie. 7-10_, Dispersion curyes along three symmetry directions in aluminium crystal 


in the intermediate temperature range for want of correct dispersion relation. In the present 
section, we shall study the same from experimental point of view. 

At present, inelastic scattering of thermal neutrons is the most powerful tool for experimental 
observation of lattice waves. it is well known from nuclear physics that neutrons are produced 
by fission of heavy nuclei, such as uranium (U235). Such neutrons are fast and have an average 
energy of about 2 MeV. However, they can be slowed down by passing the beam through enough 
matter untill the beam is in thermal equilibrium with the molecular motions of the material: such 
neutrons are called slow or thermal neutrons. The energies of these neutrons are about 0.025 eV, 
which is of the order of kT at room temperature (T ~300 K). The wavelength of such neutrons 
is of the order of 1 A, suitable for diffraction experiments. 

A triple axis (neutron) spectrometer (TAS) is used to measure the magnitude and direction of 
the scattered beam as shown in Fig. 7.11. The wave vector kj of the incoming neutron beam is 
known from the reactor characteristics. On the other hand, the final neutron wave vector ky is 
known by measuring the angle > between k; and ky and the angle y between k; (or k;) and the 
crystal. In this case, the diffraction pattern obeys the Bragg’s law in the form 
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Fig. 7.11 Geometry of a triple axis 


neutron spectrometer 
(43) 


ki - kp=9 
tron also obeys the energy-conservation 


Similarly, the energy of the inelastically scattered thermal neu 
equation 


(44) 


h? k2 —k2) =ho 
. 2m, ( i f q 
when k; and &; are initial and final neutron wave vectors, respectively; mm, 1S the mass of a 
neutron; @, is the frequency of a lattice wave of wave vector 4. Thus, from acetvale Medsurements 
of k;, kr and the energy loss of the neutron beam, the dispersion relation @ versus q, for the lattice 


wave can be determined experimentally. 


7.6 ANHARMONICITY AND THERMAL EXPANSION 


In the above discussion of thermal vibrations and the development of the theory of lattice 
specific heat of solids, we restricted ourselves to harmonic approximation according to which 
the elastic force acting on a particle displaced from its equilibrium position is proportional to the 
displacement and is directed towards the equilibrium position, 1.e. 


f=-Bx (45) 
and the corresponding potential energy is 
oN 
U(x) = - BX (46) 


This is represented by a parabola as shown in Fig. 7.12, indicating that the amplitude of the 
atomic lattice vibration increases with the increase of temperature and becomes as high as 12% 
of the interatomic spacing, at the melting point. However, the increase in temperature does not 
affect the mean position of oscillations and hence the average interatomic spacing remains 
unchanged. Under such a condition, heating a body would not bring about its expansion. But, it 
is an experimental fact that most of the solids expand on heating, implying thereby that the 
vibrations of the particles in a solid are not truly harmonic, i.e. it is actually anharmonic. This 
is supported by the fact that the potential energy curve expressed as the sum of attractive and 
repulsive terms as shown in Fig. 2.1 is assymmetric in nature. A similar potential energy curve 


Fig. 7.12 Para 


include the assy 


and 


Potential energy 


Vibrational energy levels 
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Fig. 7.13 
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Interatomic distance —» 


po 


Vibrational 
energy levels 


Interatomic potential energy —» 


. a 
(Classicay Vibration amplitude) 


bolic 
Potent} 
lal Corresponding to harmonic oscillator 


ymmetry, eqs. 45 and 46 must be modified to 


. He 
nce they assume the following form: 


; (47) 


(48) 


Interatomic distance 


Average 
"hy interatomic | 5 4A) ee iain) 


ic potential 
' I r3 distance saiih anneratomn po 
5 


Potential energy as a function of distance between two atoms 
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; right (x > 0), the cubic 

where g is a proportionality factor. When 2 particle is displ the curve flattens. On the 
term is subtracted from the quadratic term and hence the right Ss! bic term is added to quadratic 
other hand, when the particle is displaced to the left (x < 0 entral position of the particle 
term and hence the left side of the curve steepens. As 4 result ae to the right (Fig. 7.13). This 
no longer coincides with the equilibrium position but is displace Hence on heating a material 
corresponds to an increase in the average interatomic spacing *- 
body, it should expand. : 

Now, let us estimate the value of the thermal expansion ¢ 


force caused by the displacement of the particle from its equi 


f= _ prt ex? 


coefficient. The average value of the 
librium position is 


However, when the particle vibrates freely, f =0, therefore, 


ox = Bx 
so that 
=2 
tae | (49) 


The expression for the average potential energy of a vibrating particle could be written from eq. 


46 as 
2) 
U(x) ~ B> 


= U(x) 
or x? =2—— 
B 
substituting this into eq. 49, we obtain 
T=2y - (50) 


However, in addition to the potential energy, a vibrating particle has kinetic energy E,, such 
that U(x) = E,. So that the total average energy of the particle is E = E, + U(x) =2U(x). 


Making use of this, eq. 50 can be written as 
4. (51) 


The relative linear expansion, i.e. the ratio of the average interatomic spacing, X, and the 


equilibrium interatomic spacing, rp, is equal to 


ange sstes 5 


ry Br 


and the coefficient of linear thermal expansion is 
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| dx z 
eo 
1B ; Brry aT 
wnere X= 8/B ro and Cy is the Specific 


oe heat of h . % 

From eq. 52, it is clear th; the solid per particle. 

colid is interrelated. Fig, 7 4 1 Coefficient of thermal expan and the specific heat of the 
ne 114 shows the temperature dependence of C, and a. 


In the high temperature ra 
its specific heat C, = k, Therefs the energy of a particle engaged in linear vibrations is kT and 
of thermal expansion of a linear atomic chain 


€, the coeffic; 
will be Icient 


a=7C,= gh 
Baye (53) Cy cal/(mol-K) a, 10° K" 
Substituting the values for 


various solids, ois found to be of the order of 
10+ - 10°, which is in fair agreement with the 
experiment. Experiments also Support the 
conclusion that in the high temper 
ais practically independent of temp 


&, k, B and 'o for 


ature range 


7.14), In the low t cage 
14). In the low temperature range, @ behay 

’ es 0 
similar to that of C,,. 100 = 200 300 400: 7K 
_ Using the Debye model, Gruneisen has Fig: 7-14 Temperature dependents of coefficient of 
derived an expression for coefficient of linear linear expansion a and specific heat C, 
expansion (0) in terms of the molar specific of copper 


heat C, and the compressibility K 


CK 
a, = oe (54) 


where ¥ is the Gruneisen’s constant (or parameter) and V is the molar volume. Gruneisen’s 
parameter (7) is defined by the equation 


"Wn, ©) 


where vis the frequency of atomic vibration and V, is the atomic volume. Gruneisen’s parameter 


for different metals varies from 1.5 to 3.0 and is not strictly constant, although the variation is 
very small. 


7.7 SUMMARY 


1. The concept of quantized lattice vibrations (i.e. the existence of phonons) helps to explain 
a number of properties of solids including the specific heat near absolute zero. 

2. The dispersion relation between @ and k for a one dimensional lattice with nearest 
neighbour interaction is given by 


. ka 
sin — 


WO = On a) 
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3. The natural cutoff frequency @, is given by 
2 
4K) 
Om =| 


where K and M are the force constant and the atom! cal isenié) is linear, sfiottioges 
4. The dispersion curve near k = 0 (i.e. in the long wave © £ 


the low wavelength limit, the 
symmetric, This curve saturates at large values of k. ‘ane in the range 0 < W@< @, are 
lattice acts as a low pass filter, i.e. only the frequencies 'y 


transmitted while higher frequencies get atten nay are equal to the velocity of 
5. Near k = 0, both the phase velocity and the group = 2v/n, indicating tha 
sound. On the other hand, at k = t/a i.e. at A= 2a, a a itonit, no energy is being 
the nearest neighbour atoms are out of phase by 7. the same as the Bragg condition, 


propagated; the wave is a standing wave. The situation is aot dfSEGBR Consist of twa 
6. The dispersion curves for a one dimensional diatomic linear 


is optical branch. 
branches: the lower one is acoustic branch and the upper or cae Salita (pian 
7. The acoustic branch is similar to the monoatomic case, W a raihes easton 
almost flat throughout the k-space. There exists a frequency gap De 


and the lattice acts as band pass filter. , fatwa ences 
8. The dispersion relation in a three-dimensional lattice is an extension OI the ae on 
case. The wave vector k is now a three-dimensional vector, and the frequency 1s a function 


of both the magnitude and direction of k. 
Inelastic scattering of thermal neutrons using a triple axis neutron spectrometer is a 


powerful tool for experimental measurement of lattice waves. 
Thermal expansion of most of solids is anharmonic. According to Gruneisen, the coefficient 
of linear expansion in terms of molar specific heat C, and compressibility K is given by 


C,K 


c mass, respectively. 


10. 


7.8 DEFINITIONS 
Anharmonic Motion: The motion of a particle subjected to a restoring force that is not directly proportional to 
the displacement from a fixed point in the line of motion. 
Black body radiation: Thermal radiation from a black body (full radiator) at a given temperature. It, generally, 
covers the entire wavelength range, the exact spectral distribution depends on the temperature of the body. 
Brillouin zones: The volumes contained within the drawn surface which indicate the forbidden values of k, in k- 
space. 
Degree of freedom: It is the number of independent variables needed to specify the state of a mechanical system. 
Group velocity: Itis the velocity with which a group of waves travel. It is equal to the phase velocity, if the phase 
velocity does not depend on wavelength. 
Gruneisen Parameter (y): The negative rate of change of atomic vibration frequency with respect to atomic 
volume change; or where it is assumed that yis the same for all vibrational states within the solid. 


__Inv 
In V, 


Hooke's law: For a certain range of stresses, the strain produced in a body is proportional to the applied stress. 
Longitudinal wave: A wave ir which the direction of the displacement of the particle is the same as the direction 


of wave propagation. 


phos 


, velocity: The velocity with Whic 
phono” The quantum of elastic or Strain ener - “rests and troughs travel through a medium. 

yoton 
qransv? 
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the w 
The quantum of electromagnetic enerpy, 
rse wave: A wave in which the ao 
ia € direct; ‘ i 
direction of wave propagation, 1°" Of the displacement of the particle is perpendicular t0 the 


REVIEW QUESTIONS AND PROBLEMS 


I. 


10. 
Il. 


15; 


. Analyse the vibrational Motion of a 


. Discuss the energy ang momentu 
. Show that for a monoatomic lin 


. Discuss the vibrations of diato 
. Describe with necessary theo 


. Derive the vibrational modes of a 


Suppose that longitudinal yjheas.__ . | 
conditions, so that the Tron ations I a linear chain of N identical atoms obey periodic boundary 

10n of the first and last atom of the chain is identical. Find the number of 
Nn for this System. 
On for a one di 
tic modes. 


normal modes of vibratio 
Find the dispersion relat; 


of the optical and acoys mensional crystal with two types of atoms and discuss the nature 


diatomic periodic linear chain and obtain expression for the vibration 
Wave number k. Show that davdk must vanish at the zone boundary. 
™ Conservation law for neutrons inelastically scattered by phonons. 

€ar chain, the density of phonon modes per unit frequency interval 
ncy on either side of the gap, while it tends to acquire a constant value 
t neighbour interaction described by a single force constant K, for all 


frequencies was q function of the 


diverges at the maximum freque 
as a 0. Assuming the Neares 
interacting pairs. 


Mic lattice and describe its optical and acoustic modes. 
Ty the method of neutron diffraction for the study of phonons in crystals. 
Mention the advantages and limitations of this method. 


diatomic linear chain of atoms. What is the difference between the 
two branches and why are they named so? 

Obtain the dispersion relation for elastic waves in a linear monoatomic chain with nearest neighbour 
interaction and show that the group velocity vanishes at the zone boundaries. Find the density of the 
vibrational states as a function of the angular frequency and sketch the dispersion curve. 

Derive equation of state for solid and Gruneisen relation. 

The unit cell of NaCl is a cube of side 5.6A and the Young’s modulus in a [100] direction is 5 x 10'° Nm=2. 
Etimate the wavelength at which the electromagnetic radiation is strongly reflected by the crystal. 
Assuming that for extension along [110], the crystal may be considered as a set of linear chain in which 
the parallel and the lateral forces are i gnored. (At. wts. Na = 23, Cl = 37). 

Ans. 38.8 x 10° m. 


. Prove that in a one dimensional diatomic lattice, both acoustic and optical branches in dispersion curve 


meet the zone boundary normally. 
Prove that the gradient of optical branch of the dispersion curve at the maximum frequency is zero. 
Prove that in a one dimensional diatomic lattice, the optical branch is given by 


v2 
lim(@_)> | ca 
k30 m+M 


Prove that in a one dimensional diatomic lattice, the two kinds of atoms oscillate with amplitudes related 
to each other by 


sec ka 


/ 


2 
B=A ;- Mat 
2K 


. Ina linear chain, all atoms are identical but connected alternately by springs of force constants K 1 and 


K,. Show that the frequency-wavevector spectrum is 


2A 
oe Kites dx, + Ky)’ - 4K, Ky sin? ka}! 
M }) M 
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ly 


18. 


IM <e 1, prove that the square of the widths of the optical and 
x=m << i, ms 

f higher neighbour interactions are also 
relation of a one dimensional 


If in a one dimensional lattice, 
acoustic branches are in the ratio x : 4. 

A more accurate description of lattice vibration is 
included. Prove that the inclusion of nth neighbours m 
monoatomic system to 


obtained i 
odifies the dispersion 


Mw? = By, K, [1 - cos(ska)] 
s= 


responding to the s" neighbour interaction. 


where K, is the force constant co 


Chapter 8 


Diffraction of Waves and 
Particles by Crystals 


—————__ 4 albuicids Dy Ul ystals 


8.1 INTRODUCTION 


Earlier chapters describe in detail the 
molecules) in ideal crystals and their 
from theoretical point of view. This 
Experimental study of crystalline mat 


geometry and symmetry of the arrangement of atoms (or 
difference from the real crystals containing imperfections, 
chapter, studies them from experimental point of view. 
erials became possible only after the discovery of X-rays 
by Roentgen in 1895. In 1912, Max Von Laue recognised that ihe wavelengths of these rays 
were of the order of interatomic spacing in crystals, i.e. about 1 A. He therefore proposed 
that the crystals could be used as a three-dimensional diffraction grating to study the nature 
of newly discovered X-rays. This is because of the fact that the spacing between the adjacent 
lines on a diffraction grating must be of the order of the wavelength of the light used and that 
the gratings with such a minute spacing (~ A) as required by the X-rays cannot be ruled on 
any glass plate. Therefore, now X-rays and beam of electrons and neutrons are used to study 
the structure of materials. 

Electromagnetic radiations such as X-rays are regarded as waves because under certain 
conditions they exihibit interference, diffraction and polarization. Similarly, electrons and 
neutrons are regarded as particles because they possess mass and follow the laws of particle 
mechanics. However, we know that every moving object (particle) is associated with a wave. In 
a particular event, X-rays may behave either as waves or particles, but simultaneously not both. 
Same X-rays that are diffracted by a crystal can cause the emission of photoelectrons from a 
suitable surface, but these processes occur independently. 


8.2 X-RAYS AND THEIR GENERATION 


X-rays like visible light are a form of electromagnetic radiation having shorter wavelengths, 
typically of the order of 1 A, i.e. they represent a relatively high energy form of radiation. In 
the electromagnetic spectrum they lie between ultraviolet and y-rays. X-rays are produced when 
a stream of high energy charged particles, e.g. a beam of electrons are allowed to strike a metal 
target. In the process, electrons loose certain amount of their energy which is converted into 
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e “white radiations” or continuous 


ding to 


electromagnetic radiations, ie. AE = hv. Such processes 81V 
X-rays. Figure 8.1 shows continuous X-rays spectra correspon 
different accelerating potentials, which tails 
off gradually at higher wavelength side, but 
terminate abruptly at shorter wavelength limit 
Aswt (OF Anin). AS the accelerating potential 
increases, both the maxima in the intensity 
distribution and the A,,;,, shift towards the shorter 
wavelength side. At particular V, the Amin is 
fixed and is related to each other as 


=6 

herbi 1.24x10 V-m (1) 
V 

Amin in eq. 1 means a maximum frequency which Wave length 

consequently means a maximum photon energy, Fig. 8.1 X-ray spectra of tungsten at various 

hVmax- The maximum energy that X-rays photon accelerating potentials 

can have cannot exceed the maximum energy of 

the electron beam, which in turn is determined 

by the voltage applied to the X-ray tube. Thus 


a tungsten target at several 


Intensity, relative units 


he 
AE max = €Vinax = WVinax ‘2 Pow 
‘min 
he 
or ue S2Vi~ Or -Aae= (2) 
Avnin EVinax 


Substituting the values of constants, we obtain 


_ 663x104 Jsx3x108 ms! 1.24x10°° 


Anis 1.6x10°° CxV V 


V-m (3) 


which is just the same as the experimental relation given by eq. 1. 


Example: Find the shortest wavelength that is present in the X-rays produced at an accelerating 
potential of 50 kV. Calculate the corresponding frequency also. 


Solution: Given: Accelerating potential, V = 50 kV = 5 x 104 V. Now using eq. 3, we have 


1.24x 1076 
Amin = aby WM 25x10" =0.25 A 


Corresponding frequency. is given by 


c  3x10® ms"! 
Vinax = a. 


Ee 25x lot = h2*10" Hz 


The characteristic (or monochromatic) X 


ara “Tays result in the form of excess of energy Exa 
when the incident electron beam ejects som 


¢ of the most energetic K-electrons from the atoms 


pee 
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1 target by ab Diffraction of Waves and Particles by Crystals 2 
meta y a sorbin a 
0 f Jaced by less energetic cleo) €qual to Wy and the resulting vacancies in the K-shell 
- _ 8.2). If the vacancies in the keane from the L-shell. Such X-rays are called Ka radiations 
xa at ce “p : aie replaced by electrons from M-shell, the resulting 


adiations, f 
t this is less probable transition. Fig. 8.3 shows the 


: —? NOWeve 
net level diagram and Possible transitions Th 
» They are: 


\ K state 


K al K a 
Q 
TI 7 Lstate 


Wy Won Win 
i ea as Ground state 


showing Fig. 8.3. Energy level diagram showing the allowed 
roduction transitions 


Energy 
i= 


M 


Fig. 8.2 Electron orbits in an atom, 
transitions associated with the Pp 
of characteristic X-rays 


Exot = Wx - Wy due to K 3 Lyy transition 
and 


Exo. = Wx - Wy due to K Ly transition 


where Aggy = 1.54051 A and Ags = 1.54433 A respectively for copper target. 

Complete X-ray spectrum (J versus A curve) emitted by copper target is shown by solid line in Fig. 
8.4. The K-radiations from elements of intermediate atomic weights have wavelengths comparable 
to interatomic dimensions and these are suuitable for crystal differaction experiments. 


a, 
7) 
: B 
— 
(a) 


Fig. 8.4 Complete X-ray spectrum, I versus i. curve: solid line shows the characteristic lines superimposed 
on a background of white radiation. Dotted line shows K absorption edge suitable for use as a 


B.-filter 
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eated tungesten filament (acting 


negative potential (~50 KV) is 
ble amount of K-radiations. In 


L h 
. nin Fig: 8.5.A 
The essential parts of an X-ray tube are shown “ a large 


as cathode) provides the electron beam, which unet” reasona ? 
accelerated towards the target (acting as anode) to ~~ colliding with gas molecules before 
order to prevent the electrons from losing their ener? negatively charged screen Surrounding 
they reach the target, the intervening space is evacuated. The eigaet The X-rays produced in this 
the filament serves to focus the electron beam info on of beryllium. which when notin use 
process leave the X-ray tube through windows usually ma chosen because they have respectively 
are covered by shutters made of lead. Beryllium and lead ar* rption increases with the increase 
low and high absorption coefficients for X-rays. 


of atomic number of element. 


In general, abso 


—(30 - 40) kV seated tungsten filament 


Focusing screen 
Electrons 


Evacuated tube 
Pb shutters 
X-rays 

“——~ Be windows 


Target 


water 


Fig. 8.5 Schemetic diagram of essential parts of an X-ray tube 


The choice of target material depends on several factors. From the engineering point of view, 
it should be a good conductor of heat so that it can be effectively cooled (a huge amount of heat 
is generated on the target for being at a large electrode potential) and of electricity (because it 
has to function as an anode). These requirements suggest the target material to be a metal having 
reasonably high melting point. Further, from the crystallographer’s point of view, it should emit 
X-rays having wavelengths of the order of | A. The above mentioned requirements limit the 
choice to the first and second-row transition metals. The most widely used target material is 
copper which fulfils the above conditions well. Besides, there are some other metals used as 
target sleds a the generation of X-rays of desired specifications. A list of commonly used 
target elements along wi ‘ P their characterietio R’. linac ; : : 
g ng with the wavelengths of their characteristic K,, lines is provided in Table 
8.1. 
X-ray tubes may be ‘ alediaifte . : 
ogiheee erty aaa sealed after evacuation, or may be demountable in which 
S Mc ine Cc i ing rer lt A i + oops 

ae saa y continuous pumping. A sealed tube has neither rotating anode facility 

nor it is possible to replace any of its compone if goes be 
replaced. Also, a different tube j ponent it goes wrong, the whole tube has to 
° ead e IS Pedr ae a — . . ae 

et cae needed for each type of radiation. On the other hand, despilé 

having certain advantages, demountable tubes require - : ae 
es require an extra maintenance facility and not 
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Table 8.1 Target e| 
ements, 
él ements With at. no ~Sresponding X-ray wavelengths and filter elements 
SS “at ay e 
a Filter esa Wavelengths Density Optimum 
a > ae ; 
iil (24) Vv (23) Ko, Ka, thickness 
fe 8) Mi (25) 2.2896 2.2935 0.009 0.016 
cu (29) Ni (28) 1.9360 1.9399 0.012 0.016 
yo (42) Nb (41) 1.5405 1.5443 0.019 0.021 
au (47) Pd (46) 0.7093 0.7135 0.069 a 
ee eS Ga 4 


0.5594 0.5638 0.030 


ilable for 
readily avai use. This ma 
ee sealed tubes fon hed as A a that most crystallographers use 
work, 
grample: If the potential differenc 
it is 2.5 mA, calculate the number 
which they strike. Also Calculate th 


© cross an X-ray tube is 6000 volt and the current through 
of electrons striking the target per second and the speed at 
| € shortest wavelength of X-rays produced. 
Solution: Given: ]= 2.5 ma = 2.51034, n=. and Ani, = ? 

9 — 3, ini © 


We know that — Q Txt 251073 - 


Further, we have eV = (1/2) mv?, 


pra 20V _2x1.6x10"" x6 x 103 


or = 14 
m= ane = 21.078 x10 
or U= 4,59 x 10’ m/s 
1.24 x 10° 1.24 x 10°° 
Also, Amin = ———— V-m = =~ = 2.06 A 
" v 6000 
Example: If K, L and M energy levels of platinum Energy in eV Principal quantum 
lie roughly at 78, 12 and 3 keV, respectively, pcs staan number 


calculate the approximate wavelength of the 


K, and Kg lines. 
--- § --|n = 3(M-shell) 


Solution: Draw the energy level diagram as 


ty 

fl 

\ 

WwW 

sg 
{——$—$—$—$—$__+—_—__} 
—_ 
| i 
R H 
' '‘ 
L absorption edge — 
rm 


shown in Fig. 8.6, we can obtain 5 
(MV) xq = Ey, - Ex =- 12 + 78 = 66 keV a 8 a or ers are 4---9n = 2 (L-shell) 
Sb 
and E 
(hV)ep = Ey — Ex =- 3 + 78 = 75 keV n| 
The first equation can be written as esa 
he he | ae ee n=l (K-shell) 


— =66 keV or Ay, == 
66 Ko 66 keV Fi , 7 
Ka ig. 8.6 K, L and M energy levels for platinum 
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or 4, = 626 x 10° x 3x10" 919A 
ka = "66 x 1.6 x 10° x 10° 


Similarly, from second equation, we can obtain Ax = 0.17 A. 


8.3 MOSELEY’S LAW 

characteristic X-ray spectra 
He used Bragg's spectrometer 
similar to the extent that they 
r from one another in one 
d by an element (in every 


During 1913-14, Moseley carried out a systematic study of the 
emitted by various elements that were used as targets in X-ray tubes. 
for the purpose and found that the spectra of different elements are SI 
all contain K, L, M and N-series. However, he found them to diffe 
respect, i.e. in terms of frequency. The characteristic frequency emitted by : 
series) was found to depend on its atomic number according to the equato 


Vv «a(Z- b) 
is v=[a(Z- bP (4) 
values are different for different series), 


where a and b are constants for a particular series (thei 
The constant a is related to Rydberg constant, b is a sn 
constant and (Z — b) is the effective mass number of the element. 
hence the eq. 4 reduces to 

v=[a(Z- DP 2) 


Moseley plotted a graph between the atomic weight of the elements and the square root of the 
frequencies of characteristic X-rays and also between the square root of the frequencies and the 
atomic number of elements emitting them. He found that in the first case, the points lie on or 


near the straight line, while in the second case, 
they lie exactly on the straight line (Fig. 8.7). 
With the help of such a plot missing elements 


yall number called the nuclear screening 
For K spectrum, 6 = 1, and 


like promethium (Pm) and technetium (Tc) were = 
predicted. Further, Moseley’s results made it S 16 

possible to determine the exact atomic number is 

of many elements which were not known 8 

correctly at that time. For example he found 

that the atomic number of Argon (Ar) should 0 ; « iw a (4G 
be less than Potasium (K) and hence to be put Atomic number, Z 

first in the serial order. Earlier, they were Fink SeveRtediodie aware 


wrongly placed in the order of increasing atomic 
weights. Moseley, thus came to an important conclusion that it is the Atomic number rather than 


the atomic weight which determines the chemical and X-ray emitting properties of an atom. He 
identified the atomic number with the positive charge on the nucleus. 

Moseley’s law can be deduced theoretically from Bohr’s atomic model, according to which 
the energy of an electron moving in an orbit of principal quantum number ny (as derived in 


section 4.2), is given by 
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452 
| Be n7h? 
ran electron moving ; 
and fo 5 in an orbit of Principal quantum number n, is given by 
Es __metZ? 
8e5 n2h? 


(7) 


catia ete EA Seca oy Screening effect of the nucleus, the effective atomic number 
of an ele Bes Irom Z to (Z ~ 5), Thus, the above expression can be written as 
E, = me*(Z ~b,)? 
ae eee ey 
8é5 nih 
and 


4 2 
E, = —mé(2-by 
2;2 ~ 
so that, Beh 
For high Z values, b; ~ b, ~ b, therefore 


_ meM(Z-bP (lo 
’ 8eqn’ nv ny 


But, AE = hv, the therefore 


4 2/ \ 
pve metZ= by) LA 
ee gent Le 
me"(Z-by'{ 1 1 (8) 
. gen? (uP n 


The eq. 8 can also be written as v « (Z - b)’, which is the required Moseley’s law. 

Example: The wavelength of Ly X-ray line of platinum (at. no. 78) is 1.321A. An unknown 
element emits L,, X-rays of wavelength 4.174A. Calculate the atomic number of unknown 
element where b for Ly is 7.4. 


Solution: Given: A,g(PO) = 1.321A, At. no. (Pt) = 78, b = 7.4, Ay, of unknown element say, x 
= 4.174A, At. no. (x) =? 
Making use of eq. 4, we have ; 

v= [a(Z - 5)) 


c 2 
2 Senin 
Therefore, Vt 4 [a(? )] 
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Similarly, V, = i: =[a(x —7.4)7 


Dividing one from the other and solving for x, we have 


2 
= 47.1 


f 1/2 
7 { Ap ( 1321 
x= 7.44) —t 6=7. 0.6 x| —— 
) x 70.6=74+706%| a7, 

for copper, 


Example: The wavelength of K, (X-ray line) for tungsten is 210 A. Calculate its value 
if the atomic number of tungsten is 74 and that of copper is 29. 
29, for 


Solution: Given Ay,(W) = 210 A = 210 x 10-!° m, At. no. (W) = 74, At. no. (Cu) = 


K-series b = 1, Ayy (Cu) =? 
Again, making use of eq. 4, we obtain 


Similarly, for Cu Vn= 7 
‘Cu 


From these two equations, we can obtain 
2 
hes -(2) x 210=1427 A 


Example: What element has a K, X-ray line of wavelength 0.7185 A? 
Solution: Given: Ay, = 0.7185 A = 0.7185 x 10°'°m. Now, let us make use of the equation 


é me'(Z — by’ a5 _ ce 
r Bech? 

Since, the K,, transition takes place from n = 2 ton = 1 and b = 1. Therefore, substituting n, = 
1 and n, = 2 and b = 1 in the above equation, we obtain 
Let 8e,ch° 

“  3\ me*(Z -1) 


_ 32xKe xcxh 


(22)1)°= 
" 3m x e* X Aves 
_ 32x (8.85 x10")? x3 x 108 x (6.626 x 107**)3 
39.110" x(1.6x 10)" xO.7185 x10 
or Z=1+41.25 = 42 


This implies that the element is molybdenum. 
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sample: Th engths of Kj; 

: 

petermine the Ky, lines for tin ee ‘fon and platinum are 1.93 A and 0.19 A, respectively. 
um, 

solution: Given: Ap, = 1.9 re 


SW, Bee 

We know that Zr. = 26, Zp, =78 e 0.194, Asn = ? and en _9 

Now, for Kg lines, the Moseley’s ci = 50 and Z, 
i 


or Pas tl 
(Z-1) 
sO that | 1 
sy ne Ase (497 
and Asn a (25) 
Are (49) 
_ (25y (25) 
or Asn = ayy <= Gyr XtS3=05A 
Making a similar calculation, we can obtain 
Ap, = 0.37 A 


8.4 ABSORPTION OF X-RAYS (CLASSICAL THEORY) 


When X-rays are passed through a material, the intensity of the transmitted beam is less than that 
of the incident beam. It is due to the scattering of the X-rays in all directions by the electrons 
present in the material. In order to estimate the amount of loss, suppose the material contains 
n electrons per gram of mass. For convenience, let us suppose that the material has a unit cross 
sectional area perpendicular to the beam and a thickness x parallel to it (Fig. 8.8). Next, consider 
a Slice of thickness dx whose volume is 


dV=1x1xXdx cm 


If the density of the material is p, then the total number of electrons in the slice is npdV. 
Therefore, the total scattered radiation going out in all directions from the slice of volume dV 
is 


dp = Io.npdV (9) 
where o. is the classical scattering cross-section or the scattering coefficent of an electron. 
€ 


Now, the decrease in the intensity of the transmitted beam due to scattering by the electrons 
of the slice is 


dl = —dp = - Io.np(1) dx : (10) 


where the minus sign indicates the decrease in the intensity. Writing like terms of eq. 10 seperately 
and integrating both sides, we obtain 
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Fig. 8.8 Absorption of X-rays by material 


J = -| o.npdx 


uF In ] = -o.px + constant (11) 
Applying the boundary condition that / = J) when x = 0, the value of the constant in eq. IL is 
equal to In J, which on substitution gives 


re = exp(-O, )npx 
Io 


or 1 = Ip exp (-o,)npx (12) 
Now, writing eq. 12 in terms of mass scattering coefficient which is equal to no,, we have 
1 = Ip exp (-0,,)px (13) 
Again, writing 6,,p = H, where j1 is the linear attenuation coefficient, then eq. 13 becomes 
T= Ip exp (-pnu (14) 
A curve between J versus x (Fig. 8.9) indicates that the intensity of X-ray beam decreases 
I 


~~ —_— 


—e 1 


Fig. 8.9 Intensity as a function of thickness of the absorbing material 
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exponentially with the thickness of 
e€ 


P : th : 
only coherent scattering responsible f absorbing material. In deriving eq. 14, we have considered 
through a material. Actually in wea the attenuation in the intensity of the X-ray beam passing 
scattering, fluorescence and pair pr ition to this there are some other processes (viz. Compton 
the transmitted beam, Production) which are also responsible for the attentuation of 


In terms of the line ' 
ar attenuation Coefficient, eq. 14, may be rewritten as 


dI/ 
ase <_ (15) 
where pL is defined as the fractj 
absorber. However, the neler in fall in the intensity of the X-rays per unit thickness of the 


value of j depends on the wavelength of the X-rays and on the 
of yu can be determined by finding the thickness of the absorbing 
“nsity of the X-ray beam to half of its initial value. Such a thickness 
Wn as half-value layer, xy. Thus, eq. 14 can be written as 


absorbing material. The value 
material which reduces the int 
of absorbing material is kno 


ae). 
Ty xP Ha) 


or exp (JX) = 2 

or Hx = 2.303 x logi92 = 0.693 

- w= 0.693 (16) 
xy 


Example: The linear attenuation coefficient for aluminium is 139 m-! for K,, line emitted by 


a tungsten target in an X-ray tube. Calculate what percentage of the intensity of this line will 
pass through 0.005 m thick sheet of aluminium. 


Solution: = 139 m™', x = 0.005 m, Percentage of transmitted intensity = ? 
Let X% of the intensity is being transmitted through the aluminium sheet, then we have 


X% = + 
Ih 
or = = exp(—JLx) 
or X = 100 x exp (-px) = 100 x exp(—139 x 0.005) = 50% 


Example: A beam of X-rays consists of equal intensities of wavelengths 0.064A and 0.098 A. 
When they pass through a piece of lead, their attenuated beam intensity are in the ENG 2 
The mass absorption coefficients are 0.164 m2/kg for the Hanes component and 0.35 m'/kg for 
the softer component. If the density of the lead is 11340 kg/m’, calculate the thickness of the 


lead piece. 
Solution: Given: A, = 0.064 A, Aq = 0.098 A, Hm = 0.164 m’/kg for Ay, Um: = 0.35 m2/kg for Ay, 
I(A,) = ] (A,) and p = 11340 kg/m’, also according to question, J; :/,=3:1,x=? 


Here Ly = Hm % P = 0.164 x 11340 = 1859.76 m! 
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Hy = fly? X p = 0.35 x 11340 = 3969.00 m! 
Now, making use of eq. 14, we have 


3+ exp (-1859.76) x 


= exp(—3969,00)x = oxP(2109.24)x 


or 2104.24 x = In 3 and x = 5.22 x 104m 


8.5 ABSORPTION EDGE 


From Section 8.2 we know that the spectrum emitted by a conventional X-ray tube operating 
under normal conditions consists of characteristic lines (of the target material) superimposed on 
a continuous background of “white” radiation (Fig. 8.4a). Since most X-ray diffraction experiments 
require a monochromatic beam therefore it is necessary to separate the characteristic K,, radiation 
by filtering out Kp and the continuous background radiations. This can be achieved if we use a 
suitable filter clement whose absorption edge (it is the vertical portion of the curve shown in Fig. 
8.4b and corresponds to the energy required to eject K-clectrons from the filter element) lies 
between K,, and Kg wavelengths of the radiation to be filtered. This condition is found to satisfy 
when the atomic number of the filter clement is one or two less than the corresponding target 
element. The dotted line in Fig. 8.4c represents the absorption curve (atomic absorption coefficient 
Lt versus A) of nickel filter (whose atomic number is one less than that of copper) used for Cu 
target. 

A convenient practical rule is to select a filter that reduces the intensity of the § component 
relative to that of @ component in the ratio 1 : 600, and the resulting beam, while not strictly 
monochromatic, is quite suitable for many diffraction experiments. The data regarding suitable 
filter elements (for given target materials), their densities and optimum thickness are provided 


in Table 8.1. 
8.6 X-RAY DIFFRACTION ~~ 


X-rays, like other electromagnetic waves, interact with the electron cloud of the atoms. Because 
of their shorter wavelengths, X-rays are scattered by adjacent atoms in crystals which can 
interfere and give rise to diffraction effects. When X-rays enter into a crystal, each atom acts as 
a diffraction centre and crystal as a whole acts like a three dimensional diffraction grating. The 
diffraction pattern so produced can tell us much about the internal arrangement of atoms in 
crystals. In order to visualise this, let us consider a crystal made up of equidistant parallel planes 
of atoms with the interplanar spacing as d. Further, consider a monochromatic X-ray beam of 
wavelength A having a common wave front, falls at an angle @ on these planes (Fig. 8.10). Each 
atom scatters the X-rays more or less uniformly in all directions, but because of the periodic 
arrangement of atoms, the scattered radiation from all atoms in a set of planes is in phase (i.e. 
in certain directions only) where they interfere constructively. In all other directions, there is 
destructive interference. 
Consider two of the incoming X-rays OE and O’A inclined at an angle @ with the top most 
plane of the crystal and are scatterred in the directions AP and EP’, also at an angle 6 with that 
plane. Since the path length of the rays OEP’ and O’AP are the same, they arrive at P and Pa 
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P 
Oo a 
P a” 
(hkl) 
d 
(hki) ul 
Cc 
d 
(hkl) Bg 


Fig. 8.10 Diffraction of X-rays by crystal planes 
i a - each other and again form a common wave front. This is the condition 
lene Jet ee = as ue (top) plane of the crystal. In order to see the effect of an adjacent 
p me e ima : er the incoming beam O’C and scattered ray CP”. If EB and ED are parallel 
to the inciden an scattered wave front respectively then the total path O’CP” is longer than the 
path OEP’ (or O’AP) by an amount 
A= BCD =2BC 


by construction. And, from right angle triangle EBC, we have BC = d sin @ so that the path 
difference 


A= 2BC =2d sin 0 


If the two consecutive planes scatter in phase with each other, then we know that the path 
difference A must be equal to an integral multiple of wavelength, i.e. A = nA, where n = 0, 1, 


2... gives the order of reflection. Thus the condition for in-phase scattering by a set of equidistant 
parallel planes in a crystal is given by 


2d sin @= nd (17) 
Equation 17 is the well known Bragg’s law, after W.L. Bragg who first derived it. The diffracted 
beams thus fulfil the geometry of a reflection but arise only for certain discrete values of 6 for 
which the Bragg’s law is fulfilled. . 

We know that (sin @)max = 1. Using this in eq. 17, we obtain 


This indicates that 2 must not. be greater than twice the interplanar spacing, otherwise no 
diffraction will occur. 


Example: Determine the angle through which an X-ray of wavelength 0.440A be reflected from 
the cube face of a rocksalt crystal (d = 2.814 A). 
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ysics ders of reflections 


angles for various OF 
6 


Solution: Given: A= 0.440A, d= 2.814A, Using ed: i 
(i.c. 6 forn = 1, 6; for n= 2, etc.) ean be determince- 
We know that 

{nd 


na in Las 
sin 0= id or @= sin ( 2d 


Therefore, 
4° 29° 
6, wain-t( 4) «si! S99) =° 
eee 5.6 


Similarly, 7 
6, = sin”! (2 x 0.0782) = 8° 59 
13° 34’ 


0, = sin’! (3 x 0.0782) = 
[3° 13° 


0, = sin’! (4 x 0.0782) = 


0; = sin’! (5 X 0.0782) = 23° 

i.e. 4° 29’, 8° 59’, 13° 34" 

Hence, the reflected beam will be observed at the following angles, i.e. 4 9’, 13° 34", 
18° 13’ and 23°, etc. 

Example: Determine the wavelength of t 

wavelengths in the range 0.2 A to | A incident at an angl 

crystal (d = 2.814 A). 


Solution: Given: d = 2.814 A, Bragg's angle @= 9° 


he diffracted beam, when a beam of X-rays having 
e of 9° with the cube face of a rocksalt 


_ Again using the Bragg’s equation, 2d sin 6 


= nd, we have 
1A, = 5.628 sin 9° or A, = 0.8804 A 
2A, = 0.8804 A or A, = 0.4402 A 
3A; = 0.8804 A or A; = 0.2935 A 
42, = 0.8804 A or Ay = 0.2201 A 
and 5As = 0.8804 A or A; = 0.1760 A 


The last one is less than 0.2 A and hence the diffracted beam contains the first four wavelengths, 
ie. 0.8804 A, 0.4402 A, 0.2935 A and 0.2201 A in the ratio 1 - 5 ; 7 i 
8.7 THE LAUE EQUATIONS 


Although the Bragg’s equation is a result of the fundamental periodic arrangement of crystal 
planes, but in true sense it does not refer to the actual arrangement of the atoms associated with 
rar tee re ae the ia, equations are more general and are derived from a simple 
Ic atom c! Ol a crystal. The Bragg’s equation ca , 

ae nbes also a 

consequence of the Laue equations, nOway lei e aunyaleatian’ 
ssfhvaitectn esas Nae 7. X-rays of wavelength A strikes a row of equally spaced atoms, 
© OF scattering of waves in all directions which reinforce in certain 
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directions to produce var; 


0 
the path difference betw Us Orders of dif 


feractio a : is that 
. cen ¢} ; N Spots. The condition of reinforcement 1S 
integral multiple of the wy \e rays diff 


For simplicity, let velength, racted by two adjacent atoms in the row must be an 
sider a . _ 
(Fig. 8.11). Suppose that Ag is the One dimensional row of atoms with interatomic distance a 


atoms, and CD is the diffracted eee Plane wave front making an angle O with a row of 
atoms. Then the path diffe Plane wave front leaving at an angle o: with the same row of 
Fence between the two consecutive rays is 


Fig. 8.11 Diffraction of X-rays by one row of atoms 


A= (AC - BD) = a (cos & — cos %) 
and a diffracted beam is observed only if 


a (cos @- COs MQ) = eA (18) 


. , 18 any integer giving the order of diffraction. 
This equation will be satisfied by all the diffracted beams lying on the concentric cone with 
respect to the line of atoms and has the semiapex angle a (Fig. 8.11). Thus, for any given angle 
of incidence there will be a series of concentric cones surrounding the row of atoms, where each 
cone represents various orders of diffraction. The direction of the primary beam is indicated by 
the downward arrow, while the higher orders of diffraction are indicated by the numbers (Fig. 
8.12). 

If we assume Sp and S as the unit vectors, respectively in the directions of the incident and 


diffracted beam and “a” is the translation vector along the x-axis, then in vector notation the eq. 
18 can be written as 


where e = 0, 1,2,.. 


Fig. 8.12 Diffraction cones around a row of atoms. Direction of primary beam is indicated by the arrow. 
Numbers indicate the order of differaction 
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a+ (5S — 50) = © a (18°) 
spacing “a” in one direction ang be 
i 


; mic 
jnterato equations of the type 18 or 19” 


n 
a two 


n 
occur the MAUSt be 


ane lattice with 


i ional pl 
In a two dimensional p aris. 10 


another, for intense diffracted be 
satisfied simultaneously onli ae a 


sa eneeitn he Z! (19) 


a(cos & 
b(cos B — cos Bo) om 
‘ag for the b-rows of atoms as Q%, a and . 
‘ same meaning aan e for 
eae ale te ie ne “of the second row of ee wage = a mnbeeieg 
the a-rows of atoms. Ihe i rresp NES, one « 
oe ; A : “" 
possible diffracted beams. sl it an we st intense diffracted beam wi b . directed aon 
fan gelatin cat a of cones, 4S shown in Figs ; a b : = 90°) is il ; erSievon of 
‘e airs =i eet a dimensional square lattice (a = 9, d= 1S illustrated jn Fig. 
e acted be , 


8.14. 


Diffracted rays 


Incident ray 


Fig. 8.13 Intersection of two diffraction cones, one Fig. 8.14 Steriographic projection of diffracted 
each for a- and b-rows of atoms beams from a two dimensional square 
lattice. Cones are concentric with a and 
b axes. Intersections give the direction 
of most intense diffracted beams 


Finally, as we know that a crystal is a three dimensional periodic arrangement of atoms. Thus 
the diffraction to occur from a simple space lattice with a unit cell defined by the primitive 
translations a, b and c, the following three equations must be satisfied simultaneously; 


a (cos @- cos %) =a-(S—So)=ed 
b (cos B - cos By) = b- (S — So) = fA (20) 
c (cos Y-cos ~) =c- (S - So) = gd 


where %, Yand g respectively have the same meaning for the c-rows of atoms as (€%. 0 ¢) and 
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(By BS for a- or b-rows of 


Like the first two, the thirg : MOMS, These 1] 
atoms. Thus for a Crystal, there Are thre 
and the most intense dltiekcieen oe se 
cones. The inclusion of the third ies wil 
beams. W of atoms 
It is to be noted that for 
incidence (ie. fixed So) iti 
simultaneously and he 
the diffraction will oc 


Wee equations together are called Laue equations. 


WION Corres : 
 Cottesponds to a sct of concentric cones around c-rows of 


fixed A (ie, 


S NOt possible 
Nee in gene 


4 monochromatic beam) and an arbitrary direction of 
© find a direction § which satisfies the Laue equations 


auc ral no diffraction should be observed. This actually means that 
Only for particular angle of incidence. 


Y it 
8.8 EQUIVALENCE or BRAGG AND LAUE EQUATIONS 
ce the B i : 
i iereabie ee ee to be equivalent to Laue equations, let us consider the case of a 


= ¢ and assume the angle between incident and diffracted beam 
to be equal to 26, ; 
4 9. Then Squaring and adding the three Laue equations we can write 
a (cos? w+ cos 


*B + cosy + cosa + cos By + cos? - 2 

(COs & cos a + cos B cos By + cos ycos %)] = A’fe? + f? + 87] —QN) 
From solid geometry we know that the law of direction cosines states that ° 
COS’Gt + cos?B + cos*y= costa + cos?fy + c0s2% = 1 


COS @ cos A + cos B cos By + cos ycos ~ = cos 20 
Making use of these results, eq. 21 reduces to 


and 


2 
2(1 - cos 20) = 4. (e2 +f? + 92) 
a 
or 


2 
sin? 9 = Ge +f* +97) (22) 
a 


Similarly, squaring the Bragg’s equation, we have 


242 
sin? @ = ne (h? +k? +1?) (23) 
where d= Ga a ByE for a cubic system (section 1.11). 


Now, comparing eqs. 22 and 23, we find that 
e =nh, f=nk and g =nl 


This means that a diffracted beam defined in the Laue’s treatment by the integers e, f, g may 
be interpreted as the n" order diffraction from a set of (hkl) planes in the Bragg’s treatment. The 
order of diffraction n is simply equal to the largest common factor of the numbers e, f, g. This 


proves the equivalence of Bragg and Laue equations and suggests that the Bragg equation is a 
consequence of more general Laue equations. 
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UATION ; 
8.9 INTERPRETATION OF BRAGG’S EQ sprained £07 the assumption that a 
een 


; in the expression 
_The integer”! 
Hel ore the order of integer m with the 
orp 


Bragg’s diffraction condition given by eq. 17 has b 
crystal is made up of a large number of equidistant para 
gives the order of diffraction. It is conventional to 1n¢ 
interplanar spacing d. Then the eq. 17 becomes 
y (24) 
A=2£sin 0 
n t oie 
ssible to assign the indices (nh, 


a fe) ‘* 
e it 1s p n is omitted from the 


Here d/n has a simple meaning in crystallography sot In, In practice 
ia Faget n. ; 
nk, nl) to some imaginary planes whose spacing !S pa be written as 


equation and hence the modified form of Bragg’s law ca 


(25) 
A = 2d sin 6h ) 
anes (hkl) or at a particular angle A (often 


which indicates the diffraction by the specific pl uation 25 can be written as, 


called the Bragg angle) corresponding to a particular plane (hk!). Eq 
Ald MWdia (26) 


_ 


sin Any ane WA 


Now from the knowledge of simple geometry, we know that a triangle ane ks one 
is a right-angled triangle when the diameter of the circle 1s taken as the we be e 
triangle. Let us draw a circle whose diameter is 2/A and inscribe a triangle ee ae ae 
perpendicular component is 1/dyy and the opposite angle is Oxi as shown in Fig. 8.15a. This is 
simply a graphical representation of the Bragg’s law. . 

To Tageattd the -AyaeA meaning of geometrical representation, assume that the horizontal 
diameter AO is the direction of incident X-ray beam. Since the line AP makes an angle @ with 
respect to the incident beam, it has the slope of a crystal plane (as shown at the centre of the 
circle). Since OP is the normal to the crystal plane as also to AP and has the length I/dig = On 
= G called as reciprocal lattice vector. Further, ZOCP = 2 ZOAP = 26 so that CP is the direction 
of diffracted beam. Thus, Fig. 8.15b is a graphical interpretation of Bragg’s law in terms of 
reciprocal lattice vector 6}. The whole process can be stated briefly as: 


1. Imagine the crystal to be at the centre C of a circle (sphere in three dimension) of radius 
1/A. 


Fig. 8.15 (a) Geometric representation of Bragg’s law. (b) Graphical interpretation of Bragg’s law 


a 
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2. Point O where direct x. 
the origin of the reciprocal lattice net 

3 Whenever a reciprocal lattice vector ie 
Bragg’s condition (cq. 26) is 5 


intersection and hence 
¢ the X- 
4, The locus of ; 


ray beam leaves the circle (after passing through the crystal) is 


rsect the circle (sphere in three dimension), the 
atisfied, then a diffracted beam passes through the point of 
GOTH ray diffraction becomes possible. 

where the diffracted beam and reciprocal lattice point intersect a 


hermnme 
reflection, Phere in 3-dimension) of radius 1/h is called Ewald sphere or sphere of 


8.10 EWALD CONSTRUCTION 


From above discussion, it is cle 


ar that th i i os (i 
and the corresp ¢ relationship between the space lattice (in real space) 


adn rete ee lattice is completely symmetrical, i.e. the planes in one system 
dee Guardhestreck ae icular to the rows of points in the other system. However, to make 
ail (ite a proca Space numerically as well as dimensionally same as the quantities in 

Paes, aeiey of 27 (which a Crystallographer prefers to omit) is introduced. As a result, for 
example the reciprocal lattice vector will now be equal to 27 times the reciprocal of the spacing 
of the (Ak/) planes of the crystal lattice. Thus, multiplying all the vectors appearing in Fig. 8.15b 
by the factor 27 the resulting Ewald construction will become as shown in Fig. 8.16. 


(a) (b) 
Fig. 8.16 X-ray diffraction in direct and reciprocal space (a) direct, (b) reciprocal 


Here, two possibilities may arise: 

1. If the circle (sphere in three dimension) does not pass through any reciprocal lattice point, 
it will indicate that the particular wavelength in question will not be diffracted by the crystal in 
that orientation and a reorientation of the crystal has to be made. Further, if the magnitude of the 
vector | OA | < 1/2a (where a is the lattice parameter), the circle will not pass through any 
reciprocal lattice point, indicating that the X-ray diffraction will not occur if A > 2a. On the other 
hand, it may be seen from the figure that the longer the vector OC the shorter the wavelength, 
greater is the possibility of circle’s intersecting a reciprocal lattice point and hence the occurrence 
of diffraction is more probable. 
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‘es areciprocal lattice vector 
then OP 1s a re 
=|Gl= Id. Letk= OC and 
Then disposition of the vector 


2 
. =. Ifthe circle passes through a reciprocal lattice point P, (ner 
Ormal to some set of lattice planes, e.g. AP. Hence, OP =! 0 


= CP be the incident and reflected wave vector, respectively. 
requires that 


(27) 


) the scattered 


kK =k+G 


i nt and (ii 
Equation 27 shows that: (i) the scattering changes only the direction of k, a 


wave differ from the incident wave by a reciprocal lattice vector ~s is ees vectonite 
Since for elastic scattering, there will be no change !n the magnitu 


kl =Ik/l = “ (28) 
Now, squaring eq. 27, we obtain 
kK? =(k+ GPa +G? +2k-G 
Making use of eq. 28, we have 
G+ 2k-G=0 


This is the Bragg’s law in vector form. 


8.11 THE RECIPROCALLATTICE WV 


According to section 1.9, a crystal lattice may be considered as an assembly of various different 
sets of equidistant parallel planes. Instead, it is conceptually more easy to visualize them in 
terms of their normals as one dimensional lines. Such a description has been the basis of a 
number of crystallographic projections, viz. gnomonic, stereographic etc. However, these projections 
display only the orientation of the planes with respect to the crystallographic axes and not the 
interplanar spacings. We shall now discuss about a projection which displays both. 

Consider any given space lattice (or a real crystal lattice) and apply the following: 


1. From a common origin draw a normal to each crystal plane. 

2. Set the length of each normal equal to or 27 times the reciprocal of the interplanar 
spacing dy. ; 

3. Mark a point at the end of each normal which represents the crystal plane. 


ae l 
planes they represent. The direction from the origin preserves the orientation 
of the plane, and the distance of the point from the origin preserves the interplanar spacing of the 
planes it represents. The concept of the reciprocal lattice plays a very important role in the field 
of X-ray crystallography, lattice vibrati nic band structure, and in fact, all of the solid 
state physics, This concept was first given by P.P. Ewald (192T) and application was made by 
J.D. Bernal (1972). 

The development of mathematical expressions (using vector algebra) showing relationships 
between direct and reciprocal lattices is comparatively compact and easy to understand. For 
simplicity, let us consider the two dimensional case first. To simplify further, let us take the case 
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of a rectangular lattice with .: -,- 
above stated procedure Fe a translation vectors a + b and = 90°. Now, following the 
8.17a and are related ag: © primitive reciprocal lattice vectors. They are shown in Fig. 


a*-a=27, b*-b=27 
an 

Similar to th ae 

imuar to the translatio 

N vector j i i i i | 
any point of the reciprocal 1a in the direct lattice, the reciprocal lattice vector (connecting 


from the origin) may be defined as 


: G =n, -a* + ny, b* 
where the magnitude of the Primitive translati 


on vectors of the reciprocal lattice are given by 
a*= 20 ad bt= 2n 

For a general lattice (a # b an ; 
lattice is not as straightforward 
then the angle between g* 
magnitude of the reciprocal 


d 9+ 90°), the relationship between the direct and the reciprocal 
as In the above case. Here, if the angle between a and b is @ 


and bt will be 180° — @ as shown in Fig. 8.17b. In this case, the 
latlice vectors are 


Real space 


Reciprocal space 


e © ° e 
° e e oO e 
‘meen 
© e . Saal sige ° 
a* 90° - 6 
at 
x 
e 
e e 
(a) (b) 


Fig. 8.17 Direct and reciprocal lattice for a rectangular system 


20 20 d 20 


————- = —— and b* = — 
acos(90°-@) asin@ bsin @ 
In a three dimensional case, consider a direct crystal lattice whose unit cell is defined by the 
vectors a, b and c (Fig. 8.18). If the area of bc-plane is A, then the volume of the unit cell V 
is given by 


*x* 


Fig. 8.18 Relationship between crystal planes and their reciprocal lattice points 


V = Area of be-plane x height = A X dio9 


so that +_ 2% _ 277A 
i a ae (30) 


Now, from vector algebra we know that the area of the bc-plane A = bc sin @= bX c, and the 
volume of a primitive unit cell (section 1.3) V=a-b xc. Therefore, 


a*t= 20 = es 
d\oo a-bxc (31) 
Similarly, ec pea 32 
doig a-bxe ( ) 
20 
and ee Rete 8 axb 
doo a-bxe (33) 


The exact relationships between the direct and the reciprocal lattice parameters, interaxial angles 
for orthorombic and monoclinic systems are diagramatically shown in Fig. 8.19 while their 
values have been tabulated in Tables 8.2 and 8.3, respectively. 


Fig. 8.19 Relation: : 
Ship between direct and reelprocal lattice for orthorhombic and monoclinic systems 


Table 8.2 Direct/reciprocal relationships In orthorhombic system 


2x 
ae = — 2h 
a ele aQ=Ppz=y=apaf=0? 
be 2 on ; 
= _ (22 
b Dee V= - = abc 
“a 22 on an)? 
"ee c= — ys - 22) = g*htc* 


Table 8,3 Direct/reciprocal relationships in monoclinic system 


pte: 21 2n 
asin B Or Ga Be sin B* a= y= ar = =90° 
B* = 180° - B 
22 20 any 
bra b= y=) = abc sin B 
2a 2n (2z)3 
c= —— ——— aa = i 
c sin B : c* sin B* wae sin B* 


where sin B* = sin B and cos f* = — cos B 


With the help of above equations, several useful information can be obtained. First, see the result 
of the dot product of these reciprocal lattice vectors with their respective counterparts, 


bxc 
ee ns. mee ee ee 
a*-a 2 ape a=2n (34) 


Similarly, we can obtain b* - b = 27 and c* - c = 2m. On the other hand, taking the dot product 
of these vectors with the other vectors of the real lattice, we find 
bxc 


. *, = ————_——— + 
oh XE banda* -c ee Cc 


a* b= 2m QRS 
a 


Since b x c is a vector which is perpendicular to both b and c, therefore, bx c-b=0 and bx 
c-c=0. This gives 
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t-b=0,a" c= ra 
a 


Similarly, we can verify that 
“Cc = 0, b* f a - i 


and aged ee=? 


These important results tell us the following: 
a* is normal to B and ¢ 


b* is normal to c and 4 


c* is normal to 4 and b vie 
ciprocal lattice can be constructed. 


* 
* KL a re : 
a*, b* and c", general can be written as 


Now using the reciprocal lattice vectors . 
ice vector in 


With the help of eqs. 31-33, the reciprocal latt 
G = Om =hat +k" + bé* 
1. one has to move h units alon 


(36) 


g a*, k units along 


That is to reach any reciprocal lattice point hk 
b* and / units along c*. 


Reciprocal Lattice to sc Lattice ; be written as: 
The primitive translation vectors of a simple cubic lattice may pe Wwe . 
az=ai,b=bj,c=ck 


where the volume of the unit cell is (a « b X c) = a’. The primitive translation vectors of the 
reciprocal lattice of the simple cubic lattice will be 


A a =< axb 27 # 
at = 2n 2X 2 2BF punag 2X4 @ 7 Feta 2g “=k 
a:‘bXc a 


a:-bxc a a‘bxXc a 
From these equations, it is evident that the reciprocal lattice to sc lattice is itself a simple cubic 


lattice with a lattice constant 27/a. 
The boundaries of the resulting primitive unit cell are the planes normal to the six reciprocal 


lattice vectors + a*, + b*, + c* at their midpoints, i.e. 


The space bounded by these six planes is a cube of side 27/a and volume (27/a)°. This cube is 
known as the first Brillouin zone of the simple cubic lattice as shown in Fig. 8.20. 


Reciprocal Lattice to bec Lattice 
The primitive translation vectors of the bcc lattice shown in Fig. 8.21 are given by: 


a a A Aa a a a a 
peal} te , . a a 
a a” J k) b 5 E+ +k) Cie Cian) 


Diffraction of Waves and Particles by C rystals 273 


ig. 8.20 : : , 
Fig The first BZ of a Simple cubic lattice Fig. 8.21. Primitive translation vectors of the bcc 
lattice 


a ais the side of the conventional unit cube and i, jk are orthogonal unit vectors parallel 
to the cube edges. The volume of the primitive unit cell is 
a 
V= aera 
is ae translation vectors a*, b*, c* of the reciprocal lattice are defined by eqs. 31 to 
. Thus 


EG a/2 


BN 8 BOS BG RP St Oe 8 
aL MR aE PER PE ee) 
SS FA ee ee ee ee eee 
= —[ixf+kxi-ixj+jxk+kxit+jxk] 
a 


via A A A A A A 2 A A 
= ee j-keie jst 
a a 


a 
e 


where ?xi=jxj=kxk=Oandixj=k,jxk=iandk xi =j. 


2h A 27 a 4 
Similarly, b* a +k]and c* Scare 


On comparison with Fig. 8.23, we observe that these reciprocal lattice vectors are just the primitive 
vectors of the fcc lattice. Thus, the fcc lattice is the reciprocal lattice of the bee lattice. 
If h, k, ] are integers, the general form of reciprocal lattice can be written as 


G = ha* + kb* + Ic* = ngs PeeG+OsiG +b 
a 


= Finaeni+G+Bi4kedd 
a 


—__ 


a 
a 


is 
— he a 


~ . 
tee _ 
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here all choice 


Ww 
The shortest nonzero G’s are the following twelve vectors, 
20 (47 $k) 


ia Te Se 
oT (sP tj); Fee jth a 
a 5 
sa parallelep!P© 


(37) 


d described by the vectors 


The resulting primitive cell of the reciprocal lattice i 

a*, b*, and c*. The volume of this cell is given by 

(2) @+-1G+® x (k+i)] 
a 


Velat- bt xcHl= 


3 
2m aty dad n=2(7 
-(] (eer Gtr a 
ce point. This cell is bounded by 
dpoints. This is also known as first 
mbic dodecahedron as shown 


half of the vectors in eq. 


ne reciprocal lat! 


Being a primitive cell, it contains only 0 ae 
37 at their ml 


planes normal to the twelve vectors given by eq. . 
; faced solid, a rho 
tre of each face are 


Brillouin zone of a bec lattice. This is a twelve 
in Fig. 8.22. The vectors from the origin to the cen 


37, or 
(38) 


Fig. 8.22 First BZ of a bec lattice Fig. 8.23 Primitive translation vectors of the fcc 
lattice 


Reciprocal Lattice to fec Lattice 
The primitive translation vectors of the fcc lattice (Fig. 8.23) are 


gl Beale, Pic, ole. Jam ea ri 
a’=zali+j) vb =Za(j+h c= Salk +i) 


where.a is the side of the conventional unit cube and j jyk areo th 
+s? r 


to the cube edges. The volume of the primitive cell is Beg ues ors paral 
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3 
Ve gee. ele 
4 


The primitive translation vectors g*. * 


a oc i d by eqs. 31 to 
33. Making similar calculations as Fd c* of the reciprocal lattice are defined by ¢q 


we obtain 
ae 
ats 22 .* 2% 4% 2 2 5. 
qi tink) bt=— (Cit j+h ct=—=(-j+h 
a a 
P ' ne 
These vectors turn out to be the translation vectors of a bcc lattice, so that the bec lattice is 


ipro i . i : 
the reciprocal lattice of the fcc lattice. The volume of the resulting primitive cell 1s 


2n : 
y= lar-bexerind| 2) 
a; 


If h, k, | are integers, the G type reciprocal lattice vector is 


CS a aa ae or 
G= ——[h(i + jk) + ki + jth) +1G-j +h) 


= “lh k+)i+(h+k-Dj+Ch+k+Dh) (39) 


In this case, the shortest non-zero G's are eight vectors, which are passing through the corners 
of the bcc lattice. They are given by 


SIP St ao (40) 
a 


Other six vectors corresponding to the next nearest neighbour atoms and lying at the body 
centres of the neighbouring bcc lattice are given by 


2 a 2 a a 
PR oi) SM oF) Mok) (41) 
a a a 


Like bcc case, the primitive cell obtained 
in this case is bounded by planes normal to 
the fourteen vectors given by eqs. 40 and 4] 
at their midpoints. This is a fourteen faced 
solid, a truncated octahedron as shown in 


Fig. 8.24. 


Fig. 8.24 The first BZ of an fcc lattice 


8.13 SOME IMPORTANT PROPERTIES OF THE RECIPROCAL 
LATTICE 
1. Every reciprocal lattice vector G is normal to the plane of the crystal lattice (AAI). . 


Proof: This can be proved if we can show that the scalar product of the reciprocal lattice vector 


G and a vector lying in the (kJ) plane vanishes. The plane is shown in Fig. 8.25, intercepts the 


4 


NS ee ; 
- 7 , par 2tyra Hel 


276 Solid State Physics rans) ¥ . . y+ ea vector C= (alh) = (blk) 
ie os consicer © : 
ares @ at ash, b at b/k and_c at cll, respectively: ee a ith G, we obtain 
Which lies in the (hk/) plane. Taking the scalar pro 
rol Or 


C-G=(2-2). cas + ko" +e) ge REC! pi 
7" VA ho 


Je 


hat + kb* + Ic*) ~2 (ha + kb* +1c*) 
t 


\ ‘3 \ . 
[j+o+0}-[o+F+9) using eqs. 34 and - 
1 


=0 
ingly, 
Similarly, it can be shown that A - G = : crops 
the reciprocal lattice vector, G is normal to bee, kl) plane 
where the vectors C and A are lying within the e : : i.e 
n Sos 
Ca Fig. 8.25 Intercepts of a piane on 


and hence it is normal to the plane containing 
the plane (Ak/) itself. _— three crystallographic 
2. The interplanar spacing dj) in a real crystal Jattice 1 axes aid the interplanar 
spacing 


equal to 1/IGI. 
: i i or normal to the ; 
Proof: Let us suppose that n is a unit vect neq, 36 can be written as 


plane (hkl) or is parallel to G (from above proof), the 
(ha* + kb* +Ic*) 
IGl-n=(ha* +kb* tlc*)orn=——T ap 


In Fig. 8.25, the length of the interplanar spacing dhs iS 
a ha* +kb* +Ic* 


g ott et 
dy = 7 COS BHT aaa GI 
Making use of the eqs. 34 and 35, we find 
1 
dy) = — 
hkl = 7G] 


3. The reciprocal of the reciprocal lattice is a direct lattice. 


Proof: From eq. 31, we have 


bxe 
a* = 27 
a-bxc 
Taking reciprocal of this, we can write 
(aty* = 4x? XO 
ab? ek 


Since a - a* = 27 (eq. 34), therefore, the above equation becomes 


# ye Wk 
b* Xe Bt a* . b* x c* 
a 


at-b*x c* a*-b¥ xe ona 


(a*)* = 27a-a* 
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Similarly, (b*)* = 27 ang (c*)* 


= 21. Consequently, 


we have 
(a*)* =4y_2_ b* xo Sei 
a* be yon = 2M (bt) 4g? _© RG" an, 
; ar + b* x c* 


(c*)*¥ = 4y2 a" x pe 
a* Dk y ok = 27 


4. Volume of the Unit ce 


é ; I of the pee; ese, 

corresponding direct istic: € reciprocal lattice is inverscly proportional to that of 
Proof: We know that the Volume of the 
of the reciprocal unit cell 


Primitive cell of a direct lattice is a- bx, Therefore, the volume 


is a*. a a 
Isa". b* x Ox, Writing this in terms of direct lattice, we have 
br ern] be] cXa e axb 
a-bxec}\la:bxe a-bxc 
= I [(b 
(ober (bx c)-{(cxa)x(axb)}] 
= ———(bxc).- . —{a- 
(Ginscay c)-[{(c:(axb)a-{a (ax b)}c] 


= (a-bxoy Mf @xb)a-bxe}-0)] 
1 
ny oe 2 = 
(a-bxcy pire) a-bxXc 


Example: A two dimensional direct lattice is formed from a repetition of points ABCD (Fig. 
8.26) in which AB = CD = 3 A, AD = BC = SA and the angle BAD = 60°. Draw a small area 


(about four unit cells) of the direct lattice. Calculate the basis vectors and draw the corresponding 
cells of reciprocal lattice. 


Solution: From Fig. 8.26, we suppose that a and b are the lattice vectors representing AB and AD 
in the direct lattice, respectively. Similarly, a* and b* are the lattice vectors for the corresponding 
reciprocal lattice. Then 


a*-a=2mand a*-b=0 7 
This indicates that a* is perpendicular to b and is given by 5A Vy: 
20 4m 3.) { 
BAR a0 "US Aa’ 
3 cos 30° 33 A B 


den Bi 3A 
Similarly, b* is perpendicular to a and is given by 


2e Aw oy Fig. 8.26 Showing lattice vectors 


* in the direct lattice 


_ 5cos30° 53 


The angle between a* and b* will be 120°. The direct cells and the corresponding reciprocal 
cells are drawn in Fig. 8.27. 


nn" GEE ee b y 
i Sg i ee 
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Reciprocal sacl 
Real space 
AE A 
a? oe 
SA A x-l 
x 3/3 
3A F Ils 
g reciprocal ce 


din 
Fig. 8.27 Showing direct cells and correspon 


8.14 NSITY 
DIFFRACTION INTE ccording to Bragg’s law or Laue 
f the unit cell, and therefore, these 


The different directions of the diffracted beam obtained a 
equations are governed entirely by the geometry and the s1ze 0 viated with each lattice point 
directions are not affected by the arrangement! of atoms er does affect the intensityof 
However, the complexity of the atomic structure within the unit oa ip viepetids cade Meni 
the diffracted beams. The intensity of the diffracted beams —- a electrons are the only 
scattering factor, and the position of each atom in the unit cell. a . pee era ore vat 
components of the atom that scatter X-rays significantly, the ae of scattering (at 20 = 0°, 

hroughout the atomic volume, 


an atom interfere with those scattered from the other part at a 

all atoms scatter in phases). Since, the electrons are distribute t pale someone bees 

the diffracted beams are obtained as a result of combination of the sca er WAvESE e 
volves two distinct contributions: 


electrons of all atoms in the unit cell. This process in 
1. Scattering from electrons in the same atom (the atomic scattering factor or atomic form 


factor f). : 
2. The summation of this scattering from all atoms in the unit cell (the geometrical structure 


factor F). 
The atomic scattering factor is a measure of the efficiency of an atom in scattering X-rays. It is 


defined as the ratio of the amplitude scattered f 
by the actual electron distribution in an atom 
to that scattered by one electron localized at a 
point. Therefore, if the atoms are assumed to 
be points only, then the atomic scattering factor 

is just equal to the number of electrons present 20 


30 


(i.e. the atomic number of neutral atoms, Z). Zn 
The atomic scattering factor of an atom falls 
off with increasing.scattering angle or, more 10 
precisely with increasing value of (sin @/A) as Al 
shown in Fig. 8.28. On the other hand, neutrons 
are scattered by atomic nuclei rather than by (sin OVA 
Fig. 8.28 Variation of atomic scattering factor with 


electrons around a nucleus. Since, the nucleus 


is very small as compared to the size of the (sin 6/A) 
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atom (it can be treated as a point 
independent of scattering angle. 
In order to know the intensity of the X-ray 


Mom), the scattering for a non-vibrating nucleus is almost 


beam scattered by 0 itcell in a particular 
fi 4 ‘oe : ne unil cel] in a particule 
re oO W e Sy ah c =4 7 vounk a is b) : 
LS ai hore Wises diffraction Maximum, I is necessary to sum the waves that arise from 


re S i C 1 ce on apaacctic . is 
all the atoms in the unit cell, Mathematically, this involves adding the waves of the same 


wavelength but with different amplitudes and phases. The intensity of the scattered beam Is then 
obtained by squaring the resultant amplitude. 


If the position of the atoms in the unit cell are denoted by x, y and z, the resultant amplitude 
for a given (hk/) reflection can be expressed as 


Nv ° 
F(hkl) = 2 Fy exp{2aj(hx, + ky, + lz, )] (42) 


or 


N N 
F(hKI) = & f, cos 2m (hay + ky; + lzi)) + DA sin 2 (hy, + ky; + (zi) (43) 


where the coordinates x, Y, are expressed as fraction of the unit cell parameters. As mentioned 
above, the intensity of the diffracted beam is given by the square of the amplitude, i.e. 


Lee IF (hkDP (44) 
where, 


2 


N a iN \ 
[F(AKI)P = (Sf cos 27 (ix, + hyp? Iz; | + ey sin 27{(ixj + ky; + ta] (45) 


\ 

Let us take a practical example for better understanding. For simplicity, let us consider a bec 
structure consisting of identical atoms in the unit cell. Position of the atoms in the unit cell are: 
(000) and (1/2 1/2 1/2). Here, for one atom x; = yy = 2 = 0 and for the other atom x2 = y2 = 2 
= |/2. Then eq. 45 becomes 


. eB DAN ebb ee ae 
IF? = 2(coszn-0+c0824(3 + 3+ 5)} +f; sin 2-0 + sin (PS +5) 


1 


or IF? =f2 [1 +cosa(ht+k+)}? +sin?a(h+k +0) (46) 


From eq. 46, one can verify that 

F=2fand1=4f? when h +k +/ = even integer 

F=Oand/=0 when A+k+/=odd integer 
Metallic sodium has bec structure. The diffraction spectrum for Na does not show (100), (300), 
(111) or (221) lines, while (200), (1 10) and (222) lines are present. The absence of (100) and 


other lines could be understood from the fact that in a bee structure, there exists a parallel plane 
at midway between the two (100) planes. The diffracted beam from these middle planes are out 
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‘s Cee 7 with respect to the first plane. As the effective number of the os oars atom 
Bearive O the effective number of corner atom in a bee structure, the intensity iffracteq 
m trom atoms at these two locations will be exactly equal and cancel pach te 
Let us apply the above derived formula to CsCl crystal. in which there is a cesium ton at (000) 
and the chlorine ion at (1/2 1/2 1/2), a different result is obtained, although the structure resembles 
a bce structure. In this case, Foraliies of the two ions are not the same and the lattice is not body 
centred. The structure factor in this case, yield 


or FY = 2 F’ = (fo, + fcr COS r(hek+D)+ Va sin t(h+k+ DV 
i F’ = (fos — fi ) when (h + k +1) is odd 7 
A similar analysis in the case ae ; simple fec structure with atoms at positions (000), (I Ry 
; (1/2 0 1/2) and (0 1/2 1/2), reveals that the intensity is 2€r0 for all reflections in which the 
indices (hkl) are partly even or partly odd (i.e. reflections are allowed when hkl are all odd or all 
even). 


Because of the systematic absence of particular reflections, the observed series of (hk!) values 
obtained from the measured values of sin’6 enable us to determine the basic structure. 


3.15 THE X-RAY DIFFRACTION EXPERIMENT 


When reduced to the basic essentials, the X-ray diffraction experim 
the sample under investigation and a 


ent requires an X-ray source, 
photographic film or a detector to record the 


—— er 


Diffracted rays 
diffraction beam as shown in Fig. 8.29. Within 
this broad framework, there are three variables Le 
which govern the different X-ray diffraction Source ® Incident in [Detecior | 
techniques. X-TayS Sample 
anes a : : : Fig. 8.29 The X-ray differaction experiment 
(i) radiation—monochromatic or of variable A. 


(ii) sample—single crystal, polycrystal (powder) or a solid-piece (amorphous). 
(iii) detector—photographic film or radiation counter. 
These are summarised for the most important experiment 


al techniques in Fig. 8.30. With tl 
exception of the Laue method, 


monochromatic radiation is almost alw 


ays used. 
WAVELENGTH SAMPLE DETECTOR METHOD 
Counter Diffractometer 
pomer Deby-Scherrer 
: Guinier (Focusing) 
[Film 
Fixed Rotation 
Film (Oscillation) 
Weissenberg 
Single crystal Precession (Buerger) 
[Counter Automatic 
Mt. diffractometer 
Variable Solid piece Film 


Laue 
Fig. 8.30 The different X-ray diffraction techniques 
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= pre: fuost convenient and quickest method for obtaining diffraction data 
a PI le lo all crystalline materials, Since the diffraction data are unique for a 
particular Substance, this method can be used for identification of materials (just as finger prints 
of a oh is unique and is used to identify ahuman being). 

Slap Singh of a powder camera (also known as Debye Scherrer camera) is shown 
Ingle. &2" nee = ‘ specimen holder at the centre of the cylindrical camera. A powder sample 
of Bue pi aii alla substance filled in a thin walled capillary tube or a thin wire 
pile a finely powdered specimen mixed with a little adhesive material is placed on the © 
a POR and Sct it correctly on its axis with the help of plunger. Then the camera along 
with the specimen 1s taken to the dark room where a thin strip of X-ray film is loaded in the 
eglieitices EASeKe i such a way that the two ends of the film meet midway between the entry 
and exit points of X-ray beam. This particular film placement was first suggested by Straumanis 
and levins and has two special features: (i) It allows to record a complete diffraction pattern 
ranging Hor, 00 to.O= 90° on the same film, and (ii) the presence of pair of arcs around @ = 
Q and 6= 90 enable us to locate the low and high angle positions on the film accurately. Before 
the camera 1s loaded, the film is punched to make two holes to fit the collimater and the direct 
beam catcher containing a fluorescent screen. The film is suitably wrapped in a black paper to 
protect it from stray light and unwanted X-rays. Replace the cover and place the camera in front 
of the X- ray source for exposure. __ 


Specimen 


Exit for X-rays 


Film 
Collimator 


Fig. 8.31 Schematic representation of the powder method 


A monochromatic X-ray beam is allowed to fall on the powder sample. Since the sample 
prepared in the manner discused above contains a large number of tiny crystallites randomly 
arranged in all possible orientations. For each set of planes, there exist some crystallites which 
are oriented in a direction to satisfy the Bragg condition and give rise the diffraction effect. The 
locus of the diffracted beam will lie on a cone with half-apex angle 26 (Fig. 8.32). In a similar 
way, other sets of lattice planes give their diffraction cones on the X-ray film (each cone consists 
of a large number of closely spaced diffracted beams). These cones are recorded in the form of 
pair arcs on the X-rays film. When the Bragg angle is 45°, the corresponding cone opens out into 
a circle whose intersection with the Ewald sphere gives rise a straight line and is recorded at the 


282 Solid State Physics 


Incident bea 


iy Eo 
axons ne 
= gle and the linear distance between pair of arcs 
oT n the Bragg angle is 
midpoint of the film situated between the incident and exit points. =F os min ke - 
greater than 45°, back reflection are obtained. This ei cin competi ai eSaoaure 
: - : ing a cylindrical film. : : : ea 
maximum value of 90° can be obtained using a cy and dried for indexing. A typical 


the film is processed (developed and fixed) in the dark roon 
schematic powder pattern is shown in Fig. 8.33. 


Fig. 8.33 Schematic powder pattern 


Fig. 8.32. Relation between the Bragg an 


Interpretation of Powder Lines 


The Measurement of Interplanar Spacings (d Values) 
Before we start any measurement on the film, it is necessary to ensure @ = 0 and @ = 90° 


positions, i.e. to distinguish the low and high angle diffraction lines. This can be done by simply 
observing the following two characteristic features on the film: (i) The background intensity on 
the film is maximum near 6 = 0. This arises mainly due to the scattering of radiation from the 
air molecules present inside the camera. Thus, one expects more blackening of the film near the 
low angle side, i.e. around the exit hole whose centre corresponds to @ = 0. (ii) splitting of 
diffraction lines at higher angle side: we know that the CuKa radiation which is usually employed 
for Powder diffraction contains a doublet, ie., CuKa, (A = 1.5405 A) and CuKa, (A= 1.5443 
A) hence in general every diffraction line should be a doublet. However, the two components get 
resolved only in the higher angle side, where the separation is clearly visible. For the usual 
camera diameter (57.3 mm), the doublet appears to be a pair of closely spaced lines merging 
with each other to form a thick line. 
After ensuring the low and high angle positions, the filin is placed over the film reader in such 
a way that it is truly parallel to the scale of the measuring device, Cross hair of the telescope is 
adjusted vertically at the centre of each arc to record the linear distance With respect to any given 
reference to determine the arc length (Fig. 8.34). Put all the readings in a tabulated data sheet as 
shown in Fig. 8.35. Knowing the linear distances between the Pair of arcs, various diffraction 


a 


a : ea 
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d= 0° 
% 6=90 
x) 


90 mm—_————_ 


Fig. 8.34 M . : 
casurement of linear distances of arc on a schematic powder pattern 


Check 
X27 +X, 


Correction 


Corrected 
ae xs arc length | = 
100 S' 


Fig. 8.35 Data sheet in tabulated form 


angles & * can be calculated for a known camera radius R. They are related to each other 
according to (Fig. 8.32). 


8 Fe 
40= 5 or a= (zz) Statins 


_ (180 4 
or 9= (> ik) degrees (47) 


It is interesting to note that 180/z = 57.3. Thus for a camera diameter 2R = 57.3 mm, 0= S/2, 
so that 1° in @ corresponds to 1/2 mm in S. In view of this simple conversion factor, camera 
diameter is usually taken as 57.3 mm or a multiple of it such as 2 X 57.3 mm = 114.6 mm. In this 
case, | mm in S will correspond to 1° in 6. 

Although the conversion factor of S into 01s straight forward. However, in actual practice the 
film is processed, washed and dried. As a result, some shrinkage in the film occurs, which should 
be taken into account for correct results. The shrinkage factor (SF) is defined as the ratio of the 
actual hole to hole distance after shrinkage to 90 mm, Le. 


Actual hole to hole distance after shrinkage 
——— Omni; ps ak ° 


Let the actual distance differ from 90 mm by p%, then a corresponding correction of ae S 


; 100 
must be added to each value of S to obtain the corrected arc length S’. Therefore, 
Gis Seale 
S’=S+ 79 x8 (49) 


Now substituting the values of camera radius R = 180/7 (=57.3 mm) and the corrected are length 
S’ for S in eq. 47, we obtain 
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: (50) 
or on Aw 
‘ it is eas termine the 
i iffracti es it is easy to de . 
After knowing the Bragg angles 0 for different arcs (diffraction gn oats cree: 
Various interplanar spacings (d values) using Bragg s ene . von te cast rate 
Values for various diffraction lines. Let us consider the case O° * ° 


ae i have 
Squaring and arranging the Bragg’s equation 2d sin g= A, we 
: A? 
sin? @ = aaa 
Where d= - for a simple cubic crystal. Therefore, 


(h? 4 k2 4/2)! 
sin?@= AZ (h? +k? +1?) (51) 


Now, for a monochromatic X-ray beam, A is fixed and for a given sample, the lattice Palameter 
“a” is fixed. Thus for fixed A and given crystal system, A?/4a’ is a constant quantity. This implies 
that sin?@ (or 6) is proportional to (h? + k + [). Therefore, for a simple cubic crystal, it is 
possible to list all combinations of h, k and / and arrange (h? + k? + 1°) in increasing order. 
However, for other cubic systems such as bec and fec some of the diffraction lines are absent and 
hence all hk? values are not present. For example, in a bee crystal (100) reflection is absent 
because the reflections from the corner atoms and the body centre atoms have the same intensity 
but have a phase difference of A/2, resulting in a zero reflected intensity. The systematic absences 
give rise extinction rules following which, all possible A&/ values for different cubic systems 
can be obtained. The extinction rules for various crystal systems are summarized in Table 8.4. 
From these rules, it is possible to derive the ratio of (h* + k* + ”) values for allowed reflections 
in the various cubic systems and are given as 


SC------- 1222374757 67.8= 9210 | ; 

BCC---- Loe eS Sas 78 4 wi 

FCC © 3:4:8:11:12:16:19:20 | 
3:8:11:16:19 ue 


Table 8.4 Extinction rules for cubic crystals 


Crystais Allowed reflections 

SC for all values of (A? + 42 4 P) 
BCC for even values of h+k 4] 
FCC 


when h, k and / are all odd or all even 
when h, k, and I are all odd or all even 
(h + k +1) should be divisible by four 


DC 
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Example: Find the Brage 
the powder photogr 
used is 1.54 A, 


‘angles and the } 


ndices of diffraction for the three lowest angle lines on 
aph of an fee cryst 


al whose lattice parameter a is 6 A and the wavelength 


Solution: Given:a=6A, 4 = 1.54 A, cryst 


-: iil is fee, hkI for three lowest powder lines = ?, 6’s 


In the case of an fee crystal, the ratio of (7 + @ + 2) for allowed reflections are: 
Ses he a. 


Now, for V = 3, we have hk] = Ill, so that 


Wt 3 an O14, = Ad 


ee: eee 
or 914, = sin | — | = nel = 12°5()’ 
ll = sin (sz) sin ET 12°50 


Similarly, for N = 4, hkl = 200, so that dyo9 = 3, and 


A 1.54 
oe ta = 14°597 
O29) = sin (sz) = sin (3 14°52 


and for N = 8, hkl = 220, so that dyyp = - and 
Vv 


4 \ 
1.54 x 8 
A229 = sin-( 57] = sn | = 21° 17’ 


8.17 POWDER DIFFRACTOMETER 


The photographic methods of recording diffraction patterns are now supplemented in almost 
every X-ray laboratory by the X-ray diffractometer. The advantages of this method are considerable, 
e.g. the intensities can be measured directly. Also, the work and time required are very less, 
especially if only a certain part of the intensity chart is required. 

Apart from the X-ray generator and the X-ray tube, the diffractometer includes an X-ray 
diffraction goniometer, several amplifiers and the detector. Details of the construction and operation 
of the commercially available instruments may be found particularly in manufacturers literature 
and vary for different makes. However, here we are concerned only with the fundamental 

inci n to all. 

Oh eed ay diffraction system is illustrated in Fig. 8.36. where the plane of the sample 
lies at the centre of the diffractometer circle. Also, the source, the sample and the detector all lie 
on the circumference of the focusing circle (Fig. 8.37a). The size of the diffractometer circle 
remains constant while that of the focusing circle vary inversely with the Bragg angle 6 (Fig. 
8.37b). In order to preserve the focusing action with changing 26, the surface of the sample must 
remain tangential to the focusing circle. This is achieved by coupling the sample and the detector 
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Receiving 
slit 
diffraction system 


Fig. 8.36 A typical X-ray 


(b) 


(a) 


Fig. 837 Alignment of the sample and detector with respect to the source. (a) All lie on the circumference 
of the circle , (b) relationship between diffractometer circle and focusing circle 


such that the plane of the sample rotates (in the same direction) at half the angular speed of the 
detector, ie. retaining a @26 relationship with each other. 

The ideal powder sample should be homogeneous, with a grain size of about | to 95 microns. 
There should be no preferred orientation, or any micro/macro crystalline strain. 

In order to interpret the diffractogram (it is a plot of intensity of diffracted radiation (esus 
diffraction angle), the first step is to determine the interplanar spacing . Earlier in the photogr ic 
method. it was found with the help of Bragg equation. However, for the interpretation of the 
an 2 Re 26 ae versus d spacing are available in A.S.T.M data file ter 
Record these values aie ace, “ oa eae can be read directly if 26 angle Is know? 

y over the appropriate peaks on the diftractogram. Secondly, the 


relalive intensities of the peaks g i: 
Ses, a are estimated and compared with peak intensities in the Table for 
identification of the given material. P ith peak intensities in the T; 


8.18 THE LAUE METHOD 


ee dimensional diffracti \- 
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convenient and accurate methods of determinin 
grains in an aggregate and hence is w 
quickly determines the cryst 


g the orientation of a crystal or of individual 
: idely used to orient crystals for solid state experiments. It 
“symmetry, However, since white radiation is used to get the Laue 


raph (where diff, aes ; . 
Lem: P 7 re different orders of reflection may superpose on a single spot), this method is 
hardly used tor crystal structure determination. 


A suitable crysta . ' sg aes sate ‘di 
ystal (as perfect as Possible) is selected by examining the same under polarizing 


microscope. Itis mounted ona glass fibre parallel to the principal axis using some adhesive (like 
shellac, glue, or even quick fix) material. The fibre alongwith the crystal is then mounted ona 
Eomloncisr head with the help of modelling clay as shown in Fig. 8.38. The crystal is then 
aligned properly on the goniometer head with the help of four arcs (two mutually perpendicular 


| __—— Axis of goniometer head 


Cyst 


_——__—_—— Glass fibre 
+——————___ Modelling clay 


Angular adjustment 
in plane of paper 


+——___ 


Angular adjustment 
perpendicular to paper 


|< Lateral adjustment 

in plane of paper 

~——~____ Lateral adjustment 
eek perpendicular to paper 
| a Base with screw fitting 


(not shown) 


Fig. 8.38 Basic parts of goniometer head. A key is provided to fit the square pins for moving the arcs 


arcs are for angular adjustment and the other two arcs are for linear adjustment). The goniometer 
head alongwith the aligned crystal is then placed on a single crystal X-ray diffraction camera. 
The goniometer head is held fixed such that 
the incident X-ray beam (continuous radiation) 
is normal to one face of the crystal and a flat Specimen 
plate film cassette is placed either in between 

the source and the crystal for recording the back 

reflections on the X-ray film or behind the crystal Beam 

to record the transmission Laue spots. A 

schematic representation of the Laue technique 

is shown in Fig. 8.39. The crystal to film distance 


in both the cases is normally kept small and is Fig. 8.39 Schematic representation of the Laue 
fixed between 3-5 cm. This increases the number technique 


Film B Film A 


SON AY nd NWily PATA 


-avnosure time. The two arran 
at wtlestions datwoepted by the fli ann reduces the abe er rail Seal ie , 
Aiilor Com one another i one fespeet ‘Vo intercept the ¢ — shotograph, whereas in ig 
Avert ac tte contiy of the cassette for recording the : i afi ‘ieicolliiaatentoelll * th 
tak reflection a hele is made at the same point ol the cassette to “tay 


Deane (0 peiss, 


rpretation of Laue Photographs _ ETT, 

s of aclose relationship between gnomonic projection and SS ei fom 

is found to be extremely useful in the interpretation of Laue eee tee : eater arog 
the reflecting plane of a crystal, its normal, and the direction 0 : 1 plates eee f in 
Fig, 840. Here, itis assumed that the photographic film and the Pp a a bay ie ent 
and represent the vertical line PR. If the crystal-to-film te ee Sh egaee fe a the 
distance r, the point of intersection of the reflected beam with the : entre 
of the photographic plate (through which the direct beam passes), 


Reflection record —a 


Lave photograph 


Reflecting planc 
\ 


A\ . . 
cosec 8, Gnomonic projection 


Baer of crystal plane 


Fig. 8.40 Relationship among the reflecting plane, its normal and the direction of the diffracted beam 


r= tan 20 (52) 
ae 20= tan! r (53) 


Similarly, the distance p, the point of intersection of normai to the reflecting plane (Ak/) with 
the vertical line from the centre of the photographic plate, is 


p = tan (90 - 6) =cot 0 (54) 


The above two eqs. 52 and 54 show that the distances p and rare related inversely. Combining 
eqs. 53 and 54, we obtain 


p=cot F tan r (55) 


This equation is derived by assuming the crystal-to-film distance to be unity. However, it is 
often more convenient to place the film at some other distance, say D and yet measure p ina 
plane at a unit distance from the crystal. In this case, the eq. 55 is replaced by 


aie 1, fF 
p =cot 5 tan (z) 


‘ 
\ 


(56) 
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With the help of this equation, it is easy to transform the location of each spot of the Lave 
photograh to the gnomonic Projection of the plane whose reflection produces it. 


Example: In a Laue photograph of an fec crystal whose lattice parameter is 4.5A. Determine the 
minimum distance from the centre of the pattern at which reflections can occur from the planes 


of maximum spacing, if the potential difference across the X-ray tube is 50 kV and the crystal 
to film distance is 5.0 cm, 


Solution: Given: Crystal is fee, @ = 4.54, V = 50 kV, crystal to film distance, D = 5 cm = 0.05 
5 ot 
m,% =: 
In an fcc crystal we know that the planes of maximum spacing is (111). 
Now, we know that in case of X-rays, the minimum wavelength is given by 


Ani 


vy 


= 24x 10% _ 1.24 x 10% = png h 
V 5 x 104 


Similarly, for an fcc crystal, diy) = 7 so that 


2d 2x 4.5 


Oy = si) = in FF] = 210° 


Now, from Fig. 8.41, we can obtain tan 26 = . 


-y (111) 
--~ Diffracted 


beam 


Fig. 8.41 Schematic Laue pattern 


or x=5xX tan 20=5 x tan 5.52 = 0.48 cm 


8.19 THE ROTATION/OSCILLATION METHOD 


Although the powder method is widely used for identification of materials, it is not suitable for 
complete structure determination particularly when a single crystal is available. Also, structure 
determination requires the intensity data of a large number of reflections, This is possible in the 
case of single crystals only. Thus, if a single crystal is available, rotation/osicillation method is 
generally employed for its study. 
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Sics 


‘ ec 
s : 
oad f % Alignment is done exactly as in the case mont oe ie as OD this ¢ 
IS 15° ‘ “Ping the crystal stationary it is either rotated OF oscilla : OSCillation : XH 
8.42) 4 uPling the goniometer head with a motor aving suitable gear Arrangemen; (kt 
eter hea e crystal through a Collim ip 


-Amo 
out | mn atic beam of X-ray 1s allowed to nope ded on an X-ray film loag ty 


7 n intern : ; 
c . al dian Y ons a : 
Ylindricag] neter. The X-ray reflect! cjdent with the axis of rotatiy in. 


camera (u is is coin 
Oscillati Ta (usually of 3 cm radius) whose axis 
of ier ie direct beam stopper is kept at the exit point of the ea . 
‘ : See : fe) 
and device: technique is shown in Fig. 8.42. A typical rota jon photograpn after unto, 
Bran 


ing the film looks like as shown in Fig. 8-43. Interpretation of rotation photo 


Only is presented below. 


X-rays exit 
Specimen Layer line Row line 
1 
| 
Photographic --0 - a: 0-0-- o—0--09 
film : 
1 
d 
i ee 
Fig. 8.42 Schematic representation of rotating Fig. 8.43 A typical rotation photograph 


crystal technique 


Interpretation of Rotation Photographs 

In deriving Laue equations (sec. 8.7), we observe 
of concentric cones (representing different | 
orders of diffractions) surrounding the row of 
atoms. These cones are actually responsible 
for the formation of layer lines in a rotation 
photograph (Fig. 8.44). All the reflections on 
the zero layer line come from the planes which 
are parallel to the axis of rotation and hence 
the corresponding Miller index is zero. The 
position of various reflections on this layer 
line depends on the d-spacings of planes in 
question (i.e. on the other Miller indices). The 
planes that have the larger d-spacing diffract 


X-rays at low Bragg angles and the 
corresponding reflections are nearer to the Fig. 8.44 Formation of layer lines from ¢ 


centre of the film (exit point of the direct X- the diffracted rays 


d that all the diffracted beams lie onas 
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ray beam Corresponds to the zero Bra 
_, . etc. from zero layer Jine, 

If acrystal is assumed to be rota 


‘ G ted ab u a ° . . . . 
to the axis of rotation, then nes ae i . axis and the incident X-ray beam is perpendicular 


88 angle). Other layer lines are separated by S,, Sz, 53, 


acos a@=nd 
where ¢ is replaced by n and is equal to ze 


etc. Similar equations hold fo 
nth layer line from zero lay 


(57) 


ro for (zero), +1 for (first), +2 for (second) layer lines, 
r rotation of the crystal about other axes. If S, is the separation of 


hae er line, and R is the radius of the camera used then from Fig. 8.44, 
Sn 
cota, = > (58) 


With the help of eqs. 57 and 58, we obtain 


s, = —lnAla) (59) 
jl -(nAlay? 
so that 
a= nh (R? + $2)! (60) 


Similarly, by taking b-axis and c-axis rotation photographs, their unit cell parameters can be 
easily determined. 


Example: In a rotation photograph, six layer lines are observed both above and below the zero 
layer line. If the heights of these layer lines above (or below) the zero layer are 0.29, 0.59, 0.91, 


1.25, 1.65 and 2.12 cm, obtain the cell height of the crystal along the axis of rotation. The radius 
of the camera is 3 cm and the wavelength of the X-rays is 1.54 A. 


Solution: Given: S, = 0.29 cm, S, = 0.59 cm, $; = 0.91 cm, S4 = 1.25 cm, Ss = 1.65 cm and S¢ 
= 2.12 cm, R=3 cm A= 1.54 A = 1.54 x 10° cm, unit cell height along the axis of rotation = 
q 


Let us suppose that the photograph is an a-axis photograph, then from eq. 60, we have 
a= mer? + Sy)? 
-8 
For n= last Xt XI” (3? + 0.29?) = 164 


Making a similar calculation by substituting different values of n and corresponding S values, we 


can see that in each case we obtain the same value of a. This implies that the unit cell height of 
the crystal 


=16 A. . 
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: ion methods whj 
J iti ther ant cpiececes | Oe ea 
n addition to the X-ray diffraction, there are twO 0 neutron and electron ¢ meth 
Widely used for characterization of materials. They ne ray diffraction. Unlike X-rays which ate 
They are often complementary and supplementary e rae However, according ie Broglie’, 
electromagnetic waves, neutrons and electrons are partic in a wave associated with it, Whose 
hypothesis we know that every moving particle (object) 
length is given by the de Broglie equation 

(61) 


®.20 OTHER DIFFRACTION METHODS 
jmport 


ticle (7, for neutron and m, for electron 
m (which is characteristic of Particles) 


where h is Planck’s constant, m is the mass of the pa 
From this equation, it follows thar; 


and v is its velocity. Equation 61 connects the momentu 

with the wavelength (which is characteristic of waves). 

. th. 

1. Lighter is the particle, greater is the de Broglie 5 Soe valet 
2. The faster the particle moves, smaller is its associate 

3. The de Broglie wavelength of a particle 15 1n 

particle. 
ity of the particle, which j 
i fore depends on the velocity 0 : in 
The wavelength of the associated wave there p TF), thes. 8 become 


turn depends onits kinetic energy E where E=mv’/2. Substituting v = 


A=" Elm) /2mE 


Neutron Diffraction 27 ; 
Substituting the appropriate mass value for neutron m, = 1.675 x 10’ kg, the above equation 


reduces to 
0.28 
A= Ei (63) 


where A is in angstroms and E£ is in electron volts. As we know that the wavelength suitable for 
diffraction experiment must be of the order of interatomic spacings (~1A) of crystalline solids. 
Therefore, the wavelength 2 = | A in eq. 63 yields an energy of about 0.08 eV. This energy is 
of the same order as the energy of the thermal neutrons, 0.025 eV (which is of the order of kT 
at room temperature, T ~ 300K). Fig 8.45a shows a typical wavelength distribution for the 
neutron beam from the pile of a reactor. Unlike the spectral distribution of X-rays from an X-ray 
tube (Fig. 8.45b), there are no sharp characteristic peaks in the reactor spectrum. The most 
common method for obtaining a more or less monochromatic beam of neutron is to use a crystal 
monochromator as shown in Fig. 7.11. The “white” neutron beam from the reactor face '8 
allowed to fall, through a collimator on toa large single crystal of lead, beryllium or germanium, 
etc. oriented suitably so that the Bragg condition (eq. 17) is satisfied for chosen wavelength. The 
reflection angle @ is adjusted so that the fraction of neutrons having energies close to kT is 
selected. The extent of angular range over which the neutrons are to be collected is a compromise 


dependent of the charge (or nature) of the . 
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Neutron X-ray 


Intensity 


0.5 1.0 
Wavelength in A 
(a) (b) 
Fig. 8.45 Intensity versus wayelen 


gth distribution. (a) F i 
(byifronan Meaidithe n. (a) For the neutron beam from the pile of the reactor 


with Mo target 


between the two cases: (i) if the range is small, the beam will be highly monochromatic but very 
weak and (11) if the range is large, the beam will be stronger but less monochromatic. In any case, 
the beam 1s sie very strong. A typical monochromatised neutron beam has an intensity of the 
order of 10 neutrons/cm’/sec., which is about four orders of magnitude smaller than that 
obtained with X-rays. Thus for neutron diffraction, the single crystal to be studied must be much 
larger (at least | mm* or more) than those required for X-ray diffraction. However, for crystals 
of very large molecules, there is an additional difficulty, i.e. the low intensity problem cannot be 
solved simply by using bigger crystals or by increasing the counting times. Actually, the unit 
cells of these crystals are very large and the corresponding diffraction maxima are therefore very 
closely spaced, their resolution is a great problem. 

The diffracted beams of neutron cannot be recorded on film like X-rays. This must be measured 
with the help of a counter. Therefore, the whole apparatus must be heavily shielded, making it 
very massive as compared to X-ray diffraction equipment. Besides, the facility of neutron beam 
is relatively rare. These are some of the reasons because of which the neutron diffraction is much 
less widely used than X-ray diffraction. 

Neutron diffraction fundamentally differs from X-ray diffraction in the sense that the X-rays 
are scattered by the electron clouds associated with the atoms, while with certain exceptions 
(e.g. the atoms that have magnetic moments, whose electron clouds do interact with neutrons), 
neutrons are scattered by the nuclei of the atoms. This property makes it a useful tool to locate 
the position of light atoms (particularly the hydrogen atom) even in the presence of heavy ones, 
which may be difficult or impossible from X-ray data. Usually the non-hydrogen part of the 
structure is solved from the X-ray diffraction data in the normal way, and this partial structure 
is coupled with the neutron diffraction data for the determination of the position of the hydrogen 
atoms. Since neutron diffraction locates the nuclei of atoms and X-ray diffraction gives a picture 
of their electron clouds, a combination of the two techniques should provide complete information 
in regards to the distribution of electron clouds about the nucleus. 

Because the nucleus of an atom, unlike the associated electron cloud, is negligibly small as 
compared to the wavelength of the scattered radiation. Consequently, the neutron waves diffracted 
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. . atom do "LL 
from opposite sides of the stant unlike 
X-rays, neviro 


Scattering factors remain nearly on 
increasing Bragg angle @. Also, unlike 
atomic numbers. 

Example: A beam of thermal neutrons 
(111) planes of nickel crystal at an ang: 
neutrons. Nickel has fcc structure and its 


le of 2 


t 
not interfere des 


itted from the 
em 3° 30’. Ca 


lattice parameter 


. . As a result of thi 
pee which decrease r st neUten 
eray Curves, aPidly \. 


x OY Wi 
n scattering factors are not Proportion, 


opening of a reactor is diffracteg b 
Iculate the effective temperature of 

is 3.52 A. . 
= 352A = 352% 10" m, m= 146), 


“ is fcc, 
Solution: Given: 6 = 28° 30’ = 28.5°, structure 1S 


10°’ kg, T=? 
The interplanar spacing d is given by 


d= V3 


Now, from Bragg’s equation (for n = 
A = 2d sin 0 = 2 x 2.03 X 


In order to find the temperature of neutrons, let u 


9520102 e103 TO" Om 


1), we can have 
10729 x sin 28.5° = 1.94 x 107° m 


s make use of the kinetic energy expression, j¢ 


(1/2) mv? = (3/2) kT 


Substituting the value of v in eq. 61, we obtain 


2. a. h? 
At 3mkT 
-34 2 
a ae (6.626 x 10~" ) = 169K 
i "= 3mkA? ~ 3X 1.67 X10 x 1.38 x 10 x (1.94 x 107!)? 
Electron Diffraction Sabana 
A beam of electrons can be employed to ee 
characterize materials in a way similar to the 50 kV 
X-rays and neutrons as discussed above. The ‘Anbdes \ 
stream of electrons emitted from a hot wire (as \ 
in thermionic emission) is accelerated through ie doesn Magnetic lens 
pump to improve 
-— focusing 


vacuum under a very large electrode potential 
and is passed through a collimating system 
before it gets diffracted by the specimen to be 
studied. A schematic view of the electron 
diffraction system is shown in Fig. 8.46. 

The energy E acquired by these electrons 
depends on the accelerating voltage V, 


approximately as 


E=eV (64) 


Thin specimen 


Viewing port 
Fluorescent screen 


of photographic film 


Fig. 8.46 Schematic view of the electron diffraction 
technique 
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where e is the char . 
voltages (usual in f on the electron, The eq. 64 is only an approximate because at the higher 
tiatt, $6 that te €ctron diffraction) the electron velocity begins to approach the velocity of 
ie Sar the = Bain mass due to effect of relativity. However, if we ignore the relativity 
, avelength associated with the moving electrons can be written as 
te h h 


= = 65 
Jf2mE af 2meV 2) 


where m = 9.11 x 1973! kg, the mass of an electron. Substituting the appropriate mass value for 
an electron, the eq. 65 reduces to 


150)" _ 12.24 
ud) =(4P) = yi (66) 
From the above equations, it is clear that the wavelength is roughly inversely proportional to the 
Square root of the accelerating voltage and hence can be easily varied to get the desired wavelength 
electron beam. Monochromatic beam is obtained simply by applying stabilized voltages to 
accelerate the electrons. Calculations show that the scattering of electrons from an atom is about 
four orders of magnitude greater than the scattering of X-rays from the same atom. This suggests 


that the electron beam has a short stopping distance of about 500 A or so and hence the specimen 
to be studied must be thin. 


Example: Calculate the Bragg angle at which electrons accelerated from rest through a potential 


difference of 80 V will be diffracted from the (111) planes of an fcc crystal of lattice parameter 
3.5 A. 


Solution: Given: V = 80V, Diffracting planes (111), crystal is fec, a = 3.5 A = 3.5 x 10°? m, 
@=? 


We know that the wavelength associated with the moving electron is given by 


h h 


J2mE  {2meV 


Substituting the values of the constants, we can obtain 


1/2 
; =(47) x 107m 


a{2meV as ae: 


1/2 
BY icichall -10 — -10 
-(3) x 10 Lore 10m 


-10 
and d\\) = a = 2.02 x 107!’ m 
Now from Bragg’s equation for n = 1, we can have 


cot a Re Tala eer 
O41) = sin ‘(2d = Sin aom0* = 19° 40 
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ly ing Wav 
radiation haying “length Of 


mo e€ < . 
f the resulting X-ray is 


8.21 SUMMARY 


ysare produced 
‘target. For a given electrode potential, 
24 X 10~ y-m 


| 
A A) oa 7 
( Y aie wavelength also called charactersy. 
aa: d white radiation). 


, ‘ : ining 
X-rays may be either monochromatic (containts Jso calle 
velengths 4 


X-ray) or continuous (containing all wa 
3. The target material should be: ‘ently cooled. 
(i) Good conductor of heat so that it can be i function as an ano fie 
(ii) Good conductor of electricity because it ha eer ike order of | A suitblece r 
(iii) Metal which could emit X-rays of wavelengts 
study of crystalline materials. -a] decreases exponential} 
: ater Y as 
Intensity of an X-ray beam passing through a given m 
rs Ibe 
tre and the crystal as a whole acts like g 
dition for diffraction is given by wey 


to 


5. Each atom in a crystal acts as a diffraction cen 
three dimensional diffraction grating. The con 


_ known Bragg’s law 
2d sin 9= nA 

Laue equations are derived on the basis of a simple static atomic model. They are given 
by: 

a(cos @—cos &%) = eA 

b (cos B- cos fy) =fAa 


c (cos Y—cos%) =gA 


All the three equations must satisfy simultaneously to get the most intense beam. 
7. Bragg equation is a consequence of more general Laue equations. The order of diffraction 
n in the Bragg’s equation is simply equal to the largest common factor of the numbers e, 
J, & appearing in the Laue equations. 
Graphical interpretation of Bragg’s law help understand the reciprocal lattice concept. 
The reciprocal lattice vector is given by 
= AK 
dna 
9, X-ray diffraction experiment essentially requires an X-ray source, sample under investigation 
and a photographic film or a detector, 
quickest method for obtaining diffraction 


10. The Powder method is the most conveninet and 
data. The Bragg angle 6 and the distance between a pair of arcs are related through 


= 5 
MEG 
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Il. Laue method is one of the most convenient and accurate methods for determining the 
orientation and symmetry of a single crystal. Gnomonic projection is extremely useful in 
the interpretation of the Laue photographs. 

12. Rotation/Oscillation method is normally used to determine the lattice parameters of single 
crystals. For an a-axis rotation photograph, the separation of nth layer line (with respect 
to zero layer) and the lattice parameter a are given by 


5, = __(ndla) _ -R 
Jl = (ndla)? 
and os mh oR: + $2)" 


13. Depending upon the energy of neutron from the pile of a reactor, the wavelength of the 
neutron beam is given by 


14, Ignoring the relativistic correction, the wavelength associated with the moving electron 
beam is given by 


12 


= Reni 


8.22 DEFINITIONS 


Absorption Edge: An abrupt discontinuity in the intensity of an X-ray absorption spectrum at a particular 
wavelength. 

Compton Scattering: It is the elastic scattering of phonons by electrons. 

De Broglie Hypothesis: With every moving particle (such as electron or proton) a wave is associated whose 
wavelength is inversely proportional to the momentum of the particle. 

Ewald Sphere: It is the sphere of radius 1/A within which the diffracted beam and reciprocal lattice point intersect 
each other. It is also called sphere of reflection. 

Fluorescence: It is the process that certain substances absorb radiation of a particular wavelength and emit light 
(i.e. exhibit luminescence) of longer wavelength. The emission of light stops the moment the incident 
radiation is cutoff. 

Linear Attenuation Coefficient: It is a measure of the fractional fall in the intensity of X-rays per unit thickness 
of absorbing medium. 

Mass Absorption Coefficient: It is the fractional decrease in the intensity of a beam of unit cross-section in 
travelling unit mass of the absorbing medium. 

Monochromatic radiation: It is the radiation restricted to a very narrow band of wavelength; ideally one wavelength. 

Pair Production: Simultaneous production of an electron and a positron from high energy (> 1.022 MeV) 
photon. 

Reciprocal Lattice: A theoretical lattice associated with a crystal lattice. The reciprocal lattice points are obtained 
by drawing normals to each crystal plane from a common origin and lying at a distance equal to the reciprocal 

of interplanar spacing. 

Electromagnetic radiation of very short wavelength (~1 A) lying between ultraviolet and rays in th 


—_ 
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REVIEW QUESTIONS AND PROBLEM 2 is als! 


~ Explain the concept of reciproc 
. Derive Brage’s law in X-ray diffractio! 
. What are Laue equations for diffractior 

. Describe briefly the methods for crysl 
. Find the geometrical structure factor 


_ (a) What is the minimum wavelength in W 


. Calculate the geometrical 


. The K, line from molybdenum has a waveleng 


mA? 
. What element has a K, X-ray line of wavelength 0.7 Ans. Z = 42 (molybdenum) 


. Electrons bombarding the anode of a coolidge tube produce X-ray 


. The wavelength of the L, (X-ray) line of platinu 


. Calculate the glancing angle on the plane (110) of a cube rock salt 


. ‘ heam of X-rays incident on a sodium chloride crystal (a = 2 


Ms . simple cubic. 


.. efructur d cubic. 
te cubic Sten eng centre 
simple cubi ce 


jg ate sa 
hody centred cubic | : centred abit | | 
- ae centred cu ric IS dition jn terms of the reciprocal} lat 
ace cen agg’ co” : 


Derive the 7" 


Show that the reciprocal lattice for 4 
Show that the reciprocal Intlice for # 


Show that the reciprocal lattice for al 
al Jattice. 
: t of powder method of crystal Structur, 
vectors. Give an accoun 

i. ' 
allinc solid? Show that the Bragg’s “qQuation 
analysis. rX-rays by a ciysta 

yp OF sect el 


X-ray diffraction. Explain th 
€ 


ation by 
; of cubic crystals. en 
factor taking 1 hich all atoms are anon mg show thar 
for fee struct even and partly odd, 

, : s are : 
for which ee f the applied voltage on the Lube 
hite rad! 


is a special case of the Laue equations: rmin 


al structure dacte ie 
the exam 
importance of geometrical structure g 


for fcc lattice no reflections can occur 


of kinetic energy of 10 keV? 


= 1/2 kT)? 
. Ans. 0.40 A, 3.85 A, 25) 4 


ame some important planes which wil] he 


is 30 kV? ; 
(b) What is the wavelength associated wil 
(c) What is the wavelength associated wil 


h an electron 
ha neutron at 


structure factor for a bec lattice. N 


missing from the X-ray diffraction spectrum. +h 0.71 A. Calculate the wavelength of K, line of copper 
s 29. 


The atomic number of molybdenum is 42 and that of copper ! Ans. 152.4 


s of wavelength | A. Find the energy 


i t 
of each electron at the moment of impac Ans. 1.24 x 10 ey 


m (At. no. 78) is 1.32 A. An unknown substance emits 
tomic number of the unknown substance. Given b = 


L, (X-ray) of wavelength 4.17 A. Calculate the a 
Ans. Z = 47 (silver) 


74 for Ly 


. The diamond structure is formed by the combination of two interpenetrating fcc sub-lattices; the basis 


being (000) and (1/4 1/4 1/4). Find the structure factor of the basis and prove that if all indices are even 
the structure factor of the basis vanishes unless 4 + k + / =4n, where » is an integer. 


Ans. 1 + exp (= (h+k+ N 


. What is the attenuation of an X-ray beam after passing through a thickness of a material equal to four- 


half-value thickness? Ans, 93.7%. 


. The mass absorption coefficient of aluminium for X-rays of a certain energy is 0.027 m7/kg. Calculate 


the half-value thickness of aluminium for these X-rays. What thickness of aluminium would attenuate 
the X-rays by 80% ? Density of aluminium is 2700 kg/m? 


Ans. 0.022 m 


. A beam of neutron with energies ranging {rom zero to several electron volts is directed at a crystal vith 


interplanar spacing 3.03 A. Determine the angle between the incident beam and the crystal so that the 
reflected neutrons will have a kinetic energy of 0.! eV. “a 


Ans. 8° 36 


order diffraction maximum for the X-rays of wavelength 0.71 A RL ee 


: Ans. 20.9° 
$i A). The first order reflection 1s 


21; 


24. 


23; 


26. 


27. 


28. 
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observed at a glancing angle 8° 35’, What is the wavelength of the X-rays? At what angle should the 
second order Bragg's reflection occur? Ans, 0,842 A, 17.4° 
Sylvine (KCD crystallizes in the form of simple cubic structure. Determine the interatomic spacing d 
and the glancing angle at which an X-ray of wavelength of 1.1787 A is reflected in the third order. The 
density of KCL is 1990 kg/m" and the molecular weight is 74.6. Ans. 3.96 A, 42.6°. 


. A bee crystal is used to measure the wavelength of some X-rays. The Bragg angle for reflection from 


(110) plane is 20.2°. What is the wavelength? The lattice parameter of the crystal is 3.15 A. 
“Ans. 1.54A 


. X-rays with a wavelength of 1.54 A are used to calculate the spacing of (200) planc in platinum. The 


Bragg angle for this reflection is 22.4°. What is the side of the unit cell of the aluminium crystal ? 
Ans. 4.05 A 
Using a diffractometer and a radiation of wavelength 1.54 A, only one reflection from an fcc crystal is 
observed when 26 is 121°. What are the indices of reflection? What is the interplanar spacing? 
Ans, {111}, 0.885 A 
The first three lines from the powder pattern of a cubic crystal have the following S values: 24.95, 40.9 
and 48.05 mm. The camera radius is 57.3 mm. Molybdenum K, radiation of wavelength 0.71 A is used. 
Determine the structure and the lattice parameter of the material. Ans. DC, 5.66 A 
The Bragg angle corresponding to a reflection for which (f° + & + /°) = 8 is found to be 14.35°. 
Determine the lattice parameter of the crystal. X-rays of wavelength 0.71 A are used. If there are two 
other reflections with smaller Bragg angles, what is the crystal structure? Ans, 4.05 A, fcc. 
Aluminium (fcc) has a lattice parameter of 4.05 A. When a monochromatic radiation of 1.79 A is used 
in a powder camera, what would be the first four § values? The camera diameter is 114.6 mm. 
Ans. 90.1, 105.0, 154.7, and 188.2 mm. 
The first reflection using copper K,, radiation from a sample of copper powder (fcc) has S value of 86.7 
mm. Compute the camera radius. 


Ans. 57.3 mm. 


ny 


Chapte; 9 


S of Materials 


Thermal Propertie 


9.1 INTRODUCTION , 

e related aspects, the knowledge of 
perties of solid materials, such ag 
| discuss in detail the analysis of 
I] discuss various proposed 


In chapter 7, we discussed about lattice vibrations and som 
which is very useful in understanding various thermal pro 
specific heat, thermal conductivity, etc. In this chapter, we shal ; 
these properties. In regards to the specific heat of solids, we sha 
models under different temperature range. 


9.2 THE SPECIFIC HEAT OF SOLID 


From elementary knowledge, we know that the specific heat is the amount of heat energy that 
must be supplied to a mole of solid to raise its temperature by one degree. So, when some heat 
energy is supplied to a solid, its temperature rises and its internal energy Is increased. The 
increase in the internal energy is manifested mainly as (i) an increase in the vibration of atoms 
about their mean position and (ii) an increase in the kinetic snergy of free electrons. The 
corresponding specific heats are known as the lattice specific heat and the electronic specific 
heat, respectively. In order to measure the specific heat, either the volume or the pressure must 
be kept constant. In general, it is measured at constant volume, i.e. 


_ (dE 
oa ial | (1) 


where E is the internal energy and T is the temperature of the system. 


93° THE CLASSICAL MODEL 


From the kinetic theory of gases, we know that the kinetic energy of an atom of a monoatomic 
gas at temperature T is (3/2) kT, where & is the Boltzmann constant, Since an atom has three 
degrees of (translational) freedom, therefore the energy (1/2) kT. is associated with each degree 
of freedom of the atom. Also, to each translational degree of freedom, there are associated two 
additional degrees of freedom, because energy can appear as Kinetic or potential, If there are N 
atoms ‘4. Avogadro's rumber for a monoatomic solid) ina mole of the solid, the total internal 
energy is 
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3x2 NX — AD = 3NRT = 3RT (2) 


where Nk = R, the universal gas constant. Therefore, the specific heat at constant volume is 
dE 
c,=( =) = 3R=5.96 calor Ko 
aT } 96 cal.mol™ K 


This is known as Dulong-Petit’s law and is found to be generally correct at room temperature 
and above, for elements of atomic weight greater than 40. However, the following experimental 
facts suggest that the above law fails under other conditions, viz. 

1. At low temperatures, the specific heat of 
all elemental solids is found to approach 
zero (Fig. 9.1) as T° in insulators and 
as T in metals. In superconductors, the 
drop is even faster. _—_ Classical prediction 

2. In magnetic solids, there is a large USTED SES) 
contribution to the specific heat near 
the temperature at which the magnetic 
moments become ordered, 

3. A number of low atomic number and high 
melting point elements (e.g. B, Be, C, 
and Si) show lower specific heats than Fig.9.1 Specific heat of a solid at low temperatures 
predicted by Dulong-Petit’s law. 

4. Anumber of electropositive metals (e.g. 


Na, Cs, Ca, and Mg) show an increase of specific heat above the maximum value 3R 
with an increase of temperature. 


---- Actual behaviour 


9.4 THE EINSTEIN MODEL 


Einstein was the first person to resolve the problem of specific heat of solids by the application 
of Planck’s quantum theory. He assumed that a crystalline solid made up of N atoms (per mole) 
could be regarded as an array of atomic oscillators vibrating in three independent directions (as 
assumed for the classical calculations) with a constant frequency v and that the allowed energy 
states of oscillators are integral multiples of Av. 

It may be shown that a crystal containing N atoms which interact according to Hooke’s law 
is mechanically equivalent to a set of 3N independent oscillators. Thus, the total internal energy 
of the crystal is equal to the sum of the mean energies of the individual oscillators. Accordingly, 
each of the 3N harmonic oscillators will have quantised energies 


€, = nh@=nhv (4) 


when the quantum number n =0, 1, 2, 3..., h = h/2a and @ = 2zv. Here the ‘zero point energy’ 
(hv)/2 is neglected as it will not affect the result. 

The number of oscillators N, of each energy state is determined from the Boltzmann 
function as 


\ 


€ hv 
N= Ny eo( |= No ex -) (5) 


302 Solid State Physics 


rther, the average Vibrat; 
tate. Fu ion 
Where Ng is the number of oscillators in the zero enetBY ° ‘ 


energy of an Oscillator is given by 


DX Noen hv __— (6) 
gaqet ( hv. =| 
NEN expr) 


: : rs (N atoms and 3 indepeng 
Taking into account the three independent harmonic oscillato nal 


directions), the total internal energy is given by 


E wot = hv \ _] 
exp (HF 
and the specific heat 
hv 
2 exp iT J 
dE) _3n,{¥) .————T7r 
v exp | pr 


imental curve except at | 
The Einstein specific heat curve is fairly close to ieananarosenes ZeTO ie rp 
temperatures (Fig. 9.2). In this region, the Einstein specilic Scene tuelelataitaln atte 
than the observed values. However, at high temperatures, 1t app 
us consider the two temperature ranges separately. 


C, (/k mol) 


0 100 200 300 400 


Fig. 9.2 Einstein specific heat curve 


High Temperature Range 


Let us define a quantity x = AWKT. In this temperature range, hv << kT and therefore, the ¢4 
can be written as 
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x = 
where e* = 14+ x4 wai ie +...2=1 +x. Hence, at high temperature, 
a 
hv 
So that Enol = 3NE = 3NKT 
and C= =) = 3Nk = 3R 
ar }, 


This is same as the classical result. 


Low Temperature Range 
At low temperatures, hv >> kT and hence e* >> 1. Therefore, 


= hv 
a (| 
PUT 
so that Eno = 3NE= =3Nivexo{ 
f i‘ ( 
and C, = val = 3Nhv -exo(—. se 
aT Es EE 
= ana( He) ex 1 (9) 
ar) ie 


Equation 9 indicates that the exponential term is more important than the term (hWkT)* in 
determining the variation of C, with temperature. Thus with decreasing temperature, C,, drops 
exponentially. 


Example: While silver metal obeys the Dulong-Petit’s law at room temperature, the diamond 
does not, explain. 


Solution: According to the Einstein’s theory of specific heat, if hv << kT, C, — 3R. For silver, 
v=4x 10! cycles/sec., so that 


V'36,006 X10 ed S610 
For diamond, v = 2.4 x 10!9 cycles/sec., so that 
hv = 6.626 x 10 x 2.4 x 10 = 15.9 x 107! J 
Now, at room temperature, the value of kT is found to be 
AP 21.38% 10 300414 210-" J 


Comparing these values, we find that for silver the energy hv is less than kT while for the 


.< due to strong covalent bonding 


Cc 1 - : 
¥ perature Is required fo, the 
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ven 
Se higher tem 


or fr 
diamond it is high. The high value of enesBy : r, much 


between the adjacent carbon atoms. AS 4 re 

Dulong-Petit law to be obeyed in this case 

9.5 THE DENSITY OF STATES ne vibrations is t0 find out the frequey., 
ttic 


One of the important problems of the theory of la 
distribution of normal modes. For the purpos¢ 
ae : : s (a) 

we consider a one dimensional chain of atom 

(string) of length L with fixed ends (Fig. 9.3) 

and that only longitudinal displacement occurs 

in it. Suppose u (x, f) represents the displacement laze ©) 

of string at any point x at a time /. The one 

dimensional wave equation describing the ye os oe 
(c) 


displacement is 
of a linear chain of ideny 


d7u_ 1 d7u 10) formal modes 
a We FYE (10) Fig. 9.3 ame (a) linear chain (b) normal] Modes 
the chain (c) normal modes of the chai, 
9 o shortest wavelength (tg 


corresponding t 


where v is the velocity of the wave in the string. 
highest frequency) 


Solving for above boundary conditions (i.e. u 
= 0 at x=Oand x= L), the normal mode solutions 
of eq. 10 are obtained in the form of standing 
waves as 

_ (nax lan 7 
u(x,t) =A sin (“F) cos 27V! 


ant. In such cases, there should be an integral 


where n is any positive integer 2 1 and A is a const 
number of half wavelengths in the chain, 1.¢. 


L=n¥ 
Differentiating eq. 11 with respect to x and f twice, we get 
Dead 2 a a 
ae un 1” and ou =-uda-ve (12) 
Ox? L ore 
Substituting these values in eq. 10, the frequency can be obtained as 
2 ny? 
"Ur afl 13 
4L (13) 


The wavelengths and frequencies of the possible vibrations represented by eq. II, are given by 


ee een ae 
ogee vee qren(2| (14) 
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The frequency spectrum is discrete, one frequency corresponds to each integer value n. Therefore, 
the number of possible modes of vibrations g(V) in a frequency interval dv is, on the average 


g(V) =dn = 2h dv (15) 


According to eq. 15, the frequency spectrum corresponds to an infinite number of equidistant 
lines, as shown in Fig. 9.4a. 


g(v) g(v) 


f 1 


—>vV =—ry 
(a) (b) 


Fig. 9.4 (a) Frequency spectrum for a finite continuous string according to eq. 15. (b) frequency spectrum 
for a three-dimensional continuum according to eq. 28 


In a three dimensional case, the situation is different. In this case, we have two distinguishable 
velocities of propagation, v, for longitudinal wave (a non-degenerate mode) along the direction 
of propagation and v, for the transverse waves (doubly degenerate modes) perpendicular to the 
direction of propagation. Consequently, we have two different equations involving v, and v,, 
each analogous to eq. 10, i.e., 


Ou Ou, Om _ LOM ’ 
xe Oy? ete (16) 


Batlle 2x0 HibestO tif il Oeil} 17) 


+ —= 
and Ox? Oy? Ott 


Choosing again the simplest boundary conditions that the surface planes of the cube are rigidly 
held, we obtain the following standing wave solutions 


 [nytx) . ( My%Y) . [0,02 
uy (X, y, Z) = Ay sin ( 7 )sin( 73 Jin ( T Jeo 2mvit (18) 
_ (nx). (nyny) . nN, HZ 
and u(x, y, Z) = A; sin ( 7 sin | 7 sin ( L | cos 27V,t (19) 


where n,, ny and n, are positive integers 2 | and A, and A, are constants as pointed out earlier. 


ice 4 substituting ‘é Sepa 
: 7. twl ible mode ration 
9 with respect '0 x; dciotis for the possib j ' 
; xpre 
the follows e 
(20) 


+n) 
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Differentiating eqs. 18 and | 
in eqs. 16 and 17, we obtain 


Ue. ale 
+, ay ey 


v= 
2 2 
ve 24 ne tia) (21) 
and v2 = 1D (1x y 
: des of vibrati 
ndependent mo ration 
Thus, f hosen set of integers "x, My and Nx there are ee «On = 2TV | the compon 
s, for any chosen y xo Hy ” the relation k= 4. y ents 
(one longitudinal and two transverse). Now, employing 
i S 
of the wave vector k from eq. 20 can be written 4 
1 


21, it follows that 
Further, if we suppose that kK? = ky + k? + x2, then from eqs. 20 and 


v,k 
efi and Vv = a (23) 


alee 
The standing waves 18 and 19 may be viewed as eq. 42 (chapter ea) ae at now be 
identified as the wave vector with the components k;. ky, and ke. and r as € posi aon vector. A 
plot of the allowed values of k i reciprocal space or k-space is shown in Fig. 9.5. Points defined 
in eq. 22 are distributed as lattice points in the positive octant. The volume of the octant of radius 
kis 

1 4 a BY k3 

8 x 3 tk? = 6 1 


-_— 


-——>, 


Fig. 9.5 Representation 
of wave vector 
Sin k-space 
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and the volume occupied by cach point is (n/L)}, Therefore, the total number of lattice points 
in the octant Is 


Vk 
6n? 


Ws: 
where V (= L’) is the volume of the cryst 


: al. For a particular frequency v, the eq. 23 will give 
rise to two Wave numbers ky and k, as 


2 
kj = — and k ot (24) 


] UV 


Thus, the total number of lattice points in the octant with the radii k, and k,, respectively are 


V (2m), v (2a) 
Geel mw} onl ee 
1, 6% 


v 


t F 


However, since with every lattice point, we may associate one longitudinal mode and two 
transverse modes, the number of modes g(v) of frequency less than Vp is given Ly 


3 / N 
g(vy= SEV 2 | (25) 
6x Lu, UL J 
where a mean velocity v may be defined by the equation 
a. 1.2 
==—+— 26 
eye te 
3 
so that eq. 25 becomes, (Vv) = ony (27) 
v 
Differentiating this expression, we obtain the required frequency distribution function 
12nV , 
g(v) dv= ———v" dv (28) 
Kc 
or similarly from eq. 25, we obtain 
iy Oe 
g(v) dv= 4nV| 5+ |v av (29) 
yo YU 


This is the number of modes whose frequencies lie between the interval v and v + dv. A curve 
between the density of states g(v) and v (Fig. 9.4b) shows that g(V) increases as v’. The function 
g(v) is also known as spectral distribution function of normal modes. 

Since the number of normal vibrations in a three dimensional crystal lattice is 3N, the function 
g(V) should satisfy the following normalization condition 


J, sav=3n (30) 
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limiting the spectrum of normal modes from above . 


j : nd 
29 into eq. 30 and integrating, we obtain is 


where Vp is the maximum frequency ! 
known as Debye frequency. Substituting €q- 


f Vp 
anv| + + 2) [ vidv=3N 
j U; Uf 0 
f ; -1 
“| ges 
eu “= 4nV lupo: (31) 
Substituting eq. 31 back into eq. 29, we obtain the distribution function 
BONS 2 
fiv) = hav) = a 
which gives 
f(v)=Kv? = (for v< Vp) 
(32) 


=0 (for VS Vp) 


where K = bl is a constant (independent of v). This function is compared with the Einstein's 
Vp 


function in Fig. 9.6. fv) 
9.6 THE DEBYE MODEL 


In 1912, Debye pointed out that the source of 
error lies in the assumption (that all atomic 
oscillators vibrate independently at a constant 
frequency) made by Einstein. According to him, 
the assumption is not justifiable since all atoms 
are elastically coupled to its neighbours, as 
shown in Fig. 7.1. Debye therefore, simplified 
the problem by considering a solid as a 
continuously vibrating medium (as an elastic 
conunuum), which gives rise to a spectrum of 
frequencies instead of a single frequency as assumed in the Einstein’s model. Once, the frequenc) 
distribution is known, it is a simple matter to calculate the total internal energy and hence the 
specific heat of the solids. Taking into account the density of states as obtained in the preceding 
section, we can wnite the internal energy of the Debye solid as 


Einstew 


0 Vp Ve 
Fig. 9.6 Frequency spectrum according to Debye 
model and Einstein mode! 


(33) 


ft 
E= | E(V) e(Vv)dv 


all allowed 
frequencies 


Using eqs. 6 and 29, we get 
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b= anv an a | hwtdy 
0 


ool Me) 


erms of eq. 31 can be written as 


which int 


ON [ 2 
Ew 2 __hvwv"dv (34) 
Dp #0 exp ( iy ] x7 


plify ¢4- 34, let us suppose that x = AWKT, so that dv = (kT dx)/h. Further, if we suppose 


bee (hVpWAT, eq. 34 becomes 


that Xp = 
4 


cry | a{=? 3 
e=9n( Ar | ar] : js (35) 
( 


Avy 7] ) e* - 


Now, we can define the Debye temperature as 6) according to the equation, hAVp = kp, then 


hv ra) 
Op = = and xp = oe 
so that, eq. 35 becomes 
3 
"5 ibe! ga t. i 
<6) Jo "eM l. (36) 


which does not depend explicitly on the volume and looks similar to the expression obtained for 
Einstien’s model. However, let us examine the dependence of the integral (eq. 36) on temperature. 
For simplicity, we shall consider the following three temperature ranges. 


High Temperature Range 
We assumed earlier that x = AW/AKT. In this temperature range, T >> 4) and hence kT >> hveven 
when V= Vp, implying that x will be small over the whole cange of integration. So that 


*D 3 iD 4 x? 1(@ 3 
x : tea So Mina)! RMD PL 
[ «3 | 7 3 3(2) 


Therefore, 


E = 9NKT x ; = 3NkT (37) 
which is the classical result. This implies that in the high temperature range, the specific heat of 
tolids is the same as measured in Dulong and Petit’s experiment. This can be understood from 
the following arguments: when T >> 6. every mode of oscillation 1s completely excited, and has 
i average energy equal to the classical value i.e. € = kT. Substituung this in eq. 33 and also 
Making use of the eq. 30, we obtain, E = 3 NKT, which is same as eq. 37. 
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his case, the upper limit of the 
he above integral becomes 


Low Temperature Range 
In the low temperature range, T << 9p, 
integration can be replaced by infinity (1.¢. Xp 


so that kT << AVp. Int 
_» oo) and hence t 


A 8) 3 ve aw-o nm 
| x — idk | =a 15 
, 2 =I 0 3 
Therefore, 
T ; ri _ 3 inr(Z) 
e=9ner( 5] * 4g ° 5 6 
ry 3 
and Cy= 42 24 Nk (7) (38) 
D 


This is a famous expression known as Debye T° law for specific heat at low temperature. Fig. 
9.7 shows a typical Debye plot alongwith the measured data, Einstein plot and the classical 
value. 


Data of P Debye, 
for Al and Cu 


/ —— Debye 
/ — — - Einstein 


0 0.5 1.0 1.5 
Tl@ —> 


Fig. 9.7 Various specific heat curves of a solid 


The 7° dependence can be understood from the following arguments: when T << @p, only low 
frequency normal modes having energy hv < kT are excited to an appreciable degree. The 
average energy of these modes may be obtained from eq. 6 by expanding the denominator of the 
expression. 


-l 
Eam -— ft si(1 gp EY a, -1] = kT (39) 


This shows that the average energy of every normal mode is proportional to the absolute temperaturé 
T (i.e. energy varies linearly with 7). In addition to this, the rise in temperature in the low 
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temperature range Causes new higher frequency (v = kT/h) normal modes to be excited. The 
number of these modes may be calculated using eq. 29 and is found to be proportional to v~ 


¥ « . . . 
T, Thus inthe fow temperature Tange, we observe that the energy of a solid rises with the nse 
in temperature by means of two mechanisms: 


(i) the increase in the average energy of every aormal mode, €,,,,, proportional to T due to 
the rise in the probability of its excitation, and 

(ii) the increase in number of normal modes of the lattice, proportional to T°. Therefore, the 
total energy of excitation 1s proportional to 7“ and hence a rise in the specific keat is 
Proportional to 7”, which is in agreement with eq. 38. 


Intermediate Temperature Range 


Debye model is found to agree very well with the experiment at the two extremes of temperatures 
i.e. in the range T < 6)/50 and T > 0.265. However, at the intermediate temperatures 05/50 < T 
< 0.28p, where a gradual transition of Debye T? law to the Dulong and Petit law takes place, 
the agreement is not so good. 

This is expected because a solid cannot be represented by a continuum at frequencies near 
Vp as has been assumed in Debye model. Actually, this frequency corresponds to a wavelength 
of the order of the atomic spacing. Frequency spectrum according to Debye model is found 
to be different from the one expected from a real crystal as shown in Fig. 9.8. However, it is 
interesting that area under the two curves are same. In order to improve upon the Debye model, 
we must use the correct dispersion relation and the corresponding density of states. 


Number of states per unit 
frequency range g (V) 


v 


Fig. 9.8 Frequency spectrum (a) According to the Debye model, (b) Behaviour expected from a real 
crystal 


Example: Copper has an atomic weight 63.5, the density 8.9 x 10° kg/m’, v, = 2.32 x 10° m/s 
and v, = 4.76 x 10° m/s. Estimate the specific heat at 30K. 
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3 = 
Solution: Given: at. wt, of Cu = 63.5, p = 8.9 x 10° kg/m’, v, = 2.32 x 10° m/s, Vy = 4.76 x 193 
nvs and T = 30K, C, = ?. oe 
Substituting the valuc of Debye frequency from eq. 31 into 
temperature can be obtained as 


he equation hVp = K@p, the Debye 


i 


ee a 
Dk | 4nv[(i/v2) + (2/0? )1) 


where A = 6.626 x 1074 Js and k = 1.38 x 1073 JK"!, Now, substituting the above values ang 
simplifying, we get 


Op = 340K 


Further, substituting the values of @p and the given temperature (TJ = 30K) in eq. 38 (where R = 
Nk), the specific heat can be obtained as 


12 sp (T.) _ 12x 24831 x10? (30) _ ) 3347 molK-! 
colfare( EJ ataetyeie (By a 


Example: The Debye temperature for diamond is 2230K. Calculate the highest possible vibrational 
frequency and the molar heat capacity of diamond at 10K. 


Solution: Given: 6) = 2230K, T = 10K, vp =? 
Making use of the expression hVp = k@p and substituting the required values, the Debye frequency 
can be obtained as 


— kO@p _ 1.38 x 10-2 x 2230 
So SS SS ee ee ea 


6.626 x 10734 = 464x108 5" 


Further, similar to the above calculation, the Debye molar specific heat can be obtained as 


Cc, = 12 n4R 


(E)- 12 x 48.31 x 10? ( 10 
5 an = 


3 
. “1-1 
85 5 Ga = 0.175J kmol~"K 


Example: For copper, the lattice specific heat at low temperature has the behaviour of [C,], = 4.6 
x 10° x 7? J kmol™! K"!. Estimate the Debye temperature for copper. 


Solution: Given: [C,], = 4.6 x 10 x T? J kmol! K"!, @ =? 
We know that the actual low temperature Debye equation is given by 


3 
Cc; = -£ 7'R (=) 


Comparing the two specific heat equations, we obtain 


4 
xR 46x 107 
563 
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3_ 12xm'‘R 4 3 

or OP ie ok ER. 12 KB x 8 3IK 10" 3 
DEX AEX 10? See ig 7 428194 ® 
or Oy = 348K 


ee poe le: Estimate the Debye temperature of gold if its atomic weight is 197, the density is 1.9 
x 10 kg/m? and the velocity of sound in it is 2100 m/s. 


Solution: Given: At. wt. of Au = 197, p = 1.9 x 104 kg/m}, vs = 2100 m/s, 8p = 
We know that the volume V2 @___197_ | ede a 
— 19x 104 103.68 x 10m 


Now making use of the eq. 31 in terms of the mean velocity and also nhne into account the 
expression /1Vp = k@p, the Debye temperature can be written as 


o, = ts, (_9n_)" 
Bee av 


Substituting different values, we get 


@, = 9.62610 x 2100 (_9x 6,02 10%_" 


1.38 x 10-23 \ 122 x 103.68 x 107 ) 
= 240K 


Example: At low temperatures, the specific heat of rock salt varies with the temperature according 
to the Debye 7° law: 


3 
= T 
[C,], =A (z} 


where A = 464 cal gmol™! K7 an @ = 281K. How much heat is required to raise the temperature 
of 2 gmol of rock salt from 10 to 50K? 


Solution: Given: [C,], = A(7/0p)°, A = 464 cal gmol™ K7! and 6p = 281K, Q =? 
Since, the specific heat varies as 7°, the calculation must be made by taking into account the 
different ranges of temperatures. Let the ranges of temperatures in °K be 


10-20, 20-30, 30-40, and 40-50 
The rise of temperature in each case is 10K. The mean temperatures are: 15, 25, 35 and 45K. 
Therefore, the quantity of heat required to raise the temperature of 2 gmol of salt through 10K 
is given by, 
Q =2.x 10{[C,] at 15K + [C,] at 25K + [C,] at 35K + [C,] at 45K} 


- are ((15)? + (25)? + (35)? + (45)°} 
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= 4.182 x 1077 x 153000 
= 63.99 cal 


9.7 THERMAL CONDUCTIVITY OF SOLIDS 

transferred from one part of the body to 
dient is uniform, then the amount of the 
proportional to the temperature 


Thermal conductivity is a process in which heat is 
another as a result of temperature gradient. If the gra 
thermal energy crossing a unit area in unit time is directly 
gradient, i.e. 


aT 
ae 
or o=«(£] 40 


where the proportionality constant K is called the thermal conductivity. In metallic conductors, 


heat is carried by free electrons, while in insulators, it is mainly carried by phonons. Therefore, 
in general the transfer of heat can take place both by electrons and phonons and hence the total 
thermal conductivity can be written as 


Ktotat = Ketectron + Kohonon (41) 


In order to determine the value of K in eq. 40, let us consider a conductor in the form of rod of 
uniform cross-section (say I sq.m) with the assumption that there exists a uniform temperature 
gradient. Let us draw three parallel planes at A, B and C normal to the direction of heat flow 
which are separated by one mean free path A as shown in Fig. 9.9. 

According to the kinetic theory, the number 
of electrons flowing in a given direction through aT) ‘. (z ) 
unit area in unit time is ¢(nv), where x is the r+( 
density of electrons moving with an average 
velocity uv. Further, the excess of energy carried 
by an electron from plane A to plane B is (dE/ 
dx)A. Thus the excess energy flowing through 
the plane B to the right 1s 


A B Cc 
1 dE : 
Qrigh 6 nva & ) (42) E+ bag E E- eae 
Similarly, the energy flowing through the plane Fig. 9.9 Flow of heat through a conductor 
B to the left is 
| dE 
Orn = —Z nv (<2 (43) 


Therefore, the net amount of energy flowing through the plane B is 


l 1E | 1E A(dE 
Q = Qrigh - Own = 6 nva (] - -t nva (#)| = ae (4 (44) 
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dE) (dE iT (aT 
But n (gE), no] (#7) nes 4 | 


where C, is the specifte heat of solid at constant volume. Therefore, cq. 44 becomes 


nCyvd ( aT ) 

nen Oe 

. 3 (¢ ) we 
Now, comparing eqs. 40 and 45, we obtain 


9.8 THERMAL CONDUCTIVITY DUE TO ELECTRONS 


In order to derive an expression for thermal conductivity of metals where the heat is predominantly 
camied by the electrons, we make the following assumptions: 


(i) The metal consists of fixed positive ions ina sea of electrons. In general, there will be one 

or two electrons per jon. 

(ii) The electrons behave as a perfect gas and they transport thermal energy from the hotter 
to the colder region. 

(i) Each electron travels a distance A in a mean free time T before colliding with a positive 
ion where it gives up all its thermal energy. 

(iv) Only those electrons that lie within the range kT of the Fermi level are active in the 
transport process. The velocity of such electrons is calculated from the formula 


| 


= muz = Ef (47) 


Substituting the value of electronic specific heat from eq. 44 (chapter 10) and A = ugT in eq. 46 
and making use of the eq. 47, we obtain the electronic contribution of thermal conductivity as 


Pop eter ( Nk? ) nm? Nk? ) 
es (= I 2E; ‘cle ( 3m 1 Ce) 


Since, the mean free time T varies as T~! above the Debye temperature, the electronic contribution 
of thermal conductivity is nearly temperature independent. This is consistent with the experimental 
facts. However, at low temperatures, the behaviour is more complicated as illustrated in Fig. 
9.10 for copper. 


9.9 THERMAL CONDUCTIVITY DUE TO PHONONS 


As we know that in insulators, there are no mobile electrons and hence phonons carry most of 
the heat energy. Thus, for insulators in eq. 46, v is the velocity of sound, A is the phonon mean 
free path and C, is the lattice specific heat per unit volume given by the Debye T law: 


aT? (T<6p5) 


Gz 
3Nk  (T> @p) oo 
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—»> OF (Wor! K"') 


Or, 20 60 100 
1k) 2 
Fig. 9.10 Temperature variation of thermal conductivity for copper 


Consequently, the thermal conductivity of an insulator is proportional to T° at low lemperatures, 
as shown in Fig. 9.11. At high temperatures (T >> @p), the lattice specific heat is constant (1.€. 
equal to 3Nk, the Dulong-Petit’s value) and any temperature dependence of K arises predominantly 
from the variation of the mean free path A due 


to phonon-phonon interaction (i.e. due to K 

anharmonicity), However, a small contribution pS 

may also arise from collisions of phonons with 

crystal boundaries and impurities. Therefore, | 7 ae 
for all practical purposes only phonon-phonon 


contribution is considered. The lattice dynamics 
of anharmonic crystals which takes into account 
the phonon-phonon collision is very Fig. 9.11 Typical variation of phonon thermal 
complicated, but leads to a simple final result, acta he A aa 

viz. the phonon mean free path is inversely 

proportional to the absolute temperature, i.e. A = T=, so that, 


T 


K=T?! (50) 
Thus, the thermal conductivity of an insulator is proportional to T~! at high temperatures 


9.10 THERMAL RESISTANCE OF SOLIDS 


For a given solid, thermal resistance may arise as a result of the following scattering mechanisms: 


1. The phonon-phonon interaction (Umklapp process), K, 
2. Scattering of phonons by boundaries of the specimen or grains, Ky 
3. Scattering by impurities and lattice imperfections, K; 


Each of the above mechanisms will have an associated mean free path such as A,, A, and A; and 


corresponding thermal resistance such as R,, R, and R;. These resistances form a series combination 
to give the effective resistance R, i.e. 


R=R, +R, +R; 
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and hence the overall thermal conductivity is 


| So (51) 
an i ee 


If all the interactions are equally strong and coexistent, the situation would be very complicated. 
Let us discuss these scattering mechanisms separately. 


I. Phonon-Phonon Interaction 

Ina linear material medium, the propagation of waves follows the principle of superposition and 
are said to be harmonic. The resultant displacement of the medium at any point can be obtained 
by adding separate amplitude of the individual wave at that point and the energy is taken simply 
as the square of the resultant amplitude. However, for a non-linear medium, the principle of 
superposition breaks and the waves are said to be anharmonic. For example, if two waves of 
angular frequencies @, and @, are propagated through such a medium, then the resultant wave 
will contain the waves of frequencies @, + W, @, — @> and possibly others. 

A medium can normally be treated as linear if the amplitude of the waves is small, so that any 
higher order (anharmonic) term may be neglected. For phonons in a crystal, this is the case at 
very low temperatures where the interaction between phonons is negligible. However, at higher 
temperatures, when the atomic displacements are large, the anharmonic terms become appreciable. 
In this region, the corresponding mean free path is inversely proportional to the temperature. 
This is reasonable, since the larger the T is, the greater the number of phonons participating in 
the collision process. 


Normal Process 

Let us analyse a three-phonon process in which either two phonons of frequencies @,, @ and the 
momenta k,, kK; combine to form one phonon of frequency @; and momenta k3, or one phonon 
splits into two. For the first case, the law of conservation of energy and momentum are respectively 


hO, + f@, = 0; or @, + = 0, (52) 
and hk, + hk» = hk; or ky, +h = k3 (53) 


Any process satisfying the above two equations simultaneously is called a normal process or N- 
process. This is illustrated in Fig. 9.12 for a two dimensional square lattice, where t7/a indicates 
the boundaries of the first Brillouin zone. The & vectors pointing towards the centre of the zone 
represent phonons which are absorbed in the collision process, while the & vectors pointing away 
from the centre of the zone represent phonons which are emitted in the collision process. In a 
normal process, since the direction of the energy flow remains the same after collision therefore 
it makes no contribution towards the thermal resistance. Consequently, an exclusive N-process 
will provide an infinite thermal conductivity in a perfect crystal. This leads us to conclude that 
the presence of other interactions in crystals are responsible for limiting the conductivity to a 
finite value. 


Umklapp Process 
When either of the incident phonons or both have fairly large wave vectors such as k, and kp, the 


318 Solid State Physics 


Longitudinal 


Fig. 9.12 (a) A normal process, (b) wave vector conservation in N-process 


resultant wave vector k; in eq. 53 may be so large (i.e. kz > /a) that the corresponding wavelength 
is shorter than twice the interatomic spacing. For a periodic structure, the equivalent wave can 
be shown to have a wave vector equal to kj =k; — 2a/a. Under the condition (27/a) > |k3! > n/ 
a, the resultant wave vector k3 will be negative so that the phonon velocity is reversed. Such 
processes are called umklapp processes or U-processes (which in German means flip over). It is 


to be noted that U-processes cannot occur in continuous medium. 

Fig. 9.13 shows how a collision of two phonons k;, k) (both having positive k,) can by 
umklapp give a phonon of negative k, after collision. The vector sum of k, and ky must extend 
beyond the boundaries of the first Brillouin zone for a U-process to occur. P and P’ are equivalent 


points in neighbouring Brillouin zones. 


Fig. 9.13 (a) Anumklapp process. (b) Illustration of U-process 


According to Peierls, the three-phonon processes for thermal resistivity are given by not eq. 


53 but by 
ky tkhj=kt+G (54) 
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where G is a reciprocal lattice vector (Fig. 9.13b). Therefore, in eq. 54, G = 0 represents the N- 
process, while U-processes are characterized by G # 0. 


II. Scattering of Phonons by Boundaries or Grains 

In a chemically pure and structurally perfect crystal, the thermal resistance is determined by U- 
processes for most of the temperature range except at low temperatures where the mean free path 
A becomes comparable to the size of the specimen and hence the thermal conductivity is a 
function of the dimension of the crystal. In the low temperature region, the mean free path A 
becomes constant and is of the order of the diameter of the specimen, so that 


K, ~ CuD (55) 


where the only temperature dependent term on the right hand side is C (the heat capacity) which 
varies as T°. This implies that K should also vary as T° at low temperatures (Fig. 9.14a). 

In a polycrystalline sample, the value of D will be restricted by the size of the crystallite 
blocks (or grains) and not by the specimen diameter. 


IH. Scattering by Impurities and Imperfections 

As we know that the scattering of phonons by an obstacle depends on its size, the smaller the 
obstacle the less is the scattering. This is true for samples containing point imperfections, 
isotopes of different masses, chemical impurities and amorphous structures (all are of atomic 
dimensions). For such systems, theory of Rayleigh scattering is applicable, according to which 
the mean free path A varies as T~*, at low temperatures. Hence the conductivity K; in the low 
temperature region varies as T~! (Fig. 9.14b). However, at higher temperatures where the mean 


free path A is comparable to the atomic dimensions and the specific heat is constant, the conductivity 
K, becomes independent of temperature. 


K 
Umklapp 
scatlering 


Isotope or 
impurity scattering 


Boundary & 


: Less pure o 
scattering P : 


more isotopes 


; 
/j, Smaller specimen 


Temperature Temperature 
(a) (b) 
Fig. 9.14 General behaviour of the phonon thermal conductivity in insulator at low temperatures, (a) A 


pure specimen in which U-Process dominates over the rise in conductivity, and (b) in an impure 
specimen in which phonon scattering by impurities is dominant 


Large amount of impurity will reduce the conductivity. From chapter 5, we know that the 
stress field is always associated with dislocations. This gives rise to a thermal resistance, which 
is proportional to the dislocation density, i.e. the conductivity is inversely proportional to the 
dislocation density. The presence of dislocations is more effective at low temperatures, while the 
effect of impurities is more important at higher temperatures. 
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In amorphous substances like glass and plastics, 


phonon scattering 1s large. The mean fins 
thermal conductivity in these materjaj. 


* . fae re f c . 
path A is very small and is temperature independent. rh np) as the temperature is reduced 
is low at room temperature and decreases fast (according to ; . 
Consequently, these materials are good thermal insulators. 


9.11 


I. 


to 


SUMMARY 


: ; is given b 
According to the classical model, the molar specific heat 1s give y 


afl} 37 
c,~(#) 


This is known as Dulong-Petit law and is found to be valid only at higher temperatures, 
However, experimentally C, is found to decrease with the decrease of temperature and 
vanishes at T = OK. Pace tenet 

Einstein's quantum theory assumes that the crystal is made up of N atoms vibrating m 
three independent directions with a constant frequency v. According to him, the specific 


heat is given by 


The Einstein specific heat curve is fairly close to the experimental curve except at low 
temperatures. In this region, the Einstein specific heat approaches zero more rapidly than 
the observed values. However, at high temperatures, it approaches the classical result. 


- The number of vibrational modes per unit volume (where longitudinal wave has one state 


of polarization and transverse wave has two states of polarization) is given by 


A 


g(v) dv = 4nV lar +2 hav 
| 


where a mean velocity v may be defined by the equation 
3 1 Z 
— = — + 
oe De UE 


. Debye explained the discrepancy existing in the Einstein relation by considering a solid 


as an elastic continuum where all the atoms are elastically coupled to its neighbours and 
vibrate collectively with a spectrum of frequencies. He found that the molar specific heat 


at low temperature is given by 


3 
CG = 2xtme( 2} 


This is a famous Debye 7° law. The Debye specific heat curve is more close to the 


experimental curve. 
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Were x Sita c = ‘ ; 
5, In general, the transfer of heat can take place both by electrons (as in metals) and phonons 


(as in insulators), Making use of the kinetic theory, the expression for thermal conductivity 
is obtained as 


eo 4 vAC, 


Where US the average velocity of the electrons or phonons, A is the mean free path and 
Cy is the specific heat per unit volume for electrons or phonons. 


6. Fora given solid, thermal resistance may arise as a result of various scattering mechanisms 
and is given by 


= Ri + Ry, + R; 
and hence the overall thermal conductivity is given by 


7. A three phonon process is called a normal or N-process when it satisfies the following 
conservation laws simultaneously 


@) + @ = O, 
pe ky+ ky=k 
Similarly, it is called an Umklapp or U-process, when it satisfies the conservation Jaw 
ky +k,= k3 +G 


9.12 DEFINITIONS 


Dulog-Petit Law: All elemental solids approach a specific heat C, = 3R cal. mol’ K7! at sufficiently high 
temperatures. 

Debye Temperature (@p = hvp/k): A parameter in the Debye’s formula for the lattice specific heat, proportional 
to the maximum phonon frequency Vp. In practice, 8) may be found by fitting the Debye formula into the 
specific heat data. 

Heat Capacity: The amount of heat necessary to raise the temperature of a system through one degree. 

Internal Energy: If E is the internal energy of the solid, dE/dT is the rate of change of internal energy with 
temperature. Then (dE/d7), is the rate of change of internal energy at constant volume. 

kgmol: a kgmol (kmol) of any substance is that mass of the substance that contains a specified number of 
molecules (6.023 x 10°) called Avogadro’s number. 

Lattice Specific Heat: The contribution to the total specific heat due to transitions of the vibrating atoms in the 
crystal lattice to vibrational states of higher energy. 

Specific Heat: The heat capacity per unit mass. Sometimes used to refer to the heat capacity per unit mole. 


REVIEW QUESTIONS AND PROBLEMS 


1. State Dulong and Petit’s law and show how the departure from the law at lower temperatures has been 
explained by Einstein’s theory. 

2. Show that the Einstein’s relation for the specific heat per kmol of a solid reduces to the classical value 
3Nk when kT > hv. 

3. Derive an expression for the specific heat of solids following the Einstein model. How does the specific 
heat depends on temperature and on to what extent does this model agrees with the experimental results? 
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ds on the basis of Debye model. How does the Dey, : 
'e variation of Debye specific heat with lemperatur, 
f solid. Discuss any of them in detail, > 


4. Derive an expression for the specific heat of soit 
lid the specific heat at high temperature, 


. . tore rE , 
model differs from the Einstein model? ae hes 
§. Give an account of the various theories of specific is Py Pe 
‘ . imas 
6. Show that because of the changes induced by harmonictly Ié 


might be expected to vary not as 


C, = Nk but as C, = 2NK(L + OKT) 


Where @ is constant. ; ere j ’ 
A : tion with tempera 
7, Derive an expression for the thermal conductivity of a crystal. Discuss its varia Peralure ang 
size of the crystal. 
oe : : : mkla : 
8. What are Normal and Umklapp processes? Discuss briefly the importance of Umklapp process jn, 


explaining the thermal conductivity in non-metallic solids. : 
9. The Debye temperature of carbon (diamond) is 1850 K. Calculate the specific heat per kmol fo, 
) ebye theory. 


i d at 20 K. highest lattice frequency involved in the D 
diamond at 20 K. Also compute the highest Ja q y ae kmol"! K7!, 3.85 x 10! He. 
10. If the classical theory is valid, what would be the thermal energy of one kmol of copper at the Debye 
Ans. 8.47 x 10? ky, 


temperature? The Debye temperature of copper is 340 K. ; Ls 
11. Calculate the Debye specific heat of copper at (i) 10 K and (ii) 300 K, given that the Debye characteristic 


frequency is 6.55 x 10!?Hz. ; 
Ans. 62.67 J/kmol-K, 1.68 x 10 Ki/kmol-K. 
12. In aluminium, v, = 6.32 x 10° m/s and v, = 3.1 x 10? m/s. The density of aluminium is 2.7 x 10° kg/m? 


and its atomic weight is 26.97. 


(a) Calculate the Debye cut off frequency for aluminium. ‘ 
(b) The Debye temperature for aluminium, as obtained from specific heat measurement, is 375 K. Find 


the cut off frequency and compare it with result obtained in (a). 
Ans, 8.44 x 10'? Hz, 7.8 x 10!? Hz. They are comparable. 
13. Lead has an fcc structure with a lattice constant of 4.94 A. Young’s modulus of lead is 1.6 x 10!9 N/m? 
If lead melts when the average amplitude of its atomic vibrations is 15.8 per cent of the interatomic 
Ans. 616.6 K. 


spacing, calculate the melting point of lead. 
14. For copper the specific heat ai low temperature has the behaviour of C, = 4.6 x 107? 73 J/kmol-K. 


Estimate the Debye temperature for copper. 
Ans. 348 K. 


15. At very low temperatures, the specific heat of rock salt varies with temperature according to the Debye 


P law 
3 
~22 1 f 2 
Caen we (2) 
where 6p for rock salt is 281 K. How much heat is required to raise the temperature of 2 kmol of rock 
salt from 10 to 50 K? 
Ans, 2.68 x 10°). 


16. Diamond (atomic weight of carbon = 12) has Young’s modulus of 10!2 Nm-? and a density of 3500kg/ 
m?, Compute the Debye temperature for diamond. 
Ans, 2816 K. 
17. Copper has an atomic weight of 63.5, a density of 8.9 x 10° kg/m, and v, = 4.76 x 10° m/s and UV, = 2.32 
x 10? m/s. Estimate the specific heat of copper at 30 K. 
Ans. 1.328 kJ/kmol-K. 


Chapter 10 


Free Electrons in Crystals 


10.1 INTRODUCTION 


In the first five chapters While dealing with the structural aspect we ignored the effects arising 
due to electrons in the crystals. We assumed that the electrons surrounding the nucleus of an 
atom are tightly bound. This is valid for insulators, but not for semiconductors and metals. In 
order to understand the properties of semiconductors and particularly of metals, it is essential to 
take into account the behaviour of electrons in them. In this chapter, we shall concentrate mainly 
on the nature of existence and the role of electrons in deciding the properties of metals. 

The outstanding properties of metals are their high electrical and thermal conductivities. 
Thus, soon after the discovery of electron, a number of investigators, particularly Drude and 
Lorentz attempted to explain these properties on the basis of free electron model. For the 
purpose, they made certain basic assumptions, which are as follows: 


1. That a metal crystal consists of positive metal ions whose valence electrons are free to 
move between the ions as if they constitute an electron gas. 

2. The crystal is then held together by electrostatic forces of attraction between the positively 

charged ions and the negatively charged electron gas. 

The mutual repulsion between the electrons is ignored. 

4. The potentical field due to positive ions is completely uniform, so that electrons can 
move from place to place in the crystal without any change in their energy. 

5. They collide occasionally with the atoms, and at any given temperature, their velocities 
could be determined according to Maxwell-Boltzmann distribution law. 


Ww 


The free electron model was successful in explaining the properties such as electrical and 
thermal conductivities, thermionic emission, thermoelectric and galvanomagnetic effects, etc. 
However, this model failed to explain the properties of solids which are determined by their 
internal structure. It was unable to explain even the observed facts that why some solids are 
conductors and some insulators. 

The first success was achieved in 1927 when Pauli applied quantum statistics to explain the 
weak paramagnetism of alkali metals. The very next year Sommerfeld published a modified free 
electron theory by replacing classical statistics of Maxwell-Boltzmann by Fermi-Dirac statistics. 
The Sommerfeld free electron theory of metals could be better described as the statistical 
thermodynamical behaviour of a gas obeying Fermi-Lirac statistics. 
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10.2 ELECTRONS MOVING INA ONE-DIMENSIONAL POTENTIAy 


WELL 
Before we proceed further to discuss the modified free electron theory proposed by Sommerfe}4 
h 


and how it conforms with the quantum mechanical model of electrons, let n ee the 
Testrictions imposed by the laws of quantum mechanics on the energies of an electron inside , 


crystal. For the sake of mathematical simplicity, 
let us consider the case when an electron is 
limited to remain within a one-dimensional 
crystal of length a. Also, assume that the 
potential energy everywhere within this crystal Va) 
is constant and equal to zero. However, at the 
two ends of the crystal the electron is prevented 
from leaving the crystal by a very high potential 
energy barrier (Vp — 0) as shown in Fig. 10.1, 


Vo 


Le 
x=0 x=a x 
Vo for x<SOandx2 
V(x)= , at iia (1) Fig. 10.1. A one dimensional potential box 

0 forO<x<a 

Therefore, inside the crystal, the Schrodinger wave equation becomes 
2 2 
ENG) 5 BM ey(x) 0 (2) 


dx? he 
Any periodic function will satisfy this equation, and for the sake of simplicity let us suppose that 
the general solution of eq. 2 is of the type 

Wx) =A sin kx + B cos kx (3) 
where A and B are arbitrary constants to be determined by applying boundary conditions. Since 
the electron is bound inside the crystal of length a, the electron wave function has to satisfy the 
following boundary conditions simultaneously, i.e. 


(i) y=0 at x =0. This gives us B = 0 and hence w=A sin kx. 
(ii) y= 0 at x = a. This gives us A sin (ka) = 0. Since A is not zero, therefore sin (ka) = 0. 


Consequently, 
= 2a 
ke” (4) 
where n = 1, 2,3... represents the order of the state, n = 0 is not allowed because this will mean 
k = 0 and hence y= 0 everywhere in the box. Therefore, the solution to the Schrodinger wave 


eq. 2 in the region 0 < x < a becomes 


W, =Asin a | (5) 


For each value of “n” there is a corresponding quantum state y, whose energy E, can be 


obtained from eqs. 2 and 5 as 
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7, 4 
gen lial 


(6) 


Equation 6 shows that: 


(i) The bound electrons can have only discrete energy values corresponding to n = 1, 2, 3, 
.. and not any arbitrary value of energy. 


(ii) The lowest energy of the particle is obtained from this equation by putting 7 
given by 


1. It is 


ie h? 
8 maz 
=> E 2 
a= Nn E, 


(iii) The spacing between the two consecutive levels increases as 
(n+ 1)? E, -1E, = (2n + 1) E, 


Fig. 10.2 shows the energy level diagram for the particle. The value of the constant A could be 


determined by normalizing the wave function, according to which the total probability that the 
particle is somewhere in the box must be unity, i.e. 


Ey = 16E; n=4 

E£,=9E, n=3 

E,=4E, n=2 
Ey n=] 
0 


Fig. 10.2 Schematic representation of energy levels 


| Pixar | ly? dv=l 
0 


0 


E t 
or | A’ sin? —— dx =] 
5 a 


—— 
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2nmx | 

! 

A? a gin —— = 1 
or 2 27n a do 


: : ' i om 
Since the second term of the integrated expression bec 


therefore this gives us 


es zero for both x = 0 ang _ 


It can be shown that the wave function y; has two nodes at x = 0 and x= a, Wp has three nodes 


at x = 0, x = a/2 and x = a and y, has four 
nodes at x = 0, x = a/3, x = 2a/3 and x = a. 
Consequently, the wave function y, will have 
(n + 1) nodes. The wave function for the first 
three values of n are shown in Fig. 10.3. 

To determine the probability distribution of 
particles within the potential well, let us start 
with the expression P(x) dx = ly,l dx over a 
small distance dx at x, i.e. 


P(x) dx = 2 sin? MM gy 
a a 


Thus the probability density for one dimensional 
system is 


Ws 


Wo 


Wi 


x=0 x=a 


Fig. 10.3 The wave function for n = 1, 2, and 3 


P(x) = 2 sin? _— (8) 


where P(x) is maximum when n7/a is an odd multiple of 77/2, i.e. 


a 2 
nm _m 3% 50 
ia a more? 
a_ 3a 5a 
or ry Dn. DK 


Thus, the most probable positions corresponding to different quantum states of the particle ca 


be obtained as 


Forn = 1, x= 
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For 1 = 2, rato 
For n = 3, i 29 G ae. Se 
ob G2 6 


The probability density for the first three values of n are shown in Fig. 10.4. According to the 


classical mechanics, the probability for finding the particle within a small distance dx anywhere 
in the box is the same and is equal to dx/a. The 


probability density is simply I/a throughout 
the box, which is contrary to the quantum 
mechanical result. Similarly, according to the iy, (2 
classical prediction, there is a continuous range i 

of possible energies. This is contrary to the 
quantum mechanical result, according to which 
the energy is quantized and so, it cannot vary 


continuously, Consequently, the quantum hs 

mechanical energy levels are discrete. However, 

if the particle becomes heavier and the length : 

of the crystal is large (the electrons will be free mete 

within this length), the energy levels will be tie ar 


spaced very closely together and eventually may Fig. 10.4 The probability density form =1,2,and 3 
become continuous. For example, if a = | cm, then 


E,, - Eqs, ~ 3.5 X 107" eV 


The energy spectrum for such cases seems practically continuous. Thus the wave equation 
predicts that the bound particles (electrons) are associated with a discrete energy spectrum and 
free particles with a continuous spectrum. 

V In the interior of a real crystal the potential 
barriers for confining electrons are not infinitely 
high and are determined in a complex way by 
the surface energies of the crystal. Ifthe potential 
barrier at the surface of a crystal is high but not 
infinite, the wave function fora = 2 will have 
the form as shown in Fig. 10.5. Note that the 
wave function is sinusoidal in the region QS x 
S$ a and exponential outside this region, It is 
expected that the extention of the wave function 
beyond the potential barrier is inversely 
; proportional to the height of the barvier, Further, 
\ / if the barrier is narrow, itis possible that the 

~ wave function can extend beyond it. In this 
case, there is a litte but finite probability (~ 
ly") of finding the electrons on the other side 
of the barrier. The ability of electrons to penetrate 


Fig. 10.5 The wave function for n = 2 when the 
potential barrier is not infinite 
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: ee “ ; ” and is a direct consequence of gy 
a potential barrier is called the “tunneling effect q antun 


mechanics to this problem. , 
00 s to cross a distance © 1 mm which ; iS the 


Example: If a dust particle of one “gm requires | : 
um number de 
separation between two rigid walls of the potential, determine the quan scribed, 


this motion. 
of the d 
Solution: Given: Separation between the walls, d= | mm = Me m, the mass © cust Particle, 
m= 1 piem = 10° kg, r= 100 5, the quantum number, nt = 
Since in 100 s, the dust particle moves 10-2 m. So that in Is, it will move 10° m. This is the 


velocity of the particle. The energy of the dust particle is then given by 


-20 
E= 5 mv? = 1 10° x (10%)? =5 x 10 J 
We also know that for a one-dimensional potential the energy eigen value is given by 
pain 
8 ma? 


n? aq SmaPE _ 8x 10° x (10%)? x5 x10 _ 9 1 x 19% 
he (6.626 x 1073+)? 


or n=3~x 10!6 


or 


10.3. THREE DIMENSIONAL POTENTIAL WELL 


For simplicity, let us now consider a situation when the electrons are moving inside a three 
dimensional potential box of side “a” as shown 
in Fig. 10.6. Like one dimensional case, the 
potential energy inside the cube is taken as zero 
and very high (tending to infinity) outside it. 


Under this assumption, the Schrodinger wave eee 
equation becomes 


d?y(x, y, 2) : dy (x, y,2) , dws, y,2) 
a ye enon aye Vom 


8x 


” 


“ 


2 
+S" Ev(x,y,2=0 9) » 


Fig. 10.6 A three dimensional potential box 
for which straightforward solution of the 
standing wave type may be assumed, i.e. 


Wx, y, 2) = A, sin (k,x) Ay sin (yy) A; sin (k,2) (10) 
ny ny , _ nt 
where k, = Sky == ma 


Like one dimensional case, the value of the constants A,, Ay and A, can be determined by 
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applying the suitable boundary conditions, ie. y= 0 at x = 0 and x =a, y = 0 and y =a and 


z =O and z=a, we have 
/m\il2 V2 1/2 
2 y) fan 
Ay = is ’ A, = (2) and A, = - 
a) \a) j a 


Therefore, the normalized wave function for a cubical box becomes 


/ 9 \30 a 

7 5 (ON. _ nA 

Yu = el sin — - sin — - sin +— (11) 
a a a 


The corresponding form of energy is given by 
h? 
8ma? 
hn? 


—;, where n 
8ma- 


(n? +n? +n?) (12) 


2 


as E, =n + n, +n (13) 


Thus, in three-dimensions, we have three quantum numbers n,, my and n, which can take only 
positive integer values. 


Example: Find the lowest energy of an electron confined to move ina three dimensional potential 
box of length 0.5 A 


Solution: Given: a = 0.5A = 0.5 x 107 m, E (lowest) = ? 
The possible energies of a particle in a cubical box of side a are given by 


4 


he 4 9 
E, = ——s(n? +n? +n?) 
" Sng” f° 


For lowest energy n, = ny =n, = 1. Therefore 


3h? 3 x (6.626 x 1074) 
Ey = i = S102 
Sma” 8 X9.1xK10°" x (0.5xX10-™) 
=ii7 
= 7.241077 Ja = 52 eV 
1.6107 


Example: Calculate the energy of an electron in the energy state immediately above the lowest 
energy level in a cubic box of side 1A. Also find the temperature at which the average energy of 
the molecules of a perfect gas would be equal to the energy of the electron in the upper level. 
Solution. Given: a=1A=1x10'°m, E (next to the lowest) = ? T=? 

E (next to the lowest) = 3/2 (k/T), 


The lowest energy level is E,,, and the next to the lowest level is E,,. Therefore, 


6 6X (6.26x10-Y 


~ gma? 8X9.1x10-" x (1.0x10- 


Ex12 
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1077 J V 
= 3.62 x 107 J = 30 = 226€ 


Further, according to the question 


S kT = 226 eV = 3.62x 107) 


pan 2X 362x107" = 1.75 x 10°K 
" ” 8 1.389010? 

10.4 QUANTUM STATE AND DEGENERACY | 

m numbers appearing in eq. 12 is tha 


i ence of the three quantu varin 
The most important consequ Se Seaton cate Git 


several combinations can yield the same value of energy. 
numbers is called a quantum state and several states having the same energy are Said to be 


degenerate. To make this more clear, let us take an example and suppose that one of wi quantum 
numbers is equal to 2 and the others as unity. This gives three possible combinations of quantum 
numbers which are as follows: 
(i) n, = l,ny = | Wes Pee 
(ii) n, = I,n,=2,n, = 1 
(ili) n, = 2, ny =1,n,=1 
Substituting these values in eq. 11, the corresponding wave functions become 


3/2 2n2 
woke) sen GGX oc TOV 
Wii = \a) sin 4 sin ar sin = 


3/2 

_ {2) Mx . 2ty . Kz 

Via = \a) sin sin —> sin — 

a 2 3/2 . 2. : my : Kz 

and Wau = (2) sin 7 Sin — sin - 


From eq. 12, the corresponding energies are found to be 


(14) 


Fyy2 = Ey2 = Ey = 


In the above example, since three wave functions are associated with the same energy, the 
corresponding energy level is said to be three-fold degenerate. On the basis of this model, the 
level in which all the quantum numbers have the same value (e.g. n, = ny =n, = 1 or 2, etc.) 
would be non-degenerate. Fig. 10.7 shows the energy level diagram for a particle in a three 
dimensional cubic box for the ground state and some excited states, together with the degree of 
degeneracy and quantum numbers. 

It can be shown that the degeneracy breaks when a small modification is introduced to the 
system. For the purpose, let us consider the above discussed triply degenerate level which has 
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Be Fe ee eee | 
(123) 312), (231) (432)—(213) 321) 
Es nee 
(222) 
E. _-_ a 
*) (13) (311) (131) 
E, ne eee ———s 
(122) (212) (221) 
Ex} —— —— 
(211) (121) (112) 


E eee 


(111) 


Fig. 10.7 Six lowest energy levels for an electron in a three dimensional potential box 


three independent energy states with quantum numbers (2, 1, 1), (1, 2, 1) and (1, 1, 2). The 
energy associated with the x-direction of the state having quantum number (2, 1, 1) is given by 


On the other hand, the energy associated with the x-direction of each of the other two states is 
given by 


h2 
8 ma? 


Now, let the length of the cubical box be increased by a small amount da, along the x-axis while 


keeping the other dimensions unchanged. The corresponding change in the energy of the first state 
(2, 1, 1) is 


a 
8m(a + da)’ 
Hence, the decrease in the energy is, say 
a a ec i | 
2" 8ma2 8m(a+da)? 8m\a? (a+da)* ) 


8m a‘ 


4h? (= + 2a(da) + (da)? — a? ) 


4h? (2da\_ Sd) 
Ss fle © £02 15 
8m & ) 8&ma?\ a Ue} 


But for the remaining two states (1, 2, 1) and (1, 1, 2), the energy decrease is given by 
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h? (1 _ ——— 
= ; 


B= rons 
1 8 ma? 


a oe 
~ 8m 
nz {2da _ Hf, (24) (Ig 
-E(F ~ gma? \ 4 
h? (da _2da) . I (Se) 
Thus, AE = Ey-E, = 2 rh a a) 8ma° \ 


ar is relevant in explain; 
: Fig. 10.8. This aspect is re plaining , 
This breakdown in the degeneracy is Shovt : netic or electric field. Under the action of he 


fact such as the splitting of spectral lines in a mag vals 
field, the degenerate level breaks up into separate 


2 2da 
2, 1, 1 (1, 25 1) (i, 1, 2) h (=) 
8ma2\ 4 


or 
(1, 2, 1) (1, 1,2) 


h2 (<*} 
<— — 
8ma? \ a 


(ait) 
8ma2 \ a 


Fig. 10.8 The breakdown in degeneracy 


Example: Determine the degree of degeneracy of the energy level 38h7/8ma” of a particle ina 
cubical box of side a. 


Solution: Given: (ng + nj +n?) = 38, By trial and error method, we can find that there exist 
two sets of values. They are: 

m=Il,ny=1,n,=6 
and hes 25 ny = 2; n= 5 


Again, by simple manipulations, jt js easy to determine : -_ 
i . the differe degenerale 
levels. They are: nt members of the deg 
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116, 161, 611 three-fold degenerate 
332, 325,953. 352, 523, 235 six-fold degenerate 


Thus, the given energy level is nine-fold degenerate. 


10.5 THE DENSITY OF STATES 


In ordre to determine the actual number of electrons in a given energy state, it is necessary to 
know the number of states in the system which have the energy under consideration multiplied 
by the probability distribution function, Therefore, if g(E)dE is the number of available quantum 
states In the energy range E and E + dE and F(E) is the probability function of the electrons 
occupying a particular energy state E, then the actual number of electrons N(E)dE present in the 
so called tree’ state'in the above energy range at any temperature is given by 


N(E)dE = F(E) g(E)dE (17) 


Now, in order to calculate the density of states of electrons in the energy range E and E + dE, 
let us draw two spheres having radii n and n + dn in the n-space as shown in Fig. 10.9. Any point 
(x, Ny, Nz) with integer values of coordinates represents an energy state. Thus, al] the points on 
the surface of the sphere of radius n (where n? = ny +ny +n?) will have the same energy. 
Since, nx, ny, H, can have positive integral non-zero values; therefore the number of states of 


energy less than E will be given by the positive octant of the sphere, i.e. 


Nx 


Fig. 10.9 Spheres representing density of states in n-space 


1 42n3 
g(E)=3-° 3 (18) 


Substituting the value of n from eq. 13, eq. 18 becomes 


3/2 
,_ 1 4(8ma°E\ ARV, an an 
g(E)= 3: 3 ( he J = 3h3 (2m) E (19) 
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g both sides of the eq. {9 with respect to E 
tin 


dE as 


1) ai 
he tia we bt : 
w te \Ve= a. Now, differen al he 


g(E) aE = V (amy*? E'? dE 
. Be two electrons in each State, so that the actual q._. 
Since, the Pauli’s exclusion principle allows densi, 
of states in a volume V is given by 
rn 
g(E) dE = ane-(am)" EPs (20) 
: interval dE is given b 
Hence, the density of states per unit volume in an energy y 
; - 4n 32 plz dE 
g’ (E) dE = => (2m) (21) 


The eq. 21 is diagramatically illustrated in Fig. 10.10. Now substituting the value of density of 


states and the probability distribution function 
(which is nothing but the Fermi-Dirac 


distribution function) in eq. 17, the density g(E) 
of states within the energy interval dE is given 
by | 
ME) dE = F(E) g(E) dE 

= i” 4aV (2 m)3? EV os (22) 

— £F 
exp( iT jet or oe 
This distribution is diagramatically shown in Fig. 10.10 Density of states as a function of electron 
energy 


Fig. 10.11. The calculation of N(E) is illustrated 
in Fig. 10.12 which shows that the free electrons 
do not have zero energy at an absolute zero of temperature as one would have expected if the 
electrons were to obey classical statistics. Actually, the electron energy vary from zero to Ep and 
also the number of electrons increases with the increase of energy which becomes maximum at 
Ef. Since at absolute zero, F(E) = 1, therefore the total number of electrons is 


E 
| sear a (2m) | F E'2dE 
: 0 


or N= gx% x TAY aay (2n 1)3?2 E}? (23) 


The number of electrons n per unit volume (called the density of electrons) is 


a St 3/2 73 
n=" = 3,3 2m)" Ep’ (24) 


Hence, the Fermi energy at absolute zero is given by 
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N(E) T=0K 


T, > OK 


Fermi level -\ 


T, >> OK 


O —>E E-¢ 


Fi 


g- 10.11 Density of states as a function of electron energy at different temperature 


(a) (b) 


Fig. 10.12 The calculation of the density of occupied electron states N(E) (a) Fermi-Dirac function, (b) 
Density of states, and (c) N(E) = F(E) x g(E) 


_ I? (3n 


2/3 
F= Sin (i = 3.65 < 102? nw eV (25) 


Further, at absolute zero, the average energy of an electron is given by 


EF Er 
". | 4nVv 2, 4aV 9 75/2 
E=5 ) EN(E)dE = wat (2m)*” j | a | ee 3 ue (2m)*? Ee’ (26) 
Substituting the value of N from eq. 23, we obtain 
E = : Ex (27) 


Example: The density of Zn is 7.13 x 10° kg/m? and its atomic weight is 65.4. Calculate the 
Fermi energy in zinc. Also calculate the mean energy at OK. The effective mass of the electron 
in zinc is 0.85 mtg. 


Solution: Given: p = 7.13 x 10° kg/m’, M = 65.4, meg = 0.85 m, Ep =? Eq =? 
Since zinc is a divalent metal, the number of electrons per unit volume will be 


_ 2pN _ 2x7.13 x 10" x 6.023 x 107 


= 28 
cal 654 = 13.13 x 10 
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e Fermi enerey :- 
23 yV 


Now, according to eq. 25, th i 
‘a z 3.65 x 107 n 


at (32 
Ep = om \8H/ 978) ~9.43 eV 
3.65 x 10° x (343%! 
Vv 
7 3 3= 5.66 € 
and By = 2 B= 5%" 
cS yp or SH ae 
10.6 FERMI-DIRAC STATISTI ne Pauli’s exclusion principle, therefore, the 
d also obey ¢ eames py Fermi-Dirac distribution functio, 


. ermions an 
Since, the electrons are F e T can be exp 


energy distribution at any temperatur' 
: (28) 


=. 

F(E) = E- Er es | 
exp ( =r 

the Fermi energy. At absolute zero, 1p, 


as 


ed state and Er 


where E is the energy of an allow aa 
distibution function has the following properties: 
s of E< EF 


F(E) = 1 for all value 


F(E) = 0 for all values of E > Er 
y filled, and all those above Ef are completely empty, 


filled state. However, for any temperatue greater than 


That is the levels below E; are completel 
level in a metal is that energy level for which 


Hence, Er is the maximum energy of the 5 
zero, F(E) = 1/2 at E = Eg. Therefore, the Ferm1 
s half, Further, at very high temperatures, as T tends to infnity, ky 


the probability of occupation i Po 
>> Ep. The electrons lose their quantum mechanical character and Fermi-Dirac distribution 
function reduces to classical Boltzmann distribution, exp (-E/kT). Fig. 10.13 gives a plot of the 
Fermi function versus allowed energy E at different temperatures. 

Example: At what temperature we can expect a 10% probability that electrons in silver have an 
energy which is 1% above, the Fermi energy? The Fermi energy of silver is 5.5 eV. 


‘F(E) F(E) 
1 
T=0K 
T>0OK 
—> T © 
0 = 
# Ee 0 En i 


Fig. 10.13 The Fermi distribution function at different temperatures 
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Solution: Given: FE) = 10%, E = En + 1% of Ep, Ep = 5.5 eV, T= 7 Here 


BS35 + a = 5.5 + 0.055 = 5.555 or E—Ep = 0.055 


yw, substituting the value of B= Poin a 
Now g alue of £ Fy in eq. 28, we have 


GAs Ti aa een nee 
0.055 x 1.6 x 107! \ 637.7 
es 138x103 x7 J 7! ox (| . 
ail OS 
or exp{ 8) =9 or oud =In9 or T= OTT = 290K 
10.7 EFFECT OF TEMPERATURE ON FERMI DISTRIBUTION | 
FUNCTION 


As we increase the Smnnetrake the electrons lying just below the Fermi level gain energy and 
get excited. They occupy the energy level which were vacant at absolute zero. The number of 


free electrons lying in the energy interval dE at any temperature greater than absolute zero is 
given by 
o 


v= N(BydE = | g(B)dE- P(E) = [| Se 
0 


E-E 

0 F 

exp =a ) +] 
= AY (2m)? I E\? dE 


n exo( ae") +] 


Now, let us evaluate the integral in eq. 29 using the method of integration by parts, i.e. using the 


(29) 


formula 
| udv = uv - | vdu 
we have 
] i E'?dE 
P\ ET 
- E-E 
=. bE 76x ( —_—F dE 
_ ae dE p2 | ry (30) 
: (E- EF 3 0 Er ‘ 
exp iT stil exp( iT jet kT 

0 ~ 
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The first term on the right side of eq. 30 is zero for both the limits, because the probability of 
finding an electron for both (zero energy and infinite energy) is aero. The second term can be 
evaluated by making use of the Taylor's series, according to which any function g(£) in the 
neighbourhood of E = E; can be expanded in powers of (E - Ep) as 


= tran (E = Ep)? 007 
o(E) = e(E;) + (E - Ep) g(En) + =r g(Ep) +. (31) 


This will give us 
E-E,)* 3 ,- 
EB? = BP 4 (E- Eg) = EY? n (Greer 7 Bee... (32) 

Substituting eq. 32 into 30, the integral ] becomes 

ex pleat 2s 
an We Pl Er 

SET Jo Fak \ 2 
ex Flt | 


kT 


|B + Z(E ~ Ep) EM? + He ~ Ep)? Ep’? +...|dE (33) 


In order to simplify the above integral, let us put 
E- Ep 
kT 
' Further, taking into account the fact that at low temperatures such as kT << Ey, the derivative 
F‘(E) is large only at energies near E = Ep as shown in Fig. 10.14. 


=x, so that dE = kT dx 


F(E) _ OF(E) 
0E 


0 +E Ex 


Fig. 10.14 The Fermi distribution function and its dcrivative at E = Ey 


-l 
where F(E) = a " jexn( =a ) " 1 
exp at atl 
kT 
| o( =a “| 
and a ee) kT her 
PE) = gg a exp ( 2a Fe) 
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For other values of E (particularly for negative values of E), F’(E) is negligible. Therefore, the 
lower limit in the integral may be taken as ~ instead of (-E,/kT). The above integral becomes 


2 e* 5) 5 a 
=a9F | Gale + S ATEN 4 RAT)? x? Bet 4, Jarax 


I 


2| 3/2 a e*dx a ee 2 ae f 
=<\E ——— + =kTE'? | _Nefde 3 yay | ane we . atad 
| * ha (eRe ye er _» (e* + 1)? i g(*7) aE ao te el)" ; a 


Now, making use of the standard integrals such as 


* BP ~ye®ady "etd, — x? 
a =l,| eee xe or. F 
I. (e* +1)? [. Emme | ene? eo 
eq. 34 becomes 
2} 7325.1 Sopp ttn, Teo pat shea eri n* { kT js 
= 3182 2 7 +04 SCAT) 2-5 Ep toe. = GER ll + | (35) 


Taking into account only upto the second term and substituting the value of this integral (eq. 35) 
into eq. 29, we obtain 


; : 2 er\'| 
N= am (2m)? x & Ep” [ +E (2 (36) 
At absolute zero, Ep = Egy. Therefore, eq. 36 reduces to 
/ bie oye 
N= a (2)*? x 7 Ey (37) 


This is same as eq. 23, except subscript 0 in eq. 37, Now, substituting eq. 37 into 36, we obtain 


‘ Sake if ei 
eB] <esf-eley] 
“ff + 


Equation 38 indicates that the Fermi energy ts not constant bul decreases slightly as the temperature 
. . . “ ope re. 

is increased. However, the value of the factor (A7/E,, )* is very small aCroom temperature and 
the Fermi energy is considered to be a constant. Hence, subscript 0 is dropped from eq. 37. 


32 pe? 
EX, -— EE 
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HEAT 


Jectrons are treated as free particles as j 


10.8 THE ELECTRONIC SPECIFIC 


; ion c A swe 
According to Drude and Lorentz, the conductior al laws of mechanics and statistical] Mec Mey 
é Rr . ra » . 
are electron gas molecules which obey the classie? ‘cs (the kinetic theory of gases), the .. Nits 
(sec. 10.1). Further, from classical statistical mechanics a 


ains N free electrons per m Age 
energy of a free electron is (3/2)k7. Thus if a me ontal Ole they he 


e 
average energy of the electrons per mole should b 


ped ap ORE 


1 
tarc 


lectronic speci 7 tag 
where N is the Avogadro's number and R = Nk. Therefore, the ele Pecific heat js given 
by 
BCE). seit. : 
(E) _? p=3cal/mol.°K (40) 


= OT 
However, the experimental measurements show that the electronic specific heat is smaller than 
the classical value (eq. 40) by a factor of about 107%. This discrepancy was removed by the 
introduction of quantum statistics developed by E. Fermi and P.A.M. Dirac and is known as 
Fermi-Dirac statistics (eq. 28). 

As the temperature increases, the electrons whose energy is close to the Fermi energy (E,) 
gain thermal energy of the order of k7, and go to the higher energy state above the Ferm; level, 
That is the electrons having the energies between Ey and (Ep - AT) alone are likely to be raiseq 
above Er and the electrons below (Ep — kT) remain unaffected. An electron at the Fermi ley] 
may increase its energy from Ef to (Ep + k7) at the most, so that a fraction K7/Ey of the electrons 
is affected. Therefore, the number of electron excited per mole is approximately given by MKT 
Ey.-And since on an average each electron absorbs an energy of the order of 3k7/2, it follows 


that the thermal energy per mole is approximately given by 


~ MT 3kT 3NK? _ 4 
E=——x—B= -T (41) 
Be 6.2 QE. 
and hence the specific heat 
OB meet ME Vy on TED 
C, = <= 3Nk| — =3n| (42) 
oT \ Ey: E Z 


The approximate value of the electronic specific heat (eq. 42) obtained after the introduction of 
quantum statistics is in agreement with the experimental valuc. For a better agreement between the 
theoretically estimated value and the experimental result, it is necessary to know the average energy 
possessed by a free electron at any temperature T greater than absolute zero. It is given by 


— 1 es 4/2 
er 3 | EN(E) dp == (9,32 | EN dE (43) 
: Nir 0 ELlg 
exp Pl+1 
\ T J 


From a calculation similar to the above. th ey 
» Me average energy of a amperature 
[ [ n tempe 
is obtained as 8y OF an electron at any temp 


y. 
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— — 2 : 2 
Ey = Ey| 1 + 22 42] (44) 


Equation 44 indicates that the aver 
temperature Is increased. Now, 
be obtained as 


age chergy is not constant and increases slightly as the 
the electronic specific heat at constant volume per electron can 


O(Ey ) Sr rT col 
C= SET? . SUK T FY (45 
or 6 Ez (Eo) ) 


Making use of the eq. 27 after putting the subscript 0 for absolute zero, eq. 45 becomes 


C m7k?7 
e 2 Ep (46) 


0 


If we define the Fermi temperature by 7; = E,/k, then eq. 46 becomes 
C= 4x (47) 


This result ts in fair agreement with the experimental values. It is interesting to note that the 
electronic specific heat varies linearly with the temperature whereas the lattice specific heat 
varies as cube of the absolute temperature at low temperatures (eq. 36 of chapter 9) and so that 
the total specific heat of a metal at low temperature may be written as 


Cy = Ce + C! 
or Cy = AT + BP? (48) 


Fig. 10.15a shows the variation of the two specific heats with temperature, indicating that the 
electronic contribution dominates in the helium region and only after certain temperature the 
lattice contribution becomes predominant. On the other hand, a plot between C,/T versus ‘be 
shows a straight line having the intercept A and the slope B (Fig. 10.15b). 


Example: Estimate the electronic contribution of specific heat kmol of copper at 4 K and 300 K. 
The Fermi energy of copper is 7.05 eV and is assumed to be temperature independent. 


_ 


(a) (b) ' 


Fig. 10.15 (a) The variation of two specific heats of metal at low temperatures, (b) A plot between C,/T 
versus 7* 
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-1¢ YO T, = 300 K, C.=? 
Solution: Given: Ey = 7.05 cV = 7.05 x 1.6 x 10°75, 7, = 4K, y= 3 c 


‘ ‘ i. 2 oye ae H i at 4 K, 
Making use of eq. 46, and substituting various values, we obtain 


26 
mT _f 2 (1,38 x 1077")? x 4x 6,023 x 10 


C= oR 2x 7.05 x 1.6 x 10°? 


= 2,00 J kmol"! K7! 
At 300 K, 
C, = 150 J kmol™! K7! 


10.9 THE ELECTRICAL CONDUCTIVITY OF METALS 


Electron Drift in an Electrical Field 

According to the free electron theory, electrons move freely in a conductor. In the absence of an 
electric field, the electron gas is in an equilibrium state described by equilibrium distribution 
functions, viz, the Fermi-Dirac distribution function for a degenerate electron gas and the Max- 
well-Boltzmann distribution function for non-degenerate electron gas (Fig. 10.16). Because of 
the fact that in a conductor the number of electrons moving in opposite directions is always the 
same, their average velocity in any direction is zero and consequently the distribution functions 
are symmetric about the axis of ordinates. This explains the fact that in the absence of an 
external electric field there is no electric current in a conductor, no matter how many free 
electrons it contains. 


SE (v,) 


(a) 


Fig. 10.16 (a) Fermi-Dirac and (b) Boltzmann distribution function 


When an electric field E is applied to a conductor, the random motion of the electrons gets 
modified in such a way that they drift slowly, in a direction opposite to that of the field, with an 
average drift velocity vy. As a result, the distribution functions experience a change as shown by 
dotted lines in Fig. 10.16. In order to calculate the drift velocity, let us consider a free electron 
in an electric field E. It will experience a force e£, which accelerates the electron according to 
Newton’s second law of motion 


a=— (49) 


m 


where e is the electronic charge and m is the electronic mass, respectively. Prima facie, it appears 
that the electrons should be accelerated indefinitely and their velocity should grow continuously 
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cs oa Vitis ie neesievas this is not correct. In fact, during their motion the 
electrons collide 1¢ phonons, impuritics and lattice imperfections. As a result, they regularly 
lose their kinetic energy 


trons have to surm a hence the velocity they gained in the field. In other words, the 
elec ee , Aa want a Feaction force F, during their motion through the lattice. The 
reaction force is proportional to the drift velocity vy and is directed against it. 


] 
f= Ty, (50) 


where TAS called the relaxation time, Taking into account the eqs. 49 and SO, the equation of 
directional motion of the electron in the lattice may be written as 


du,(t) mv 
m——= = ef ~ —4 
dt . t (31) 


Equation 51 tells us that the velocity of the directional motion of the electrons will rise and they 
will be accelerated until the two forces on the right hand side become equal when the resultant force 
acting on the electron, and accordingly the acceleration will become zero. Consequently, 

eET 


vy= — (52) 
mM 


Since an electron has a negative charge, it drifts in a direction opposite to that of the field. 
In a chemically pure and structurally perfect crystal where the resistance force approaches 
zero, even a small field is enough to accelerate the electron indefinitely so that its velocity grows 


continuously which could become infinitely high. Actually, in a perfect lattice, electron wave 
propagates in an optically transparent medium. 


10.10 RELAXATION TIME AND MEAN FREE PATH 


Let us suppose that as soon as the velocity of the directional motion of the electrons attains a 
constant value v4, the field is turned off. This velocity starts diminishing as a result of collisions 
of the electrons with the phonons, impuritics and lattice imperfections, and the clectron gas 
ultimately return to an equilibrium state. Such a process leading to the establishment of equilibnum 
in a system is termed as relaxation process. Thus for E = 0, the eq. 51 becomes 


duy(t) _ _ v(t) 
dt 8 


‘4 
so that Vg(t) = Yy ex] | (53) 


where v,(t) is the velocity of the directional motion of the electrons and f is the time after the 
field is turned off. In eq. 53, 7 characterizes the rate at which the equilibrium state of a system 
is reached; smaller is the f sooner the system reaches to equilibrium state. For f= 1, the velocity 
of the directional motion decreases by 1/e of its initial value. For pure metals, t = lors: 
The motion of an electron in a crystal may be conveniently described in terms of mean free 
path. By analogy with the kinetic theory of gases one may presume that an electron in a crystal 
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: : kod : ee ion and gets scattered. Th 
moves along a straight line until it collides with the lattice imperfection ae aS ue 
average distance A that the electron travels between two successive CO Se ents a tee 
mean free path of the electron. At room temperature, since the velocity Imp S 


by an applied electric field is much smaller thermal velocity, ome nen oN TetielLn an 
is travelling the distance A will thus be decided not by the drift velocity y 


the average velocity y, due to random thermal motion. Therefore, 


the time T taken by the electrons 


T=) (54) 


TPS 


where 7 is the number of collisions that are required to nullify the directional velocity completely, 


10.11 ELECTRICAL CONDUCTIVITY AND OHM’S LAW 


Ohm’s law is the most established experimental law relating to the conduction in metals and can 
be used to test the validity of the theory of electrical conductivity. 
Knowing the drift velocity of the electrons, it is easy to calculate the current density and 
hence the conductivity of a metal. For the purpose, let us consider a cylindrical conductor of 
length vg and area of cross-section of unity as shown in Fig. 10.17. Suppose it contains N 
electrons per unit volume. Imagine any section of the conductor and count the number of charges 
passing through this section per second. Obviously, it will be equal to all the electrons inside this 
cylinder of volume 1. vg. Therefore, a current flowing through the conductor with a density 


Fig. 10.17 Calculation of current density 


I= N (1.04) e= Ne(®22) (from eq. 52) 


a (Met }e (55) 


nt 


This is at once recognizable as Ohm’s law (J = GE) where the conductivity ois given by 


2: 
o= (MEE) = ney (56) 


m 


where jf = et/m is called the carrier mobility and is defined as the average drift velocity per unit 
electric field, i.e. 
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and the resistivity p is given by 


p=—> (57) 


Equation 56 can be easily understood 


as follows: we expect the charge transported in the 
medium to be proportional to the ch 


ont arge density (n = Ne), the factor (e/m) enters because the 
acceleration ina given electric field is proportional to ¢ and inversely proportional to m (eq. 49) 
and the me T describes the time during which the field acts on the carrier, This equation is of 
fundamental importance. The electrical conductivity o depends on two factors, the number n of 
camiers per unit volume and their mobility 41. The dependence of these quantities particularly on 
temperature provides the basic understanding of the electrical properties of materials. For example, 
in metals. 1 Is constant and pr varies relatively slowly with temperature. In semiconductors, the 
exponential dependence of n is of primary importance while in some insulators, it is the exponential 
dependence of f on temperature that is significant while » is constant. An understanding of the 
relative contributions of n and H to Genables us to explain the whole spectrum of values of o, 


Example: Sodium metal with a bcc structure has two atoms per unit cell. The radius of the 


sodium atom is 1.85 A. Calculate its electrical resistivity at 0°C if the classical value of the mean 
free time at this temperature is 3 x 1074 s. 


Solution: Given: T= 3 x 1074 5, Na has bee structure with n = I Res= LBS A 20:85 io” 
nep=) 
For a bcc structure, we know that 


V3a = 4R, 


at a= R= x 1.85 x 107 = 4.27 x 107 m 


ay wy 1 


Further, the number of electrons per unit volume in sodium atom is given by 


Ags lb: tt Des bh pega dies 


"MG (427 x 10-3 


Making use of eq. 57 and substituting different values, we can obtain 


\) 10! 


oS iS aS ee 
2.57 x 10% x (1.6 x 107)? x 3.1 x 10-4 = 


Example: A uniform copper wire whose diameter is 0.16 cm carries a steady current of 10 amp. 
Its density and atomic weight are respectively, 8920 kg/m? and 63.5. Calculate the current density 
and the drift velocity of the electrons in copper. 
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Solution: Given: Density, p = 8920 ke/m?, At. wt. = 63.5, /= 10 A, Diameter, d= 0.16 cm = 16 
x 10“ m, and hence r = 8 x 104 m, J = 2? vy =? The number of electrons per unit volume in 


copper is given by 


n= PN _ 8920 x 6,023 x 10” _ 9 46 x 1028 /m? 


M 63.5 
Now, the current density 
I_ 10 10 10° 6 2 
J=--= 2 gee AT eI A/m 
aq mr? n(8x 104)? 9642 


The drift velocity can be obtained by using the relation 
J 4.97 x 10° 3.67 x 104 m/s 
ne 8.46 x 10% x 1.6 x 10°? 


Example: A uniform silver wire has a resistivity of 1.54 x 10° Qm at room temperature, For an 
electric field along the wire of 1 Volt/cm, compute the average drift velocity of the electrons, 
assuming that there are 5.8 x 1078 conduction electrons/m’. Also calculate the mobility and the 
relaxation time of the electron. 


Solution: Given: p = 1.54 x 10°? Om, E = 1 V/cm = 100 V/m, n = 5.8 X 10m’, vg =? 
From eq. 56, the mobility is found to be 


ie aim = well = ee eee 
"Ne pre 154: 107 x58 x 107 x 16x 10°” 


= 6.99 x 107 m7/Vs 


Further, the drift velocity is given by 
Vg = HE = 100 x 6.99 x 10° = 0.69 m/s 


Also, the relaxation time T is given by 


me 31 
fits ee = 3.97 x 10745 


10.12 WIEDEMANN-FRANZ-LORENTZ LAW 


From earlier discussions, we have come to know that the electrons are not only the agencies of 
electrical conduction in an electric field but also responsible for the transport of the thermal 
energy in a solid. For this reason, it would be natural to expect a relationship between the two 


conductivities, i.e. 


K. _(2?Nk?Tt) ( m } n?k? ) 
K . (_m_)\_ 58 
o 3m ) \Ne*r 3e? lis ee) 


This relationship was first experimentally established by G. Wiedemann and P. Franz and then 
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theoretically explained by L. Lorentz for metals. Wiedemann and Franz observed that the ratio 
K./o remains ronal for all metals at a fixed temperature. However, this was modified by 
Lorentz, who observed that it is K,/o(T) which remains constant. Accordingly, eq. 58 reduces to 


a = ie (4) =L (59) 


Re) 

e J = 2.45 x 10% Watt ohm deg’, and is known as Lorentz number. Table 
10.1 shows the experimental values of L for some metals at 0°C and 100°C, respectively. They 
are found to agree with the theoretical value (eq. 59). At low temperatures (T << 6p), Lorentz 


number tends to decrease because the collision time involved in the two conductivities is not 
identical. 


2 
_ 
where L= 3 


Table 10.1 Experimental Lorentz numbers for some metals 


Metals Lorentz numbers (Lx 10 Watt-ohm/deg’) 
0°C 100°C 
Aq 2.31 2.37 
Au 2.35 2.40 
Cd 2.42 2.43 
Cu 993 2.33 
Ir 2.49 2.49 
Mo 2.61 2.79 
Pb 2.47 2.56 
Pt 2.51 2.60 
Sn Doe 2.49 
W 3.04 3.20 
Zn 2.31 2:33 


Example: A uniform copper wire of length 0.5 m and dimeter 0.3 mm has a resistance of 0.12 
Q at 293 K. If the thermal conductivity of the specimen at the same temperature is 390 Wm"! 
K"!, calculate the Lorentz number. Compare this value with the theoretical value. 


Solution: Given: 1 = 0.5 m, d= 0.3 mm = 0.3 x 107 m, so that r= 0.15 x 103 m, R = 0.12 W, 
the Lorentz number = ? 
We know that the resistance of a wire in terms of its length and its radius is given by 


l 0.5 


dS, OS se i 
Rar? 0.12 x © (0.15 x 103) = 


or Oo= 


Hence, using eq. 59, we can obtain the Lorentz number as 


pnt Iie 390 


= = = 296 x 10° WOK 
O(T) 5.89 x 107 x 293 
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. ‘ , 7 ained by usi 
On the other hand, the theoretical value of the Lorentz, number can be obta y USING the 
expression 


hele & _ (38x IO" V2 984 x 10% WOK? 


‘ vn ‘ ’ 2 tics : . 
Comparing the above two values of Lorentz, numbers, we observe that the theoretical value js 
about 1.26 times higher than the experimental one. 


10.13 THE ELECTRICAL RESISTIVITY OF METALS 


At room temperature (~300 K) the electrical resistivity of most metals is dominated by the 
collisions of conduction electrons with the phonons of the lattice (arising due to any perturbation 
in the normal positions of the atoms). On the other hand, at liquid helium temperature (or around 
absolute zero) it is due to the collisions of electrons with the impurity atoms or other imperfections 
(such as vacancies, dislocations, grain boundaries, etc.) that are present in a real crystal (Fig, 
10.18). Thus in general, the resistivity of a metal containing imperfections is given by 


P= Pit Pj (60) 
where p, is the resistivity caused by the thermal vibrations of the lattice, p; (also called the 
residual resistivity) is the resistivity caused by the scattering of electrons by impurity atoms. For 
small impurity content, p, is often independent of the number of defects N,, and p; is proportional 
to the Nj but independent of temperature. Equation 60 is known as Matthiessen’s rule. This 
becomes less accurate at high temperatures or at high impurity content. 


Pp T 


P,(Scattering by phonons) 
Residual 


resistivity 
Po : : 
Po (Scattering by impurities) 


——>T 


Fig. 10.18 The electrical resistivity in a real crystal 


At very low temperatures, the scattering by phonon is negligible because of negligibly small 
amplitude of vibration. Therefore, as T approaches zero, 7, tends to infinity so that p, approaches 
Zero and hence p= p; from eq. 60. This is in agreement with the experimental results. Measurements 
on sodium show that p,(0) may vary from specimen to specimen, whereas p\(T) = p — p,(0) is 


independent of the specimen. As the temperature increases, the scattering by phonons becomes 
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more effective and p,(T) increases line 
: arl with : : ae . 
the experimental results. : temperature. This again, is in agreement with 


simple method to est} ; d 
io, a =tariraie pls the Overall impurity and perfection of a metal (conductor) is to 
- “sistivities at room temperature and at helium temperature, i.e. 


p(300 K) 
p(4.2 K) 
the resistivity ratio is approximately given by 
P; (300 K) + p, 
= 
For chemically pure and Structurally perfect metals, the resistivity ratio may be as high as 10°. 


On the other hand, for commercial purity materials, this ratio is of the order of 10”, while for 
some alloys, it is as low as ], 


Since, at 4.2 K, p= p,, 


ee Ss rule is not always valid. Calculation of resistivity due to lattice vibration pj, 
have been quite successful in some metals. Empirically, one finds that p, is rather well represented 


by a universal function, 
«| 1.7/2 
Py (| (£) (61) 


where ae function Ff goes to unity at high temperatures. However, at low temperatures, f ~ 
(T/6g)’. The resistive characteristic temperature Op is close to the Debye temperature for metals. 


Example: Calculate the percentage increase in the resistivity of nichrome when it is heated from 
300 K to 1000 K. The temperature coefficient of resistance of nichrome is 0.0001. 


Solution: Given: T; = 300 K, T, = 1000 K, a= 0.0001, (P;990 — 2300) = ? According to Matthiessen’s 
rule, we know that the resistivity of a metal containing impurity can be written as 
P= pit p(T) = p,+ oF 
Therefore, P300 = Pj + OT; and Pjoo9 = Pj + AT? 
or Pio00 — P300 = O(T2 - T;) = 700a@ = 700 x 0.0001 = 0.07 
Therefore the percentage increase in the resistivity is 


0.07 x 100 = 7% 


10.14 THERMIONIC EMISSION 


When a metal is heated, electrons are emitted from its surface, a phenomenon called thermionic 
emission. In sections 10.2 and 10.3, we considered that the height of the potential barrier is 
infinitely large. However, this is not actually the case in real crystals. At absolute zero: 
(i) the height of the potential energy barrier can be taken equal to Ep + ed as shown in Fig. 
10.19, where Ef is the Fermi energy and e@ is the work function. 
(ii) all the levels upto the Fermi level are filled, and all the levels above the Fermi level are 
empty. 
(iii) no electrons can escape from the metals. 
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‘ . am fe ve an electron from , 
The work function e@ is the minimum energy required to remo the Ferm; 
is expressed in volts and e@ in electron Volts 


surface to the vacuum outside the metal, where cael 
action due to positive tons at the surface of 


(eV). The voltage ¢ is required to overcome the attraction \ 
the metal. Fig. 10.20 shows an ideal potential (periodic In nalure) encountered by electrons 
and the potential energy barrier at the surface of the Metal 
In our day to day life, we do not observe any electron emission from sila surface EVEN al room 
temperature. However, as the temperature is increased further, the elect ons lying near the Ferm; 
level get exited and begin to fill the levels above Er. Thus, when a metal is heated, (i.e. when an 
energy greater than Ep + e@ is supplied), electrons are observed to be emitted from its Surface. 


This phenomenon is known as thermionic emission. 


along a row of atoms near the surface 


e e—> Electron Vacuum Inside 


Fig. 10.19 Thermionic emission Fig. 10.20 Idealized potential energy of an electron 
along a row of atoms near the surface, and 
the potential energy barrier at the surface 
of the metal. The shaded area represents 
electron energy as given by the Fermi 
distribution shown on the left 


In order to evaluate the current density for the emitted electrons, let us consider a metal 
surface held normal to the x-direction. Then, for an electron to escape from the metal surface, we 


must have 


+ muz 2 (Erp + ed) (62) 


where vy and v, can have any values including + ° and — o, 
Now, let us write the density of occupied states (eq. 19) per unit volume in terms of velocity of 
electrons by substituting E = 1/2(mv7), so that dE = mudv. The modified equation becomes 


8am? 2 
Mv)dv = F(v)g(v)dv = = a (63) 
h- E- Lp 
exp/ iT +] 


Then the current density J, will be eV, times the density of occupied states per unit volume. To 
simplify the problem, let us integrate the resulting equation over all electron velocities using 
cartesian coordinate system instead of spherical coordinate system. Thus replacing the quantity 
S4nv7dv by f dv,dv,dv,, the current density J, can be written as 
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3 co) ro 
J. = 2em* v,du, du, dv, 
ie fren (64) 
- [2Epted) Vy=-« V,=-0 exp| —~-— | + | 
vas | 2ERteH) y D P| kT ; 


neral, (E — Fg) >> k : a. 
In ge ( é F) >> KT, therefore the €xponential term in the above equation is also very very 


large than unity. Thus neglecting the digit | which is appearing in the denominator, the eq. 64 
reduces to 


oo 


2em3 «8 2 
IS | | | A muy. my | mu; 
i a ml &. 2 2 |) 


v= EEE) Vy =-20 V,=—00 


Now, making use of the standard form of the integral, i.e. 


oa 


J exp(-@ x?) = (z)" 


—oo 


the above integrals separately can be given by 


| UV, « eX m0 Vay = AD og aPree 
and a oe me ke (67) 
[2EF +e¢) 
oa, rr 
Hence, the current density is given by 
Anemk? __, e@ 2 eg 
J, = i if vexp( —Gp] =A -exp(- Fr (68) 


where A = (4em K/h?) = 1.20 x 10° Am?K~. Equation 68 is commonly known as Richardson- 
Dushman equation. This is in agreement with the experimental results. The eq. 68 can further be 
written as 


J. _ { ed \ 
qe Ae — Fr | 
J eg \ 1 
or Ina =InA- (2) T (69) 


If we plot a curve between In (J,/T°) versus 1/7, we obtain a straight line which has a slope of 
(e¢/k) and the intercept equal to In A as shown in Fig. 10.21. 
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Example: The work function of tungsten is 4.5 
eV. Calculate the thermionic emission of a 
filament 0.05 m long and 10~ m diameter at 


2400 K. 7 ; 
Solution: Given: @ = 4.5 eV, 2r = D= 107 m, i 
| = 0.05m, T = 2400K, A = 1.20 x 10° Am™ | 
K?, 1 =? 
The surface area of the filament, a = 2arl = ; 
O —+ |/T 


rx 1070.05 =5x 10 m’. Now, making use 
of the eq. 68 and substituting different values, Fig. 10.21 A plot between 1/7 and log J/T? 


the value of the current can be obtained as 


ed 
l=axXJ=ax At? exp(-Z 


45x 16x 10-9 * 
-6 6 2 a a 
= 5#x 10° x 1.20 x 10” (2400)° x ex 1.38 x 10-2 x aa 


= 52x 10° x 1.20 x 10° (2400)* x exp (-21.739) 
= 5nx 10 x 1.20 x 10° (2400) x 3.62 x 107! = 393 x 10“ amp 


10.15 THE HALL EFFECT 


Let us consider a rectangular metal slab carrying a current density J, in the positive x-direction 
and placed in a uniform magnetic field of induction B acting perpendicular to both the conductor 
and the current as shown in Fig. 10.22. Under 
such an experimental arrangement, in 1879 G. 
Hall found that a voltage (called the Hall voltage) 
is developed at right angles to both the current 
and the magnetic field. 

In the absence of the magnetic field, the 
conduction electrons drift with a velocity v, in 
the negative x-direction. However, when the 
field is applied, a force (called the Lorentz force) 
causes the electron path to deflect towards the 
front face of the rectangular block. As a result, Hall voltage in 
an excess of electrons accumulate on the front y-direction 
face of the slab. Simultaneously, equal number Fig. 10.22 The Hall effect 
of positive charge appears (due to the deficiency 
of electrons) on the opposite face of the slab. The appearance of the opposite charges on the 
opposite faces creates an electric field (called the Hall field) directed towards the positive y-axis. 


The Lorentz force F,, acting on an electron which is moving from right to left with a velocity 
v is 


B, Magnetic field in 
z-direction 


Current in 
x-direction 


F, = — ev, X B, = - ev,B, (since v, is L B) (70) 
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Further, the accumulated charges on the o 
opposite to the Lorentz fo 
completely cancels the L 


Ppositive faces produce a force (called Hall force) 
rce. Hence, the accumulation process continues until the Hall force 
orentz force. In equilibrium, Fy = Fy, i-e. 


eEy aS ev,B, or Ey =— vu,B, (71) 


Further, the current density, J, is given by the equation 


Jx=nev, or E,= (=| BJ, (72) 
ne 

This shows na the Hall field is Proportional to both the magnetic field and the current density. 
The constant of proportionality in eq. 72 is known as Hall constant and is defined by 


Ry = (73) 


ne 
which is inversely proportional to the density of charge carrier, n. The sign of the Hall constant 
indicates the nature of the charge carrier that predominate in the conduction process. If Ry is 


negative, the predominant charge is electron and vice versa. The measurement of Hall voltage 
helps us to know the following: 


1. The sign of the predominant charge carrier. 
2. The charge density. 


3. The mobility of the charge carriers. 


Example: Calculate the Hall coefficient of sodium based on free electron model. Sodium has 
bec structure and the side of the cube is 4.28A. 


Solution: Given: a = 4.28 A = 4.28 x 10" m, crystal has a bcc structure indicating it contains 
2 atoms per unit cell, Hall coefficients = ? 


The number of electrons per unit volume for the sodium crystal is given by 
2 2 i 

Sy 22.55 «10°? 

a (4.28) x10 


n= 


Now, making use of eq. 73, the Hall coefficient can be obtained as 


1 1 
= ——- =~ = -2.45 107 mC 
Rus Te 255x10" x 16x10” 


10.146 SUMMARY 


1. The free electron model successfully explains some of the properties of solids, such as 
electrical and thermal conductivities, thermionic emission, etc. However, it fails to explain 
many other important properties such as behaviour of solids as conductors, semiconductors 
or insulators, etc. 

2. Free electrons are associated with a continuous energy spectrum and bound electrons 
with a discrete energy spectrum. The energy corresponding to the electrons moving in 
box of side a is given by 


Gy 
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10. 


Lh 


. Each combination of these quantum numbers | 


I’ 9 2 2 
E, = ——a (ny +m, +) 
8a 


R itive integer values. 
where n,, Ny and n, are quantum numbers and can take only positive integer values 
s called a quantum state while severa| 


states having the same energy are said to be degenerate. 


. At absolute zero, the density of electrons (the number of electrons per unit volume) below 


the Fermi level is given by 


a as 2m)” EP 
i 


. As the temperature is increased (particularly above room temperature) the Fermi energy 


is found to decrease according to the relation. 


. At low temperatures, the electronic specific heat of solids is found to be predominant 


and varies linearly with 7. The electronic specific heat per mole is given by 


. The electrical conductivity of conduction electrons, treated as free particles with a collision 


time Tis given by 


. Wiedemann-Franz-Lorentz law connects the thermal and electrical conductivities according 


to the relation 


. ‘Taking into account the lattice vibrations and static impurities, the electrical resistivity 


of a solid is governed by Matthiessen’s rule 


P=Pit Pp, 


When a metal is heated, some electrons which are lying just below the Fermi level acquire 
sufficient energy and escape from the surface of the metal. The thermionic current density 


is given by 
> ( ed \ 
J, = AT* -exp} -— 
* | 


where A is constant and @ is the work function of the metal. 
Hall effect helps us to determine the following: 
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(i) The sign of the current carrying charges. 
(ii) The charge density, 


(iii) The mobility of the charge carriers 


10.17 DEFINITIONS 


Current Density: The electric current per unit ‘rca, amperes per square meter. 
Electrical conductivity: The proportionality constant in Ohm’s law as stated below. 


Electric Current: The time rate of passage of charge through a conductor. In SI units, coulomb per second, called 
amperes. 

Electrical Resistivity: The inverse of the clectrical conductivity, so that the Ohm's law is also E = p3. 

Electronic Specific Heat: The contribution to the total specific heat duc to transitions of electrons to states of 
higher energy. 


Fermi Level: In a partially filled energy band at OK, the Fermi level is the energy of the highest filled state. At 
higher temperatures, one half of the states at the Fermi level are full. 


Mantthiessen's Rule: The total resistivity of a conductor is the sum of lattice contribution as a result of lattice 
vibrations and the impurity contribution as a result of presence of imperfections. 

Residual Resistivity: The temperature independent part of the resistivity of a conductor. This is due to imperfections. 

Resistivity Ratio: Usually, it is defined as p(300K)/p(4.2K), although the lower temperature may vary. In order 
to estimate the valuc of residual resistivity {\(300K) + p,))/p, is approximately taken as p,(300K)/pj. 


REVIEW QUESTIONS AND PROBLEMS 


1. A particle moving in a one dimensional potential, is given by 
Vix) =0 for x<0 
and Vix)= Vp for x20 


Write down the Schrodinger wave equation for the particle and solve it. 

2. What is an infinite potential well? Obtain Schrodinger’s time independent wave equation. Solve it for 
a particle in a cubical box of side “a” and hence obtain expressions for the allowed wave functions and 
discrete energy values of the particle. 

3. Obtain the eigen values and normalized wave functions for a particle in a one dimensional infinite 
potential box of side “a”. 

4. A particle of mass m is confined in a field free region between impenetrable walls at x = 0 and x =a. 
Show that the stationary energy levels of the particle is given by 


h?n? 
E = a ag 
8 ima* 


Discuss the physical significance of the wave function y. 

5. Define Fermi energy. Write down the expression for Fermi-Dirac distribution function. Derive an 
expression for Fermi energy of a system of free clectrons. 

6. Based the Fermi-Dirac statistics, state the nature of the Fermi distribution function. How does it vary 
with temperature? 

7. What are the density of states in metals? Derive an expression for the density of energy states and hence 
obtain the Fermi energy of a metal. 

8. What is meant by the Fermi level in metals? How does it vary with temperature in metals? 

9, Show that the wavelength associated with an electron having an energy equal to the Fermi energy is 


given by 
u 2 
(35) 
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21: 


22. 


23. 


24. 


25. 


26. 


aT. 


: Sermi-Dirac statistics and are it... 
Calculate the molar specific heat of metals on the basis of Fermi-Dirac statistics and compare jx With 


the classical predicted value. —_ 
The Fermi energy expression at room temperature ts given by 


where E,. is the Fermi energy at OK. 
Using the above equation, obtain the expression for the mean energy of the electron at room temperature 


Also obtain the expression for the molar specific heat of metals on the basis of this distribution, 
What do you understand by “degenerate” and “non degencratc” states? Taking the example of a Pattic|e 


in a cubical box of side “a”, obtain first few states and present them graphically. 


Derive an expression for the electrical conductivity of a free electron gas using the collision tim, 


concept. Does this result explain the experimental value of resistivity of a normal metal like sodium, 


On the basis of free electron theory derive an expression for the electrical and thermal conductivity o¢ 


metal and hence establish Wiedemann-Franz-Lorentz law. 
What are the main sources of clectrical resistance in metals? Discuss the effect of impurity, temperature 


and alloying on the electrical conductivity of metals. 
Explain the variation of electrical conductivity with temperature both at low and high temperature 


regions. Hence explain Matthiessen’s rule. 
Discuss electron-scattering mechanisms in metals and show that the mean free path is Inversely 


proportional to absolute temperature for T >> @p. 
Obtain the expression of Lorentz number on the basis of quantum theory. Compare it with the one 


predicted on the basis of classical theory. 
Discuss the Hall effect. Explain how the measurement of Hall coefficient helps one to determine the 


mobility of electrons in metals. 
Show that the Hall coefficient is independent of the applied magnetic field and is inversely proportional 


to the current density and electronic charge. Mention the important applications of Hall effect. 


Discuss the phenomenon of thermionic emission in metals. Obtain Richardson Dushman equation for 
the emission of current density. 
The thermal conductivity of aluminium at 20°C is 210 Wm"'K"', Calculate the electrical resistivity of 


aluminium at this temperature. The Lorentz number for aluminium is 2.02 x 10° WOQK~, 
Ans, 2.82 x 10° Om 


A copper wire of cross sectional area 5 x 107 sq. cm. carries a steady current of 50 ampere. Assume one 
electron per atom, calculate the density of free electrons, the average drift velocity and the relaxation 


time. Given: the resistivity of copper = 1.7 x 10° Qm. 
Ans. 8.46 x 10°8/m3, 7.4 x 10“ m/s and 2.46 x 10°", 


(a) Find the lowest energy of an electron confined in a box of side 1 A. 
(b) Find the temperature at which the average energy of the molecule of a perfect gas would be equal 


to the lowest energy of the electron. 
Ans. 112.9 eV, 8.72 x 10° K. 


The electrons in a cubical box of a metal are subject to the influence of a magnetic field such that the 
length increases by da while the width and thickness remain the same. Show that the energy difference 
between the states (311) and (131) is (h?/8ma?) (16da/a) in the new position. 

Evaluate the temperature at which there is 1% probability that a state with an energy 0.5 eV above the 


Fermi energy will be occupied by an electron. 
Ans. 1264 K. 


Calculate the number of states lying in an energy interval of 0.02 eV above the Fermi energy of sodium 


crystal of unit volume. For sodium, Ey = 3.22 eV. Ans. 2.47 x 10° 


Use the Fermi distribution function to obtain the value of F(E) for E — Er; = 0.01 eV at 200 K. 
Ans. 0.36 


. Show that the probability that a st 


. Calculate the heat capacity of electron 


. Analloy of a metal is found to have 


Free Electrtons in Crystals 357 


ate AE abov : as a 
date Ae Below Vs emaly ve the Fermi level Eg is filled equals the probability that a 


ssuming the el “ 
A Bane pals to be free, calculate ihe total number of states below E = 5 eV ina cubical box 
of volume of 107 m’. Ans 5.1 102 
ns. 5. : 


. The Fermi energy of silver j , 
gy of silver is 5.5 eV. Calculate the fraction of free electrons at room temperature located 


upto a width of KT on cither side of Ex. Ans. 0.01. 


£as al room temperature in copper assuming one free electron per 


atom. Compare this with the lattice specific heat value of 2.4 x 10' J kmol”! K7!. The Fermi energy of 


copper is 7 eV. 


Ans, 1.52 x 10? J kmol™! K7!, 0.633%. 

a resistivity of 10 Qm at 0°C, When it is heated to a temperature 
y 8%. Using Matthiessen's rule, find the resistivity of the alloy. 

Ans, 0.969 x 10° Qm. 


of 700°C, the resistivity increases b 


. The electrical and thermal conductivities of silver at 20°C are 6.22 x 10’ Q7! m! and 423 Wm! K7!, 


respectively. Calculate the Lorentz number on the basis of quantum free election theory. 


Ans. 2.32 x 10° WOQK?, 
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Band Theory 


Se ee ee ere 


11.1 BLOCH THEOREM 


In the case of free electron theory we assumed that 
potential inside a one or three dimensional potentia 
able to explain the phenomena such as electrical condu 
to explain why some materials are good electrical cond 
insulators and still some others are semiconductors? 

In order to understand the difference between the con sine) 
incorporate the variation of potential inside the crystal due to the presence of positive ion cores 
in the free electron model (Fig. 11.1a). It appears more realistic to assume the potential inside 
a metallic crystal to be periodic with the periodicity of the lattice, somewhat as shown in Fig, 
11.1b. The potential is minimum at the positive ion sites and maximum between the two ions. 


The corresponding one dimensional Schrodinger equation can be written as: 


OOOO ' 


Electron motion 


OO OO 


ooee | Vii 


® OO = 


(a) (b) 


Fig. 11.1 One dimensional periodic potential in a crystal 


the electrons move in a region of constant 
| well. Although the free electron theory js 
ctivity, thermionic emission etc., it fails 
uctors while some are good electrical 


ductors and insulators, it is necessary to 


VY =00 


> Surface potential 


2 
CY 5 SEM [B- V(a)] y=0 (0 


where the periodic potential V(x) may be defined by means of the lattice constant “a” as 


Vix) = Vix + a) (2) 
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Employing the periodic potential, Bloch h 


! ‘ as shown that the one dimensional solution of the 
Schrodinger equation takes the form 


Wx) = exp (ikx) 1,(x) (3) 
In three dimensions it is given by 
Wir) = exp (ik.r) y(n) (4) 


The equation 3 (or 4) is known as Bloch function in one and three dimensions, respectively. 
They represent the free electron wave modulated by the periodic function (x) or u,(r), where 
u(x) or 44,(7) is periodic with the Periodicity of the lattice in one and three dimensions, respectively. 


Therefore, considering only the one dimensional case and suppose if we have N(N even) number 
of atoms in a linear chain of atoms of length L, then we can write 


U(x) = u(x + Na) (5) 
and depends on the exact nature of the potential field. From eqs. 3 and 5, we have 
W(x + Na) = u(x + Na) exp [ik(x + Na)] 
= exp (ikNa) uj(x) exp(ikx) = y4(x) exp (ikNa) (6) 
This is frequently referred to as the Bloch condition. Similarly, the complex conjugate of eq. 6 
can be written as 
Wy (x + Na) = exp(-ikNa) wy (x) (7) 
The eqs. 6 and 7 give us 


a(x + Na) yy (x + Na) = yAlx) wea) - (8) 


This indicates that the probability of finding the electron is same everywhere in the whole chain 
of atoms, i.e. it is not localized around any particular atom but is shared by all atoms in the chain 
(the whole crystal in three dimensions). Thus, eq. 6, gives us 


exp (ikNa) = | 
This will be true only if 
kNa = 27 X integer = 27n 


2mn _ 27n 


or a eae | (9) 


where n = 0, +1, +2, ... and L is the length of chain of atoms. When n = N/2, we have k = ala, 
which is the edge of the first Brillouin zone. When L is large (i.e. N ts large), the allowed values 
of k would come close together and their distribution along k-axis becomes quasi-continuous. 
The total number of allowed k-values in the first zone is 

Length of the firstzone = 2m/a _ L 


Length of the unit spacing 22/L ~ a N (10) 
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This is equal to the total number of atoms in the chain of atoms (or in the unit cell in three 


dimensions). 


11.2 THE KRONIG-PENNEY MODEL 


In the preceding section, we qualitatively discussed th 
periodic potential. However, in order to know Vin) 
the exact E-k relationship it is necessary to 
consider a well defined one dimensional periodic 
potential. For the purpose, we shall consider 
Kronig-Penney model. They suggestedasimpler 
potential in the form of an array of square wells Hi 
as shown in Fig. 11.2. 

The corresponding Schrodinger equations for 
the two regions I and II are of the form 


e behaviour of an electron in an undefineg 


—-b o a —xX 


2 
qv , 8x'm ™ Ew =0 for O<x<a 


dx* h? 
Fig. 11.2 Ideal periodic square well potential 
dy ; suggested by Kronig and Penney 
or ad ory = 0 (11) 
2 
where = Same (12) 
d? 
and “+ SE EK Vo)w =0for-b<x<0 
dV _ gy=0 13 
OF er = B Y= ( ) 
h 2 _ 822m om 2s (14) 
where fp = 42 (V)- E) 


Since the expected solutions of the above Schrodinger equations should have the form of Bloch 
function (eq. 3), this requires both y and (dy/dx) to be continuous throughout the crystal. 


Therefore, let us suppose that the general solution of the eqs. 11 and 13 are of the form 
(15) 


W(x) = A exp(iax) + B exp(—iax) 
(16) 


and W(x) = C exp(Bx) + D exp(-Bx) for E< Vp 


where A, B and C, D are constants in the region I and II, respectively. Their values can bé 
obtained by applying the following boundary conditions, 


Ea _ | avo (18) 
dx x=0 dx x=0 
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LWA(Dgeo = Woe -b (19) 

[dy d 
d walt - Wo 0) 
= | dx | , | ax aa (20) 


Since, for a periodic lattice with V(v + a) = V(x), it is expected that the wavefunction will also 
exhibit the same periodicity. Therefore, the expected solutions of the above Schrodinger equation 
must have the same form as that of the Bloch function (i.e. like eq. 3). Making use of eq. 6, we 
can write 


W(x + a + b) = yx) explik(a + b)] 


or YA(X) = YA(x + a + b) exp[-ik(a + b)] 
Incorporating this requirement at x = —b and x = a, the eqs. 19 and 20 become 
Wo(-b) = wi(a) exp[-ik(a + b)] Qt) 
dW dw, 
and Ea La Eau exp[-ik(a + b)] On) 


Now, applying the boundary conditions in equation 17, 18, 21 and 22, we obtain the following 
modified equations 


A+B=C+D (23) 


ia(A - B) = B(C - D) (24) 
Ce BD +. DePP = eAiKatd) [Agi 4. Bei] (25) 
BCe® + BDe* = ive *@**) (Ae! — Bei] (26) 


The equations 23, 24, 25 and 26 will have non-vanishing solutions if and only if the determinant | 
of the coefficients A, B, C and D vanishes, i.e. 


] | -1 | 

ide -ia -B B 

_ p-ik(atb)tica _ pniklatb)-ian o~ Bb ebb = 

~ide ik(a+b)+ioaa iqee “klath)-iaa Be -fib ~ Be Bb 

On simplifying this determinant, we obtain 
rae -~Q? \ 
cos k(a + b) = | FoR sin aa sinh Bb + cos aa cosh Bb (27) 

\ / 


In order to simplify eq. 27 further, Kronig and Penney assumed that the potential energy is zero 
at lattice sites and equals Vg in between them. They further assumed that as the height of the 
potential barrier V tends to infinity and the width of the barrier b approaches zero in such a way 


362 Solid State Physics 


that the product Vob remains finite. This assumption is equivalent to a Dirac 5-function type 
potential energies Vp separated by a distance a, the potential energy being zero in between th 
6-function spikes. Under these assumptions, 


sinh Bb > Bb and cosh fb > | as b > 0 


Hence, eq. 27 becomes 


ka= pee Bb sin Qa + cos Ga 
cos Ka = 208 (28) 
2 
sepia B2 - a? = a my, — E)- 82?mE mE = em (Vy - 2E) 
he 2 


Since, Vy >> E, so that 
B? - a? = Sx iy, 
he 
Substituting this in eq. 28, we obtain 


Sx2m 


ka = 
cos ka 2 oh? 


Vo Bb sin aa + cos aa 


sin Qa 
ole af ay, b —— +cos aa 
Oa 


h2 
_ Psin da ‘i 
=— cos. aa (29) 


eh P= an pe ery, b (30) 


Equation 29 is schematically represented in Fig. 11.3. The quantity on its right hand side is 
plotted as a function of da. The cosine term on the left hand side of the equation can only have 


+ sin @a + cos Qa 


Fig. 11.3 Plot of Si 


+ COS Qa VS Qa 
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valuesibetyeen -1 and +1 as indicated by horizontal lines in the figure. A consequence of this 
limitation is that only certain values of @ (and hence E) are allowed. Further, from the left side 
of eq. 29, it Is clear that for a specific value of energy & (as in eq. 12), cos ka can have only one 
value. Moreover, since cos ka is an even periodic function, it will have the same value whether 
ka is positive, negative or it is increased by integral multiple of 27. Accordingly, the total energy 
E of the electron is an even periodic function of k with a period of 2a/a. Fig. 11.4 shows a plot 
of energy as a function of k. If k is to be real, the magnitude of cos ka should be less than | (i.e. 
Icos ka | <]) which corresponds to the allowed energy band. On the other hand, those value of 
energy E for which | cos ka | >1, only the imaginary values of & are possible which correspond 
é i ak bands. The allowed and the forbidden energy bands are schematically shown in 
ig. 11.4. 


Allowed bands 


Allowed bands 


-3nla-2nla-tla 0 Wa 2nla3nla fk 


Fig. 11.4 Energy versus wave vector for a one dimensional lattice 


The analysis of eq. 29 leads us to the following inferences: 


1. Allowed range of aa permits a wave mechanical solution to exist as shown in Fig. 11.5. 
Thus, the motion of electrons in a periodic lattice is characterized by the bands of allowed 
energy separated by forbidden regions, 

2. As the value of oa increases, the width 
of the allowed band also increases while \ 
the width of the forbidden band | 
decreases. This is because of the fact } 
that the first term on the right side of haa | \ 
eq. 29 on an average decreases with a 1! = 
increasing aa. 

3. For further understanding, let us look at 
the influence of P on the energy 
spectrum. The quantity P is known to 
be a measure of the potential barrier 
strength. If P is large, means the potential 
barrier Vob is large (eq. 30), the function ‘ penne 


described by the right hand side of eq. Fig: 11.5 A plot of 
with P = 37/2 


Pa 
— sin @a+cos aa 
aa 


+ cos @a = cos ka 
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: in Fi .6. Thus, t 
29 crosses +1 and —I region at a steeper angle as shown in ae a = we ee 
bands are narrower and the forbidden bands are wider. Hence, t - te gern Of the 
forbidden band to that of the allowed band increases. let = Se eee en the 
potential barrier strength is very large, i.e. P tends to infinity. However, Tight sida 


. : 2 
of the eq. 29 has to stay within the limit +1, it follows from eq. 29 that 
pos 


sin @a 
+ cos @a P>0 


P 


(b) (c) 


Fig. 11.6 (a) Right side of eq. 29 for P = 67 as a function of aa (b) P > (c) P 0 


sin Qa ' ; 
+0, ie. sin aa 0 


ata 
nn? 
7 
=> Ga = + nm and oF = —~— 
a 
However, from eq. 12, we have 
13 2 24,2 
og? = uz poten one a : 331) 
a~ h Sina 


This is equivalent to the case of discrete energy spectrum of a particle in a constant potential box 
of atomic dimensions. This is expected because for large P tunnelling through the barrier becomes 


almost improbable. 
If on the other hand, P is made equal to zero, then the eq. 29 leads to 


cos Qa = cos ka or a=k 


= 2 = (2 = 82° mE 
h? 


2 
or E= i (32) 


Substituting k = aE eq. 32 becomes 
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ae _ ie p oe 


1 4 
— . -_—_ = =—_ my 
2m A? 2m fam 2 


where A=hi/p and p = my. 
This is equivalent to the case of a free particle. Hence, no energy level exists; allowed. 


Example: Prove that for the Kronig-Penney potential with P << 1, the energy of the lowest 
energy band at k = 0 is 


3 
EF = Ee 
4n? ma? 
Solution: For k = 0, the eq. 29 reduces to 


P sin aa 
—— + cos da =] 


P _ 1l-cos aa 


or 
Qa sin Qa 
2 pe 
where ods da = yay ee 
2! a 
3 
and sin oa = aa ~ FO 5. 0 
Pp 2 29 
Thus Fog OO ei = 
ada 2aa 2 
8n°mE 
But a = 
he 
80°mE a? h? p 
Therefore, P= - x— or E = 
he 2 4n*ma- 


11.3 CONSTRUCTION OF BRILLOUIN ZONES 


The Brillouin zone is a representation of permissive values of & of the electrons in one, two 
or three dimensions. The concept of Brillouin zone provides a way to understand the origin 
of allowed and forbidden bands in solids, Let us follow an intuitive approach to discuss the 
construction of BZ in one, two and three dimensional lattices. 


In One-dimension 

Let us consider the motion of an electron along a one dimensional periodic lattice. A direct 
consequence of the periodicity is that the energy spectrum consists of allowed and forbidden 
regions as shown in Fig. 11.4. Let us now consider the values of & at which the discontiuities in 
E occur. They occur whenever the left side of the eq. 29 reaches its maximum value, i.e. when 
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cos ka=+ | 


or pe eo SE  where n= ly 23,2 (33) 
a 

At these values of k, a small increase in electron momentum (or equivalently in electron wave 

vector &) will increase the energy of the electron so that it can jump os ae from the 

top of one allowed band to the bottom of the next. The region between the first and the second 

values of & for which discontinuities occur is called the second Brillouin zone and so on. Fig. 11.7 

shows two Brillouin zones for one dimensional lattice. 


Ist zone 
SoS 
~3va -2nla —nla 0 Wa 2nla = 3 ala 
ee ———— 
2nd zone 


Fig. 11.7 The first two Brillouin zones for a one dimensional lattice 


In Two-Dimensions 

Let us consider the motion of an electron in the field of a two dimensional square lattice, keeping 
the treatment just qualilative. We know that the de Broglie wavelength of a free electron of 
momentum p and energy E is given by 


h h 
(2 ae (34) 
p 2mE 


Low energy electrons will have long wavelengths as compared to the interatomic spacing (i.e. 2 
>> a) and can travel freely through a crystal without being diffracted. However, more energetic 
electrons (i.e. the electrons near the Fermi Jevel with E ~ E,), have comparable wavelength 
with the interatomic spacing (i.e. A a). Such electrons will be diffracted in the same way as 
X-rays or electrons (neutrons) in a beam according to Bragg diffraction law. 


nA =2a sin 6, where n= 1, 2, 3 (35) 


where 0 is the angle of incidence of the beam of electrons (X-rays or neutrons). 

Since it is useful to describe the motion of the electron in a crystal in terms of wave number, 
therefore let us replace A in eq. 35 by k. It is a vector quantity and its magnitude is related to 
the wavelength by the equation 


2n 
Al = — 36 
7 (36) 


The direction of k is the same as the direction of propagation of the wave train. From eqs. 35 
and 36, we obtain 


ie 


=k ad 
asin @ By 


In eq. 37, the critical value of k depends on the angle of incidence @. Considering a two- 
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W ectioiils ONS Occurs when the component of the vector k in the x- 
O O 
. 
Positive ions 
O O 
O O O k= nwa sin 0 
k, = k sin @ 
= nwa 

ie O O 
a 
a : 


|<—q—>| 


Fig. 11.8 Bragg reflection from the vertical rows of ions occur when k, =nala 


k= ksin @= 2% 


Similarly, reflection from horizontal rows occurs when 


for first zone, n = +1, therefore, 
kst and ky=t4 
a a 


Thus, the first zone is bounded along the x and y axes by the points A, B, C and D as shown in 
Fig. 11.9. The rest of the boundary may be evaluated according to the following procedure. 
Consider a square lattice whose primitive translation vectors are given as: 


a=aiand b=bj 


where a is the side of the.square and i, j are the unit vectors along the x, y axes, respectively. The 
corresponding primitive reciprocal lattice translation vectors can be written as: 
2m 


ae aa and b* = 


Qn. 
al 
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B Ist zone 


eS 2nd zone 
=| 


NS 3rd zone 


w=c 


G 
—2m/a 


-a 


aC 2ala ky 


Fig. 11.9 The first three Brillouin zones for a two-dimensional square lattice 


so that the reciprocal lattice vector G can be written as 


G=n,a*+n, bt = =a [ny i + ny] (39) 

Further, the wave vector & in terms of its component vectors k, and ky can be written as 
k=kit ky (40) 
Substituting eqs. 39 and 40 in the Bragg’s condition 2k. G + G? = 0, we obtain 
Qh + ki) - 7 (ny E+ mj) + ae (n, f+ na? = 0 

} a 

or AE ink, + High) #22 (nt #n5)=0 
a a ‘ 
where /-7 = j-j = 1, and i-/ = 0. Further simplifying this, we obtain 
(41) 


y Magee. Trae 24 

nyky + ngky = = (ny + nz) 

where 7, and 2) are integers for diffraction by the vertical and horizontal rows of ions. For the 

lirst zone, one integer is +1, and the other is zero. Therefore, the equations for the first zone 
boundaries are: 


ny, =I, m =0 giving k, = + a 
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set ny = 0, Nb = +] giving ky =+ 


a | 


This is illustrated in Fig. 11,9, 


_ Thus the ee k-space that the electrons can occupy without being diffracted is called the 
first Brillouin zone. When k < aa, the electrons can move freely in any direction inside the 
square without being diff tacted. However, when k = m/a, they are prevented from moving in the 
x of y directions due to diffraction. The more k exceds ma, the more limited the possible 
direction of ROUEN until when k = z/a sin 45°= J2n/a , the electrons are diffracted even when 
they move diagonally (at 45° with k, and ky axes) inside the square. It is here the first zone ends 
and the second zone begins. 

For the second zone, both the integers (n, and n5) in eq. 41 are equal to +1. Therefore the 
equations for the second zone boundaries are: 


ny = +1, ny) = +1 giving ky + ky = 22 


ny = ~1, my = +1 giving -k, + k, = 2% 
_ - - 20 

Ny = +1, n2=-1 giving k, - ky = a 
_ 7 UB 20 

ny =—-I, ny = ~1 giving -k, -k, = a 


The above four equations describe a set of four lines at 45° to the k, and k, axes passing through 
E, F, G and H as shown in Fig. 11.9. Similarly, the third zone is defined by giving m, and nj the 
values such as 0, +1, and +2. 

The second Brillouin zone contains electrons with k values from z/a (that do not fit into the 
first zone) to 27/a, or the region between the square ABCD and EFGH as shown in Fig. 11.9. 


In Three Dimensions 
Similar to the two dimensional case, the form of the Brillouin zones in three dimensions can 


be easily evaluated using the equation 
ny ky + tg ky +3 ky = a (n? +2 +73) (42) 


It follows from this equation that the first zone for a simple cubic lattice is a cube whose walls 
intersect the k,, ky and k, axes at the points z/a as shown in Fig. 11.10a. The second zone is 
obtained by adding a pyramid (like a triangle in two dimensions in Fig. 11.9) to each face of the 
first zone as shown in the first figure of second row of Fig. 11.10. 

Ina similar but more complicated manner, the first and the second Brillouin zones for bec; fec 
and hcp can be determined by using eq. 42. They are also shown in the second row of Fig. 11.10. 
The equations which define the boundaries of these zones are all based on the Bragg equation 
for the reflection of waves by a periodic lattice. Thus, the Brillouin zones in metals, for example, 
are polyhedra whose plane surfaces are parallel to the reflecting planes which are responsible for 


X-ray diffraction. 
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S.c b.c.c Ecie 


(d) 


Fig. 11.10 The first and second Brilliouin zones for some simple lattices 


Example: Find the ratio between the kinetic energics of an clectron in a two dimensional square 


lattice (a) when A, = ky = ma and (b) when &, = A/a and ky = 0. 


Solution: Given: Case I: k, = ky = a/a and case II: ky = ma and ky = 0. We know that the energy 
of an electron inside a BZ is given by 
he Pe 
x7 
For case I, the energy becomes 
B= ae i HE yn lie 
8x sila Ps aa Ae 
rim a 4e-m 
Similarly, for case II 
AP len on Ue 
as es 
Sr-mae Sam 
This gives {9 
E, 


11.4 SYMMETRY PROPERTIES OF THE ENERGY FUNCTION 


Based on the earlier discussions ¢ : . 
arlier discussions and trom chapter 12 it can be shown that each energy band 


E(k) satisfies the following symmetry properties: 


(i) Translational Symmetry: E,(k + G) = E,(k) 


This indi PoE Vawiamcenlie ane : 
indicates that £,(4) is periodic, with a period equal to the reciprocal lattice vector (G = 27/4). 
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In other words, any two points in k-s 
reciprocal lattice vector, have the sam 
lattice as shown in Fig. 11.11. The p 
is related to P; by a translation equal to 
-G, and -Gy are reciprocal lattice vect 


Pace related to each other by a displacement equal to a 
€ energy. Let us take the case of E versus k for a square 
oints P), P; and P3 will have the same energy, because P> 


~G and P; is related to P, by a translation -G,, where 
ors, 


(d) 


Fig. 11.11 (a) The translational symmetry of the energy E(k) in k-space for a square lattice. (b) Mapping 
of the second zone into the first zone. (c) The rotational symmetry of the energy E(k) in k- 
space for a square lattice 


Making use of this translational symmetry, if we translate four pieces of the second zone in 
backward directions by the respective lattice vectors, it can be shown that the pieces just fit into 
the first zone as illustrated in Fig. 11.11b. This means that the first and the second zones are 
equivalent. The same is valid for higher-order zones. Hence, the first zone contains all necessary 
information of higher zones. 


(ii) Inversion Symmetry: E, (-k) = E,() 
This shows that the band is symmetric with respect to the inversion around the origin k = 0. 


Accordingly, in Fig. 11.11a, energy at the point P;’ is equal to that at P). 


(iii) Rotational Symmetry : 
The energy band E,(k) has the same rotational symmetry as that of a real lattice. Thus, for a 


square lattice a rotation of 77/2 will give rise to four equivalent energy positions. Accordingly, the 
value of energy at points Q,, Q2 and Q3 should be the same as that of P; as shown in Fig. I 1.1 1c. 
¢ : : 


11.5 EXTENDED, REDUCED AND PERIODIC ZONE SCHEME 


The wave vector representation of a plane wave eigenstate is simple and unambiguous while the 
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representation of Bloch states are not so because the Bloch function is not a simple plane Wave 


but a modulated plane wave. To represent such states, 
used. They are called the extended zone scheme (or the Brillo 


three different schemes are common), 
uin zone scheme), the Teduceg 


zone scheme and the periodic zone scheme (or the repeated zone scheme). All the three Schemes 


represent the identical physical behaviour and any of these can be used 


Extended Zone Scheme ‘5 bei 
Let us consider a one dimensional lattice in which the energy of an electron is being Slowly 


\, 


increased so that the value of k is also increased. 
When the value of & becomes large enough, 
the wavelength becomes small enough as k = 
27/A, the electron will suffer a Bragg reflection 
following the Bragg’s condition 2d sin@ = nA. 
For a one dimensional lattice, d= a (the spacing 
between the atoms), so that the Bragg reflections 
will occur at 


i ae where #17. 
a 

As a result of these reflections, energy gaps 
are developed in the free electron parabola as 
shown in Fig. 11.12. This representation of 
energy as a function of k is known as extended 
zone scheme. Physically, this scheme is very 
close to the free electron scheme and differ 
only at the zone boundaries. However, like 
free electron case, the k-space is infinite in the 
extended zone scheme but is dissected by the 
planes of energy discountinuity into segments 
called Brillouin zones. The first BZ is that 
part of the k-space which is located in the 
neighbourhood of the origin and is bounded by 
the first set of planes. Similarly, the nth zone is 
reached after crossing (n — 1) such planes and 
is bounded by the nth planes, where the nth 
zone is represented by composite segments of 
k-space between (n — 1)th planes and the nth 
planes. The extended zone scheme represents 
various Brillouin zones in k-space. 


Reduced Zone Scheme 

In eq. 3, it is observed that the wave vector 
kK is not uniquely defined since we may write 
the same as 


for convenience. 


E 


| | 
1 I 
I I 
I | 
I I 
| | 
l I 
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Fig. 11.12 Energy as a function of wave vector for 
a one dimensional lattice in (a) Extended, 
(b) Reduced, (c) Periodic zone scheme 
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Ju (x) (43) 
ponential on the right hand side of eq. 43, exp(-2inx/a) = 
attice periodicity. It is therefore possible to restrict the value 
; without loss of information. 

et us start with a free electron case, We know that an ordinary free electron 


(x) exp(ikx) = ca i + 72), re — 
ao i = 


where 7 is an integer. The second ex 
exp(ingx) contains the necessary | 
of & to an interval of length 27/a 
For simplicity, 
wave is given by 


We(x) = exp(ikx) (44) 
and the corresponding energy expression is 
22 
EW) = 4 (45) 
87°m 


A plot between E versus k gives a famous free electron parabola as shown in Fig. 11.13a. Let 
us now write eq. 44 as 


W(x) = exp(ikx) = expi(k + g) exp(-igx) 
= exp(ik’x) exp(-igx) ee) 


where k’ (= k + g) is the reduced value of the original wave vector k. Since, the second term 
on the right hand side of eq. 46 is periodic function in the lattice, this has the form of eq. 3. 
But it is extremely artificial representation of a plane wave. Actually, it is the limiting case of 
a vanishingly small periodic potential. Under this assumpsion, one must take into account the 
symmetry requirement of the periodicity. The general demand of the pereodicity implies that 
the possible electron states are not restricted to a single parabola in k-space, but can be found 
equally well on parabolas shifted by a vector g = 2”/a (Fig. 11.13b). The energy expression in 
the reduced zone scheme becomes 


2 2 

E(k’) = E(k + g) = il (4, , 2m) (47) 
827 m\ a ) 

where n = 0, +1, +2, .... , 

Since, the behaviour of E(k) is periodic in k-space and hence follows the symmetry properties, 
it is sufficient to represent this in the first zone only. In order to achieve this, let us displace the 
part of the parabola of interest linearly by the appropriate multiple of g = 2nz/a as shown by 
arrows in Fig. 11.13b. The E versus k curves for several values of n reduced into the first zone 
for a simple cubic lattice with vanishing potential are shown in Fig. 11.13c. Each value of n 
defines a Brillouin zone in the reduced zone scheme representation. 

Let us consider the Bloch function give by eq. 3 and try to choose « such that u,(x) is as 
constant as possible and the electron wave function for a given k look as much as possible like 
a free electron wave. Therefore, writing eq. 43 in vector notation, we have | 


W(x) = u(x) exp (ikx) = exp i(k + g)x [exp(—igx) up(x)] = exp (ik’x) uy (x) (48) 


where k’ = k + g, and g is some geometrical reciprocal lattice vector. The new function uj(x) 
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Fig. 11.13(a) Energy asa function of wave vector fora free electron (b) Dispersion curve with the translational 
symmetry and the various bands (c) The same disperson curve in the first zone only 


_ has the same periodicity as u,(x), so that k’ is as good a wave vector as the original vector k. 
Although every electron state is characterized by a wave vector, but it is not unique. They differ 
from one another by a recipr :al lattice vector. This nonuniqueness allows us to bring all wave 
vectors into the first Brillouin zone following above discussed procedure. Thus, the Fig. 11.13b 
showing the dispersion curve in the extended zone scheme Is transferred into the reduced zone 
using suitable translational symmetry. This is shown in Fig. 11.13c.. 


Periodic Zone Scheme 

In the preceding section, we obtained the E versus k plot in reduced zone scheme by translating 
the desired portion of the neighbouring parabolas into the first zone as the energies obey translational 
symmetry. A reverse process is equally probable. Accordingly, we can translate the desired 
portion of the first zone to any or every other zone, we can obtain a periodically repeated zone 
as shown in Fig. 11.12c. This construction is known as periodic or repeated zone scheme. This 
representation leads us to a very important result that the electrons in a crystal behave like free 
electrons for most of the k values except when k approaches n/a. 


11.66 EFFECTIVE MASS OF AN ELECTRON 


As we know that the free electron energy in terms of k is given by 
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where m is the mass of the elect i 
ron. Differentiating this expression, we get 
dE h?k 2 
<~ = GE. ft 
dk 4n2m 304 dk? ~ 4q2m oe 
so that m= non d?E x 
4x? ae) ite 


a free electron m 
) ae s piduetoie E versus has a parabolic relationship. As the mass of the 
However, when he cla ee d°Eldk can also be taken as constant (eq. 49). 
relationship between E and k no fod iN 4 periodic potential of the crystal lattice the parabolic 
boundaries leading to the orio nger exists. There is a breakup in the curve at various zone 
fE © Origin of allowed and forbidden bands, Near the forbidden band, the 
curvature : : ee k curve changes, and can become negative (since as k approaches the zone 
boundary d°E/dk" first reduces to zero and then becomes negative). Therefore, @2E/di2 is no 
longer a constant as also the mass of the electron, actually both of them are a function of k. Thus, 
, the mass of the electron given by eq. 50 is known as effective mass and 
is represented by the symbol m*, So that 
m* = ht (@E . 
An? \ dk? ) on 


The effective mass is a new concept and arises 
because of the interaction of the electron wave 
packet with the periodic lattice. If the interaction 
between them is very large or in other words if 
there is a strong binding force between the 
electron and the lattice, it will be difficult for 
the electrons to move, meaning thereby that 
the electron has acquired a large (or even infinite) 

* effective mass. To explain a negative effective 
mass, let us suppose that there is an electron 
with k value just less than a/a at the boundary. 
It will manage to move through the crystal. 
But then suppose that a field is applied which 
Should accelerate it and increase k. As the 
electron responds to the field, it will meet the 
condition for Bragg reflection and will be 
scattered back in the opposite direction. In this 
way, it will behave like a particle with a negative 
charge and negative mass(strictly speaking the 
Situation in a real crystal is more complicated 
than this). A force applied in one direction may 
cause acceleration in other not necessarily just 
the opposite direction. The effective mass of Fig. 11.14 The effective mass, energy and the first 
an electron may be positive or negative and is and the second derivatives of energy as 
shown in Fig. 11.14 by plotting a curve between afunction‘ofe 
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m* and k in the first Brillouin zone for one-dimensional lattice. It is clear that the effective Mas; 


is positive in the lower part of the band (lower & value) and negative close i se i ae 
(near k ~ x/a). The figure also shows the curves £ versus k, dE/dk versus k an Versus 


& in qualitative form. i : 
The effective mass m* may be equal to m(m* = m) only when the energy 1s not near the edge 


of a band and E versus k curve is parabolic (i.e. only under the free electron approximation), In 
most conductors, #* = m as the band is only partially filled. In semiconductors, insulators, and 
certain conductors (e.g. bismuth) where full or almost full valence bands are involved, the 


effective mass differs from m. 


11.7 THE NEARLY FREE ELECTRON MODEL 


In this model, the crystal potential is assumed to be very weak as compared to the electron 
Kinetic energy so that the electrons behave essentially like free particles. The weak periodic 
, potential introduces only a small amount of perturbing effect on the free electrons in the solid. 
Therefore, this model demands the application of very elementary perturbation theory. For 
simplicity, only the one dimensional case is discussed. It is convenient to choose the zero of 


energy so that the mean value of the potential function is zero, i.e. 
[ venar=o (52) 
0 
where a is the periodicity of the lattice. The unperturbed wave functions corresponding to V= 


O are the plane waves 


d(x) = — exp (ikx) (53) 
v Na 
where the wave functions are normalized over a microcrystal containing N atoms. The unperturbed 
electron energies are | 
ee 
54 

82m oo 
This is free electron case where k can take any value. Now suppose, we take into account the 
periodicity of the lattice keeping V = 0 and restricting k to lie in the first Brillouin zone only. 
Then, we have 


E°(k)= 


Wi(x) = Te exp (ik’x) 


where W=k+g=k+ n= and 


E° (k’) re 


h? ; 
822m ( * noe | (55) 


where k < z andn=0,+1,+2,.... 
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As we introduce the periodic Potential, the real wave function becomes 


Vi (x) =O (x) + 2 Av Ode (56) 


where A,(k) are constants and are fo 


und to be small from perturbation theory. Their values 
corrected to first order are given by 


Ay (k) = —SKVIk> (57) 
en ES) — ER) 
where <khIVik>= JOrV ode (58) 
The perturbed energy, corrected to second order is 
E(k) = E(k) + Ik IVIk>I? (59) 
Ek) bor) 
Because of eq. 52, the first order term is zero. 


Now, let us take into account the real periodic potential which may have the same periodicity 
as that of the lattice. In terms of the Fourier Series, it can be expressed as 


V(x) = PAL exp(-igx) and V, = V_, 


Then the integral 58 becomes 


<KIMk>=V. ifk-K= = 


= 0 otherwise (60) 
Consequently, the wave function becomes 
j l : 
(x) = exp(ikx x A, (k) exp(-igx 61) 
V(x) = exp( ) (He All exnige) ( 
Vn 
with Ap = | and A, = ne a where n #0 
E°(k) - Ek ~ n° | 
aj 
The perturbed energy is 
Iv. 


ee ae 
E(k) E(k - 12) (62) 


The energy is either decreased or increased slightly with respect to E°(k) depending on the 
difference E°(k) — E®(k’), which is given by 
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Ea) — 8K me Ee [he I 
Kor 
he he? Bis 2s) - I? (« ae | - 2am) 
“Rem - a Arn a a 
ali. { ba, un) 
2mma a (63) 


At or near the zone boundary 


where 7 is an integer, The perturbation theory therefore breaks down whenever the wave VECtos 
Mi s s bs . Orn PY PY = / wer a4, > . 
is an integral multiple of aaa and the wave is reflected (k = -K’). Near a zone boundary, j if 
necessary to Write 


yx) = Ag exp(ikx) + A, exp i(k + g)x (64) 


Where Ag and A, are constants. The eq. 64 means that one Fourier coefficient V, will be large 
near the boundary & = t/a, Substituting eq. 64 in eq. 1, we obtain 


[E°(k) -— E(k) + Va(x)]Ap exp(ikx) + [E(k + g) -— E(k) + VXdJA, exp i (k + g)x =0 (65) 


If we multiply eq. 65 either by exp(ikx) or by exp[-i(k + g )x] and integrate, we obtain the 
following simultaneous equations, i.e. 


[E°(k) - E(k))Ag + Vn An = 9 
Vi Ag+ [E%(k + g) — E(k)JA, = 0 (66) 


For a non-trivial solution, the determinant of coefficients must vanish. The resulting quadratic 
equation has two solutions 


2E(k) = [E%(k + g)) + [(E(Q) - E(k + g)}? + lV, 7)!” (67) 
At the zone boundary, & = tnz/a and EX(k) = E(k + gv). Therefore, the two energies are 


e+{ aE) = £°( 22) + 1M | 


a \ a 
g-{ 2m) . po( nm -IV,I | 
La La a 


Thus, the energy gap at the first zone boundary (n = 1) is 
ARS fh SE = OV | 


Fig. 11.15 shows the energy gap at the first and the second zone boundaries in extended and 
reduced zone schemes. Also, in this case, IA,/Agl = 1, so that at k = +z/a the wave function is a 
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Fig. 11.15 Energy band in the NFE model, (a) The extended zone scheme, (b) The reduced zone scheme 


superposition of two plane waves traveling in opposite directions and thus represents a standing 
wave. 

Near k = 0, the difference in the unperturbed energies is so large that the perturbation effect 
is negligible and isnce there is no effect on the curve in this region. 

When E'(k) — E'(k + g) >> V,, then E(k) = E%k) or E(k + g), i.e. away from Bragg reflection, 
the energy values are practically plane waves, the same as that of the free electrons. 


11.8 TIGHT BINDING APPROXIMATION 


It is another extreme view point to see the electrons in a periodic potential. In the NFE case, we 
observed that the electron wave functions outside the ion core look very nearly as plane waves. 
However, near the ion cores they look like atomic orbitals. This suggests an entirely different 
scheme for the construction of wave functions. In 1928 , Bloch suggested that the crystal wave 
function with the correct symmetry could be constructed from the linear combination of atomic 


orbitals (LCAO). 
Let us start from an electron in a free atom and then suppose that a number of such atoms are 
brought together to form a crystal. For simplicity, WS) = yolr-R,) 
a two dimensional arrangement of atoms on a 
square lattice is shown in Fig. 11.16. Let r and o ° e e © 
R, be the position vector of the electron (at p) — 


and nth atom in the crystal. The potential of 
an electron in a free atoms is V(r — R,) and 
that in a crystal is V(r). In Fig. 11.17, they are 


represented by dashed and the solid curves, e © ° 
respectively. In tight binding approximation, it 
is assumed that the electron wave function is 
influenced by the nearest atom and is unaffected © e © 


by other atoms of the lattice. The wave 


: Fig. 11.16 An atom in the tight bindi h 
function of an electron for a free atom is then ght binding approac 
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Atomic potential 
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Fig. 11.17 Atomic and crystal potentials 


approximated as w (r — R,), so that, in general, the crystal wave function may be written as a 


linear combination of the form 


Wy (1) = py exp(ik-R, Wo (r i R,) (68) 


The summation in eq. 68 is over all atoms of the crystal, which for simiplicity we assume is 
infinite. Since, we have considered that the electrons are in a periodic potential, y4(r) must be 
a Bloch function because it can be shown that 


Wilr+ Rn) = py exp(ik-Ry )Wo(r - Ry + Rn) 
= exp(ik-Ry ) X explik-(Ry— Rn )IWolr — (Ra - Rn] 


= exp(ik-Rn) WiC) (69) 


This shows that the Bloch condition (eq. 3) is satisfied. y,(r) given oy eq. 68 is a solution of 
the Schrodinger equation for the whole crystal: 


AYA) = EM) (70) 


The crystal Hamiltonian H may be written as the sum of the Hamiltonian for a free atom 


H=H)+H, (71) 

with a h* V? +Vo(r—-R,) (72) 
Ri2m 0 n 

ane H, = V(r) — Vo(r — R,) (73) 


where Vo(r — R,) is the potential due to nth ground state atom on the electron at r. 
The energy of the electron in the crystal E(k) can be found by evaluating 
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E(k) = | Wi (r)[Hy +H, lw, (r)dr 


(74) 
Vi (ry (r)dr 


where the denominator 
| Ye ()Wk(r)dr = ») exp[ik-(R, — Ra)l Wi (r — Rn )Wo(r- Ra) 
Neglecting the overlap of electron wave functions between the neighbouring atoms such that 


| Wo(r — Rm )Wo(r - Ry dr = Som (75) 


and | Wi (r)Wy(r)dr =N (76) 
where N is the total number of electrons (atoms) in the crystal. Therefore, eq. 74 becomes 


E(k) = x J Wi(r)LHo + Hy yy (r)dr 
-1 | viin(- ev +Vy(r—R yy (r)d 
N . 822m ° a ie 
° i J Wi (r)V(r) - Vo(r - RW (r)dr 


E * * 
= a | Ww (TW, (r)dr + + L2 exp[ik-(R, — Ralf Wie(r— Ra) X 
[V(r) — Vo(r — Ry)] Wolr — R,)] dr 
= Ey + >) exp[ik-(R,- Rn ni wi(r- Ra) x 


[V(r) — Vo(r — Ry)] Wolr - R)] dr (77) 
Here, we expect that every term in the summation from n = 0 ton = N- | to contain N identical 
terms, which may be evaluated most easily by substituting n = 0. Hence, eq. 77 reduces to 


E(k) = Ey +  exp(-ik Ry) | V5(r — Rm) [V(r) — Volr)] yolr) dr (78) 


Further, if we make an approximation that YW is spherically symmetric (i.e. to consider alkali 
metals for which the ground electronic state is an s-state) so that the contributions due to all 
nearest neighbours may be assumed to be identical. For m = 0, the integral in eq. 78 gives 
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[usin vin Yr vol) dr =—o (79) 
and for the nearest neighbour atoms 
[vecr-Rp) Yr) - Volr)] yor) dr = —B (80) 


3 : I en 2 j a 
where a and f are constants and are known as overlap integrals. Since V(r) — Vo(r) is NEgative 


therefore a and B are positive. Consequently, the eq. 78 can be written in a simplified form se 
E(k) = Ey— a@— B Lexp (-ik-Rm) (81) 
m 


where the summation is to be carried out over the nearest neighbours only. It is observed that 
the eq. 81 consists of a constant term Ep — a@ together with the term dependent on &. It is the 


latter term which transforms the discrete atomic levels into the energy bands in the solid. 
In order to demonstrate the application of the above method, let us take the case of a simple 
cubic crystal and consider only the nearest neighbour interaction. For an atom which is taken 


as the origin, there are six nearest neighbours whose lattice vectors are: 


Ry = (+a, 0, 0), (0, +a, 0), (0, 0, a) (82) 


Substituting this in eq. 81, we obtain 


E(k) = Ey — a — 2B (cosk, a + cosk, a + cosk, a) (83) 


For small value of k, we may expand the cosines and retaining up to the second term, eq. 83 


k? a ka ka? 
y= f= = —_— +] 1- +{1-—4 
E(k) = Ey - a- 2B ( : ; | ; 


= Ey 68 + fa? (2 +42 + 42) (4) 


becomes 


Since, the last term on the right hand side of eq. 83 is periodic and hence E(k) is also periodic 
with the periodicity 27/a. Thus, the first Brillouin zone is defined as —a/a” k” n/a. The resulting 


Brillouin zone is a cube. Further, along a cube axis, the cnergy is minimum at k= ky =k, =0. 
Thus, the bottom of the band is given by 
E(k) min = ECA) bottom = Ey = Or 6B (85) 


Similarly, the energy is maximum at k, = ky =k, = tn/a, and hence the top of the energy band 


will be given by 

E(k) max = EK op =Ey-a+t 6B (80) 
The constant energy surfaces near the bottom and top of the band for simple cubic are shown 
in Fig. 11.18. The width of the energy band is 
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(a) near bottom of band (b) near top of band 


Fig. 11.18 Constant energy surfaces for simple cubic lattice in tight binding model 


E(K)top ~ E(gotom = 128 (87) 


. The two dimensional view of the energy contours for simple cubic case for tight binding and free 
electron model are shown in Fig. 11.19. In tight binding model, the Brillouin zone of a simple, 


(a) tight binding approximation (b) nearly-free clectron approximation 


Fig. 11.19 Electron energy contours for simple cubic lattice 


cubic lattice and the FE’ versus & curve along a cube axis are shown in Fig. 11.20. Further, from 
eq. 80, it follows that the energy width of the band becomes greater as the overlap of the wave 
functions on the neighbouring atoms increases. Thus, the inner electronic levels of the free 
atoms give rise to narrow bands in the solids and increase as we proceed to the outer levels, 


11.9 ORTHOGONALIZED PLANE WAVE (OPW) METHOD 


After noticing some inadequacies in the NFE and the tight binding models, in 1940 Herring 
introduced the orthogonalized plane wave (OPW) method for energy band calculation. 

In the OPW method, it is necessary to make a clear cut distinction between the core state and 
the valence state. For example, in aluminium the core states are associated with 1s” 25° 2p° 
atomic shells, while valence states are associated with 35° 3p shells. Further, the core wave 
functions rapidly oscillate and are highly localized about the lattice sites. On the other hand, the 
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Fig. 11.20(a) Brillouin zone (b) Energy as a function of & along the cube diagonal of a simple cubic lattice 


valence wave functions are approximated as small number of plane waves in the interstitial 
regions as shown in Fig. }1.21. However, this approximation fails to produce the rapid oscillatory 
behaviour required in the core region. In order to overcome this problem, Herring used those 
plane waves which have been made orthogonal to the core states, instead of using simple plane 
waves. Accordingly, he defined the orthogonalized plane wave (OPW) @, by 


oy = explit-r) + E Bey (r) (88) 


where the summation is over all core states with Bloch wave vector k. A logical relation of the 
same is given by 


OPW = plane wave — core function. 


The constant B, in eq. 88 can be determined from orthogonality condition, 


| ve 6m dr=0 (89) 
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Fig. 11.21 The Bloch wave function oscillates rapidly near the atomic sites where the lattice potential is 
deep and attractive 


which implies that Pia | ve" (r) exp(iker).dr (90) 


Since both the plane wave exp(ik-r) and the core wave function Wi (r) separately satisfy the 
Bloch condition with wave vector k, therefore the OPW ¢), will also satisfy it. We may therefore 


expand the Bloch function(i.e. the actual eigenstate of the Schrodinger wave equation) in terms 
of OPW’s as a Fourier series: 


WAC) = ~ de Vxse(T) 


or IY) = 2 ay Ins) (91) 
Substituting eq. 91 into the Schrodinger equation 
Hy {r) = (T+ V) Yr) = E yr) (92) 
we obtain a secular equation 
2 a,(T + V—E)\k + g)- (T+ V-E) & Wa) (yal k + g)=0 (93) 


This is simplified further by taking into account that 


(P+¥) AY) = E,l We) (94) 


where E, is an atomic energy eigenvalue of the appropriate core level and y,; is the core function 
centred at the lattice site /. Now, operating from the left of eq. 93 with (@,9l and rearranging the 
terms, we obtain 


Sam 


7a ( a Joos! Orae) + (K+ 8 Were (rk + ®| =0 (95) 


where (k + g’iVepirik+ gy atk + eid tg) + & (E-E) k+ a'lWaXWalk +e) (96) 


cl 
defines a new ettective weak potential, known as OPW pseudopoiential. OPW inethod is one of 
the most widely used methods to describe electron in metals. Apart from visual physically, this 
method is relatively convenient. The OPW method is also the basis of pseudopotential method, 
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11.10 THE PSEUDOPOTENTIAL METHOD 


The pseudopotential method is just an extension of the OPW method. Philips and Kleinman in 
1959 noticed that the effective potential V.g(r) defined by eq. 95 is weaker than the true potential 
V and called it the pseudopotential. They observed that the contribution from the first term on the 
right side of eq. 95 is negative, while the contribution from the second term 1s positive. Consequently, 
the two terms cancel each other and lead to a weak effective potential, Vert). 
Physically, the cancellation between the true attractive potential and ee 
orthogonalization term may be viewed as an elimination of rapid oscillations so that the valence 
electron appears to see only the weak pseudopotential. The true crystal pone the true wave 
function, and their corresponding pseudo counterparts are as shown 1n Fig. 11.22. On the other 
hand, mathematically, the above cancellation may be viewed as a transformation of the true 
wave equation to a pseudo wave equation. Accordingly, let us write the true wave punenon for 
a valence state as a linear combination of OPW’s as in eq. 91. Further, suppose that ¢,’ be the 


plane wave part of this expansion. Then, eq. 88 can be rewritten as: 


Pseudofunction dy 


Wave function 
x 


Potential Vir) i. 
Pseudopotential 


(a) (b) 


Fig. 11.22 The pseudopotential concept (a) the actual potential and the corresponding wave function, as 
seen by electrons, (b) the corresponding pseudopotential and pseudofunction 


Oy. (r) = Lids expi(k + g)-r 


he) = 2 ag lk + g) (97) 


or 


This defines the pseudo wave function as a linear combination of ordinary plane waves. Further, 
eq. 91 can be rewritten as 


Iyi) = (1 - P) Ip) (98) 
where P = 2 [Ko XY! and is known as projection operator. Substituting eq. 98 into 91, we obtain 
(T+ V)Iby) - (T+ V)PIOs) + EP |p.) = Eloy) 
er {T+ Veg(r)} Io) = Ely ) (99) 
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Further, similar to eq. 94, we may define 


(T+V)P=E,P (100) 
with the help of these equations, we may define the pseudopotential according to the 
relation: 


Vertr) = Vir) + DE - E.) WW) Yal (101) 

¢ 
The cancellation between the two contributions in real space is now clear from the fact that 
the valence level E is generally higher than the core level E,. Thus, the second term in eq. 101 
is positive and the first Aci IS Negative. The smallness of the pseudopotential explains why 
the electrons in metals can (in many cases) be regarded as quasi-free particles. Because of the 


same reason, It 1s possible to use the perturbation theory to find out the energy eigen states. 
Free electron wave function may be used as a zero approximation. 


11.11 CONDUCTORS, SEMICONDUCTORS AND INSULATORS 


In sections 11.2 and 11.3, we discussed the origin of allowed and forbidden bands in solids, 
a result of electrons in periodic potential. Each allowed energy band was found to contain a 
limited number of energy levels. Further, in compliance with the Pauli’s Exclusion Principle 
each energy level must be occupied by no more than two electrons. However, with a limited 
number of electrons in the atoms of a solid, it is expected that only the lower energy bands will 
be filled. The outermost energy band that is completely or partially filled is called the valence 
band in solids. The band that is above the valence band and that is empty at OK, is called the 
conduction band. Hence, according to the nature of band occupation by electrons, all solids can 
be classified broadly into two groups. 

The first group includes solids in which there is a partially filled band immediately above the 
uppermost filled (valence) band. This is possible in two ways. In the first case, the valence band 
is only partially filled as shown in Fig. 11.23a. In the second case, a completely filled valence 
band overlaps the partially filled conduction band as shown in Fig. 11.23b. 

The second group includes solids with empty bands lying above completely filled bands. The 
solids of this group are conveniently subdivided into insulators (dielectrics) and semiconductors 
depending on the width of the forbidden band. Fig. 11.24 shows the difference between them 
in terms of the magnitude of the energy gap. 


Conduction band 


Velence band 


(a) 


Fig. 11.23. Metals have partially filled or overlapping bands 
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Fig. 11.24 The difference between an insulator and a semiconductor in terms of energy gap 


Insulators include solids with relatively wide forbidden bands. For typical insulators the band 
gap £, > 3 eV. Diamond with E, = 5.4 eV, boron nitride with E, = 4.6 eV, Al,03 with E, =7 ev 
etc. are some typical examples of insulators. 

On the other hand, semiconductors include solids with relatively narrow forbidden bands. For 
typical semiconductors E, < 1 eV. Germanium with E£, = 0.7 eV, silicon with E, = | eV, indium 
antimonide with E, = 0.17 eV, gallium arsenide with E, = 1.43 eV, etc. are some typical 
examples of semiconductors. 

Monovalent metals such as Cv, Ag and Au have one electron in the outermost shell and hence 
the corresponding energy band is only half filled in these metals. On the other hand, the divalent 

metals such as Be, Mg, Ca, etc. have overlapping valence and conduction bands. The band 
structure of trivalent metals such as Al, Ga, etc. is similar to that of monovalent metals (the 
outermost band is only half filled in trivalent metals also). The tetravalent metals such as carbon 
(diamond), Si, etc. have even number (4 electrons in each case) of electrons in the outer shell 
like divalent metals. The corresponding valence band is full but unlike the divalent metals there 
is no overlapping of valence band with the conduction band in this case. However, as we go 
down the column from carbon to lead in this group of the periodic Table, the energy gap at room 
temperature (300 K) decreases in the order 


C (diamond) 5.5 eV 
Si lel Zev 
Ge 0.67 eV 
Sn (grey) 0.1 eV 
Pb 0.0 eV 


As a result, diamond behaves like an insulator at usual temperature, metallic (grey) tin and lead 
as conductors and silicon and germanium as semiconductors. 
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11.12 SUMMARY 


hs 


i) 


. Making use of the Bloch theorem a 


. Motion of electrons 


. The energy bands E 


The wave function of an electron 


moving in iodi i in the case of a 
crystal, may be written in the Bis g in a periodic potential, as in th 


h form, 


Wr) = exp(ik-r) 1(r) 


where the function u(r) has the Periodicity of the lattice. ¢ 


nd Kronig-Penney model, the energy spectrum of the 
lectron is fou Resi B y ; ¥ SP 

ae und iG comprise a set of continuous bands, separated by the regions of 
forbidden energics which are called energy gaps 

ct 0s a periodic potential such as Kronig-Penney type gives rise to an 
encrgy spectrum which consists of allowed and forbidden bands. This can be understood 


from the construction of Brillouin zones. The first BZ is defined as the region in k-space 
lying in the range 


-tla<k< nla 
| a(k) satisfy the following symmetry properties: 
(i) Translational symmetry: E(k + G) = E,(k) 
(ii) Inversion symmetry: E.(-k) = E,(k) 


(iii) Rotational symmetry: The energy band E(k) has the same rotational symmetry as the 
real lattice. 


. The effective mass of a Bloch electron .is a function of k and is given by 


ai 


The mass is positive near the bottom of the band, (for low k values), where the curvature 
is positive. On the other hand, the mass is negative close to the zone boundary (near k ~ 
ma), where the curvature is negative. 


. Inthe NFE model, the crystal potential is taken to be very weak. The solution of Schrodinger 


equation shows that the electron behaves essentially as a free particle except when k is 
very close to or at z/a. At the zone boundary, the potential leads to the creation of energy 
eaps. The energy gap at the first zone boundary (n = 1) is 


AE=E*-E-=2V 


. In TB model, the crystal potential is taken to be strong. This also leads to the same 


general conclusions as the NFE model, i.e. the energy spectrum is composed of a set of 
continuous bands. The TB model shows that the width of the band increases and the 
mobility of the electron becomes greater as the overlap between the neighbouring atomic 
functions increases. 


_ In OPW method, the wave function of an electron in the crystal lattice is regarded as a 


linear combination of a plane wave in the interstitial region and a rapidly oscillating wave 
in the ion core region. The logical relation is 


OPW = Plane wave — Core function 


B 
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ential method, which makes it Possipy, 
a metal. The smallness of the pseudo ‘ 
ses be regarded as qUasi-fre, 


9. The OPW-method is the basis of pseudopot 
to describe the motion of valence electrons 1n a - 
tential explains why the electrons in metal can in many 


particles. 

10. Depending on the nature ofb 
them, solids are classified into conductors, s mic 
semiconductors are classified as intrinsic or extrinsic. 


and occupation by electrons and the ieee Le ceEaPa between 
emiconductors and insulators. Furthe, 


11.13 DEFINITIONS 


Conductor: A substance or a body that offers a relatively small resistance to the passage of the current, 

Effective Mass: The effective mass of conduction electron is determined by its response to an applied field. Due 
to quantum mechanical effect, the effective mass may be large, small, positive or neeanyss 

Insulator. A material whose conductivity is very low at room temperature, usually less than 10” mho/m, 


REVIEW QUESTIONS AND PROBLEMS 


1. (a) Prove the Bloch theorem and explain the reduced zone scheme. 
(b) Explain the significance of the effective mass of the electron. 

2. Discuss the Kronig-Penney model for a linear lattice. How does it lead to the formation of energy bands 
in solids? What happens to the width of the allowed and forbidden bands with the change in the strength 
of the periodic potential. 

3. Discuss the Kronig-Penney model for the motion of electrons in a periodic potential. Show from (E - 
k) graph that the materials can be classified into coductors, insulators and semiconductors. 

4. What are Brillouin zones? How are they related to the energy levels of an electron in a metal? Draw the 
Brillouin zones for a two-dimensional square lattice of side “a”. 

5. How does the zone theory explains the conducting or insulating behaviour of a metal? Discuss the 
problem of an electron moving in a periodic potential. Explain the occurrence of energy gap ina 
semiconductor. 

6. ed = the pen theory of solids lead to the classification of solids into conductors, semiconductors 
and insulators? 

qi Distinguish between reduced zone, extended zone, and periodic zone scheme of representing energy 
bands. Derive an expression for the effective mass of the electron in a crystal and explain the physical 
basis of it. 

8. Describe the nearly free electron model for determining the electron energy bands in metal and show 
that the model leads to finite discontinuities in energy at the zone boundaries. 

9. Using the tight binding approximation, show the formation of energy bands in a simple cubic crystal. 
18 Se oe ee td that for small values of k, an electron will behave like a free particle. 
eailen oe is g ae dee show the formation of energy states of an electron in a solid. How 
fi Bee eae ia with the nearly free electron model in the case of a metal. 
Pence a : piane wave (OPW) method for studying the band structure of solids. Show how 
1 Justif e€ success of nearly free electron model for metals. 
ow that for a simple square lattice, the kineti i 
as fiphientimedidg panos | inetic energy of a free electron at a corner of the first zone 
n electron at mid point of a side face of zone by a factor of 2. 


13. If electrons are treated as distincu; 
e2 istinguishable particles, at : = 
energy of 5.5 eV (i.e. the Fermi energy of Given), wee eS 


l Ans. 6.38 x 10° K: 
alculate (a) The Fermi momentum of electron in copper, (b) the 
and (c) the Fermi velocity. 


Ans. 14.28 x 10° kg m, 4.64 x 107! m, 1.57 x 10° ms 


14, The Fermi energy of copper is 7 eV.C 
de Brogile wavelength of the electron 


16. 


. The fee lattice has 12 neighbours at a (0 
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+1, +1), a (+1, 0, £1), a (41, £1, 0). Use the tight binding 


method to show t : 1S 
show that the energy band constructed from an atomic s-state, upto nearest neighbours, 


given by 
E(k) = Ey- a~ 4P(coskya cosk,a + cosk,a cosk,a + cosk,a cosk,a) 
where Ep is the free atom energy. 


The bec lattice has 8 nearest neighbours (ta, ta, ta). Use the LCAO method to show that the energy 
band constructed from an atomic s-state, upto nearest neighbours, is given by 


E(k) = Eq — a - 8B cosk,a coskya cosk,a 


Chapter ) 


The Fermi Surface 


SE 


12.1 INTRODUCTION 


The Fermi surface (FS) is defined as the surface of constant energy Zp in k-space inside Which 
all the states are occupied by the valence electrons, while all the states lying outside it are cmply, 
Alternatively, it can be defined as the boundary between the filled and empty states (in k-space) 
in the ground state of the crystal. This definition is strictly valid only at absolute zero, Howeyer, 
as observed in section 10.7, the effect of temperature on the FS ts very slight and the surface 
remains sharp even at room temperature or higher. The shape of the FS is determined by the 
geometry of the energy contours in a zone. For a free electron, the FS is a sphere of radius h 
when it lies well within the first BZ. However, non-spherical and complicated shapes are observed 
when the FS and BZ are close to or touch one another under the effect of pseudopotential Ve 
(r). Hence, a study of the shape of the FS and its proximity to the BZ is necessary for a better 
understanding of the intricate details of various properties of solids, such as heat capacity, Pauli's 
paramagnetism, electrical conductivity, etc. 


12.2. FERMI SURFACE AND BRILLOUIN ZONES 


In the preceding chapter, we discussed the method of constructing the Brillouin zones in one, 
two and three dimensions. In the present section, our aim is to construct the energy spectrum 
of electrons in k-space in the Brillouin zones and observe if any change is taking place in the 
shape of the FS near the zone boundary. As far as the electrons in the metals are concerned, it 
is immaterial whether they are Fermi gas or Fermi liquid, since both of them obey the Ferimi- 
Dirac statistics and each electron occupies a definite volume in k-space. 

In order to demonstrate the effect of increasing the number of valence electrons on the 
shape of the FS in the Brillouin zones, let us gradually fill with the electrons the Brillouin 
zones obtained from a plane square lattice with a lattice parameter a. Figure 12.1 shows 
the evolution of the shape of constant energy curve (i.e. FS) as the number of electrons are 


gradually increased. The kinetic energy of a free electron in k-space is given by the parabolic 
equation 


E(k) = (1) 
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The centre of the first BZ (where kK=O0)isa 
minimum energy position, E = 0). This implies 
that for k = 0 all the states are empty inside the 
BZ. For small number of (valence 
only the states lying near the bottom of the band 
(i.e. the centre of the first BZ) are filled and the 
occupied volume is a sphere (circles in two 
dimensions) of radius kp given by eq. 1. As the 
number of valence electrons are increased, more 
and more states are occupied and so the Fermi 
volume gradually expands. The FS begins to 
deform and loses its spherical shape near the 
zone boundary. The degree of distortion depends 


i) how near is th . 
ane ue os in: 7 the zone boundaries, ig. 12.1 The evolution of the shape of the FS as 
and (il) magnitude of the effective the concentration of valence electron 
pseudopotential. increases 


) electrons, 


12.3 HARRISON’S METHOD OF CONSTRUCTING FERMI SURFACES 


1. Extended Zone Scheme 


Harrison’s method is based on a weak pseudopotential Vis, (r). The effect of this potential is to 
introduce a small perturbation into the motion of free electrons in the whole k-space except the 
_ fegion near the zone boundaries. It is this potential which causes the energy discontinuities AE 

as well as distortions in the FS at the zone boundaries. Therefore, if V,,(r) is made arbitrarily 
low, the energy discontinuities and the distortions in the FS can be removed. 

We shall begin with the assumption that V,,;(r) is made arbitrarily low so that we can describe 
the Fermi sphere (circle in two dimensions) of any radius kg from the centre of the first Brillouin 
zone (i.e. a Fermi sphere consisting of any number of electrons) which will cross a whole . 
number of zone boundaries without distortion. This representation is an example of extended 


zone scheme. Thus, using Harrison’s method, let us construct Fermi surfaces for some simple | 
lattices in two and three dimensions. 


Fermi Surfaces in Two Dimensions—For simplicity, we consider a square lattice of lattice 
periodicity “a” to illustrate the construction of Fermi surfaces. The Brillouin Zones are constructed 
by following the procedure discussed in section 11.3. In order to know the size of the Harrison’s 
(Fermi) circle, let us consider the following cases of increasing electron concentration. 


Monovalent Metal—From section 11.3, we know that the area of a BZ corresponding to a square: 
lattice of periodicity a is given by 


A= 5 (2) 


Since, for a monovalent case only half the area of the BZ is occupied, therefore, 
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1 47° 2(m\_ U3 
or gk? = ae k= 2(2)- 0.798 . 0) 


where 7/a is the distance of the zone boundary from the centre of the zone, Since the valy, oF 
kp lies between 0 < kp < w/a. This indicates that 
the Fermi circle lies well within the first BZ 
as shown in Fig. 12.2. Hence, the FS remains 


undistorted. 


Divalent Metal For a divalent metal with the 
same type of the crystalline lattice as above, 


the area of the Fermi circle is La 
Fig. 12.2 Free electron FS within the first 7 


2(% 1 
or kp= +-(£| = 1,228 a (4) 


Further, the distance of a corner of the first zone from the centre is 
1 
Jz 21414— (5) 
a a 
From eqs. 4 and 5, we have 
© ekg <1.414= 
a - a 


This implies that a circle of radius kp will go beyond the first zone boundary but will remain 
inside the corner of the first BZ as shown in Fig. 12.3a. In other words, it can be said that 


k 


y 


Fig. 12.3 (a) FS partially on first and second brillouin zones. (b) Separate pieces of Harrison’s circle 


at zone boundaries 
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MY 


(b) 
Fig. 12.4 Representation in periodic zone scheme (a) First zone holes, (b) second zone electrons 


first zone of the “metal” is not completely filled with electrons while the second zone is partially 
filled. Since the above Fermi circles are drawn with the assumption that Ver (r) = 0. However, 


if we assume that Vig (r) > 0 but small (i.e. a weak pseudopotential), then it will have the 
following effects: 


(i) energy discontinuities will appear at the zone boundaries 


(ii) constant energy curves will be a periodic function (in k-space) with a period 27/a along 
the k, and ky axes. 


As a result of energy discontinuities, Fermi circle breaks up into a number of separate 
“pieces” of constant energy curves at the zone boundaries as shown in Fig. 12.3b. If we translate 
these pieces through a distance of 27/a along the k, and k, axes we can construct closed curves 
around the corners and the boundaries of the zone as shown in Fig. 12.4 in a periodic zone scheme. 
In the first case, the constnat energy curves (surfaces in three dimensions) surround empty areas 
(spaces in three dimensions) and are known as first zone holes while in the second case these 
curves which surround the areas filled with electrons are known as second zone electrons. 

For a trivalent metal, the radius of the Fermi circle is found to be 


6 
kp = [2(2) = 128% (6) 


Further, from eqs. 5 and 6, we have 
Zeke < 14142 
a a 


This indicates that the radius of the Fermi circle.is still smaller than the distance of the corner 
of the first zone from the centre. Hence, the nature of the Fermi surface will be similar to the 
divalent case. However, the size of the first zone holes will be smaller and the second zone 
electrons will be larger for trivalent case. 


Tetravalent Metals—For a tetravalent metal with the same type of crystalline lattice as monovalent 
case, the area of the Fermi circle will be given by 
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Now comparing eqs. 5 and 7, we have 


Ee Alas < kp 
a a 


This indicates that the Fermi circle for tetravalent case completely encloses the cee! BZ and 
passes through the second, third and fourth zones as shown In Fig. 12.5a. As considered before, 


a weak pseudopotential causes breaks in the 
Fermi circle at the zone boundaries which are 
shown in Fig. 12.5b. Again translating the 
separate pieces of Fermi circle belonging to 
the same zone through a distance of 27/a, we 
can construct closed constant energy curves in 
various zones. Since the first BZ is completely 
Yilled, there are no constant energy curves in it 
‘Fig. 12.6a). The constant energy curves in the 
second, third and fourth zones are shown in 
Fig. 12.6b, c and d, respectively. Here the second 
zone is represented in a reduced zone scheme 
while the third and fourth zones are represented 
in a periodic zone scheme. In a reduced zone 
scheme only one closed energy curve will 
correspond to each zone. Classifying as before, 
we have the second zone holes and third and 
fourth zone electrons. 

Instead of translating the separate pieces of 
the FS as discussed above, we may also translate 
the various triangular parts of the second, third 
etc. zones (Fig. 12.7) into the first BZ by 2a/a 
in suitable directions to represent them in a 
reduced zone scheme, we observe that they 
completely fill the first BZ. The result of such 
translation for the first three Brillouin zones is 
shown in Fig. 12.8. This indicates that the first 
BZ is multivalued containing all possible straight 
lines (planes in three dimensions) on which 
energy goes discontinuous. 


II. Periodic Zone Scheme 

Let us consider a plane in k-space which is 
completely filled with the first Brillouin zones 
(obtained from a square lattice of periodicity 


Fig. 12.5 Extended zone scheme of a square lattice 
with Harrison’s sphere for 4 electrons 
per unit cell 
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Ist zone 


(b) (d) 


Mapping of 
Pping of the Ist, 2nd, 3rd and 4rth Brillouin zones in the reduced zone scheme 


se [|] RX BE 


Fig. 12.7 Brillouin zones of a square lattice in Fig. 12.8 Mapping of the Ist, 2nd, and 3rd Brillouin. 
two dimensions , 


zones in the reduced zone scheme 


Fig. 12.6 


“a’) represented in a periodic zone scheme. For example, let us take the case of a tetravalent 
metal and draw corresponding Fermi circles from the centres of each zone. They intersect each 
other and form closed constant energy curves which belong to second, third and fourth zones and 
_ marked as 2, 3, and 4, respectively as shown in Fig. 12.9. This construction gives us the similar 

pictures as constructed earlier in the extended zone scheme. An analysis of Fig. 12.9 reveals the 


following guidelines: 
ZN 
Vann 


1. The regions bounded by concave lines 
YIN as 
J wats 


(i.e. the lines of the negative curvature 
im 


relative to the inner areas) and x 
NE a= 
PAZ [oA 


belonging simultaneously to n or more 
\ 
Y| 


ie 

: : NZ Ray, 

circles, represent the zone holes in VY DN 
(n + 1)th energy zone. Vane ANTS 
YN LANLAA |Z 
Nit Bat Se 


2. The regions bounded by convex lines 
YN | YIN | ZN 
A Na yg TS 


(i.e. the lines of positive curvature 
relative to inner areas) and belonging 
simultaneously to m or more circles, 
represent the zone electrons in the 
nth energy zone. 

Let us illustrate the use of these rules for pip, 12.9 Periodic zones of a square lattice with 


Various constant energy curves shown by Harrison’s spheres for 4 electrons per unit 
numbers 2, 3 and 4 in Fig. 12.9. As evident cells 
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from the figure, the region 2 is bounded by concave lines and belongs only to one circle drawp 
; e. Thus, according to rule 1, it represents second zone holes, Th. 


from the centre of the first zon ‘ ‘ 
regions 3 and 4 together belong simultaneously to three circles and are called “rosettes”, The 


are bounded by convex lines and according to rule 2 belong to third a ieee Finally, the 
region 4 which is the central portion of the rosette simultaneously be ane. our Circles, Jf is 
bounded by convex lines and hence according to rule 2, is a fourth zone ce lee 

It can be easily seen from Fig. 12.9 that energy 1s multivalued function of k. Ss we know th 
the central portion of the “rosette” belongs to the fourth energy band as well as included jn the 
third energy band, it can be seen that it also belongs to the second and first energy bands. Thus, 
for each value of & in the region 4, there corresponds the values of energy of electrons from the 
first, second, third and fourth bands. Similarly, for each value of & in the region 3, the energy ig 


triply degenerate and so on. 


12.4 FERMI SURFACES IN METALS 


In the last section, we discussed the construction of FS in two dimensions using extended zOne 
scheme and periodic zone scheme following Harrison’s method. Oridinarily, one can simply 
generalize the above discussed two dimensional case to a three dimensional one. But the 
determination of a constant energy surfaces in real metals is not that easy, since it requires the 
construction of a number of Brillouin zones, identification of the pieces of Fermi sphere in these 
zones and finally to bring them into a single zone. However, based on the two dimensional 
discussion, it is possible to formulate a simple procedure which is very helpful in the construction 


of Fermi surfaces of metals. The procedure consists of the following steps: 


1. For a given metal lattice, construct the corresponding reciprocal lattice. 

2. Near each reciprocal lattice point, construct a unit cell (known as BZ) by the Wigner- 
Seitz method. 

3. For the given parameters of the BZ and valence of the metal, determine the radius of the 
Fermi sphere kp. A sphere of this radius is drawn from the centres of the periodically 
repeating zones (or from the centre of the extended zone). 

4. The constant energy surfaces (the FS) formed by the intersection of the Fermi spheres are 


classified by the rules given in the preceding section. 
Making use of the above procedure, let us construct Fermi surfaces for some simple crystal 


lattices of common metals. , 
cz, 


1. Simple Cubic Lattice 

This is the simplest case to be treated in three 
dimension. In the whole periodic Table only 
polonium belongs to this system which is a 
non-metal. Therefore, the study of FS in simple 
cubic case is only of theoretical interests. 

Let us consider a simple cubic unit cell whose 
lattice parameter is “a”. Determine the reciprocal 
lattice points and construct the first BZ which 
is again a cube of side 2z/a as shown in Fig. ; 
12.10. The radius of the Fermi sphere can be Fig. 12.10 First BZ for simple cubic lattice 
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determined by using the eq. 25 (chapter 10), Accordingly, 


/3 1/3 3 
kp = (3x2) = 3x? | ei | oe x 
at) ar) =z) 72098 (8) 


where 1 = 1. Equation 8 shows that the kr will lie between 


O<kp<% 


where 7a is the distance from centre of the zone boundaries. Further, eq. 8 indicates that Kr is 
very close se the zene boundaries. If we describe such spheres in a periodic zone scheme whose 
planar section (in k,— ky plane) will look like Fig. 12.11. Finally, taking into account the effect 


Fig. 12.11 Planar section of Brillouin zones for SC and Harrison’s sphere for one electron per unit cell 
in the periodic zone scheme 


of a weak pseudopotential V4, (r), the Fermi spheres will stick to one another across the zone 
boundaries and will take the shape as shown in Fig. 12.12. A surface of this type is called 
“monster” in literature. 


Body Centred Cubic Lattice 

The simplest family of metals belonging to this crystal system is alkali metals (Table 12.1). In 
section 11.3, we constructed the first BZ for a body centred cubic lattice, which has the form of 
thombic dodecahedron (Fig. 12.13). It has tweleve identical faces and are located at the same 
distance 27/a from the centre of the zone, where “a” is the periodicity of the lattice, For a bec 


structure, as we know that there are two atoms per unit cell, therefore, 


3 V3 
2 6 Fd ‘4 
—_— Die gtione eal = =o Ae 
kp = (s = (= ] Fie 0) 
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; F i Z for bec latti 
Fig. 12.12 First zone monster for sc in periodic Fig. 12.13 First B Ice 


zone scheme 


Table 12.1 The monovalent metals and their structures, 


Noble metals 


Alkali metals 
(fce-structure) 


(bec-structure) 


Li: 1s? 2s! 

Na: [Ne] 3s! 

K: [Ar] 4s! Cu: [Ar] 3d!°4s! 
Rb: [Kr] 5s! Aq: [Kr] 4d!°5s! 
Cs: [Xe] 6s! Au: [Xe] 4f!45d!%6s! 


Further, the shortest distance of a zone face from the centre of the zone is 
2 ap? a A/D? + 0)? = V2( =) =1. (=) 
d= —(1/2)? + (1/2)? + (0)? = A - 1.414] — (10) 


From eqs. 9 and 10, we have 


O<kp<d. 


Further, we have 


*S _ ogsindd -k, = 0.174% 
d a 


These imply that: (i) the Fermi sphere is entirely 
contained within the first BZ, (ii) it covers 88 
per cent of the shortest distance from the centre 
of the zone and (iii) it is separated by a distance 
of 0.174 (z/a) from the zone boundaries. Under 
low pseudopotential, the separation 0.174 
(7/a) between the FS and the faces of BZ seems 
to be relatively large to have any effect on the 
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FS. However, still some noticeable distortions do 
which are closest to th 


directions from the ce 


=—— appear on the FS at twelve different positions 
one Doundaries as shown in Fig. 12.14. They are located along <110> 
ntre of the zone to its tweleve identical faces. 


Face Centred Cubic Lattice 
The noble metals are the simplest members of me 


The first BZ of an fcc structure is cubooctahedron, which has fourteen faces including eight 


hexagonal and nlx. Square: We know that there are four atoms in an fcc unit cell, therefore the 
radius of the Fermi sphere is given by 


= 2. 4 . 12\'? x t 
ke = (32 : *) = (=) my = .563( = (11) 


Further, the shortest distance of a square face from the centre of the zone is 


20 
d= 4 0? 40? = oe (12) 
a a 


Similarly, the shortest distance of the hexagonal face from the centre is 


; 
dy = = (1/2)? + (2)? + U2)? = 3(4} = 1.732) ie 


Equations 11 and 13 give us 


tals belonging to the face centred cubic system. 


O<kp < dy. = 0.90 and d, — kp = 0.1697 


These imply that: 


(i) The Fermi sphere is entirely contained within the first BZ. 
(ii) It covers 90 per cent of the distance (of the hexagonal face) from the centre of the zone. 
(iii) It is separated by a distance of 0.169 (z/a) from the zone boundaries. 


In this case, we observe that the FS is slightly more closer to the zone boundaries than in the 
alkali metals. In addition, the effective potential is greater in this case due to more complex 
shape of the ionic structure. These two together suggest that the FS near the centres of the 
hexagonal faces must be substantially distorted. Experimental results show that the FS near 
these points opens and sticks to the zone boundaries as shown in Fig. 12.15a. This is in agreement 
with the qualitative discussion in section 12.2. A (110) section of the FS parallel to the k, axis 
and bisecting the angle between k, and k, axes in the first BZ is shown in Fig. 12.15b. In a 
periodic zone scheme, the same is represented as shown in Fig. 12.16. The connecting portions 
near the zone boundaries have been described as “necks” and the nearly spherical portion as 
“belly” in the literature. The diameter of the neck strongly depends on the pseudopotential. This 
is in agreement with the experimental results in the case of Cu, Ag and Au, where we observe 
the increasing neck diameter due to increasing atomic number and hence an increasing effective 
potential. 


‘ 
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(200) 


[ool] 
111] 
[110] 


(b) 


Fig. 12.15 The FS in the first zone for noble metals 


In order to see the nature of the FS in higher energy zones, let us take the case of trivalent 
metals having the same crystal structure as above (i.e. the fcc). Among the trivalent, let ys 
discuss the case of aluminium in particular (it is being the simplest). The radius of the Ferm; 
sphere for aluminium is 


kp = (3) x 156 2} =2.205{ (14) 


Further, from eqs. 12, 13 and 14, we have 


k 
dy, < ke BEd <p <2, =I 30 and —-=1.128 
a a. th, d 


s 


These imply that the Fermi sphere completely encloses the first BZ (indicating that the first 
BZ is completely filled with electrons) and passes through the second, third and fourth zones, 
In order to construct the constant energy surfaces in these zones, let us consider the first BZ in 
periodic zone scheme (Fig. 12.17). We observe that the two zones share the faces, three share the 


[111] 


Fig. 12.16 The FS for noble metal in periodic zone Fig. 12.17 Periodic zones of an fcc lattice sectioned 
scheme showing various orbits by (110) plane 
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edges and four share the corners, Accordingly, two Fermi spheres (which completely enclose the 


la 
first BZ) Overlap near Zone faces, three near gone edges and four near zone corners. Next, 
consider the system of BZ and the corespo 


: : nding Fermi sphere in a periodic zone scheme and 
draw two vertical sections of the System, one along the coordinate plane and the other along the 
he empty space left inside the Fermi sphere (Fig. 
concave faces and edges and hence according to the 
0 the second zone holes as shown in Fig. 12.19a ina 


diagonal plane as shown in Fig. 12.18. T 
12.18a) resembles a cubo-octahedron with 
rule 1 (as pointed out earlier), it belongs t 


2nd zone holeskiess 3rd zone electrons 
Fig, 12.18 (a) (111) and (b) (110) sections of an fcc lattice in periodic zone scheme 


reduced zone scheme. On the other hand, in Fig. 12.18b, the shaded volumes which belong 
simultaneously to three spheres and bounded by convex surfaces belong to third zone electrons 
as shown in Fig. 12.19b. In the absence of effective potential, they have triangular shaped 
“tubes” of variable cross-sections, i.e., wider at the middle and narrower towards the end of the 
edges. They give rise to the third zone “monsters”. In the fourth zone, only small electron 
pockets exist. However, when Vr (r)#0 these electron pockets vanish. 

For tetravalent solids such as lead with an fcc structure, the size of the second zone hole 
decreases, while the cross-section of third zone monster and fourth zone electron pockets increases 
because of greater size of Fermi sphere. The fourth zone electron pockets are shown in Fig. 12.20. 


b) 

(a) ( 

Fig. 12.19 FS of (a) second zone hole (b) third Fig. 12.20 Fourth zone electron pockets in reduced 
zone monster zone scheme 
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12.5 CHARACTERISTICS OF FERMI SURFACES 


From the preceding discussions, we find that the FS has the following characteristic features. 


_ The FS represents the dynamic and inertial properties of 
. The volume of the FS represents the number of conduction electrons. 
. The FS has spherical shape within the first BZ and non-spherical in higher zones, 


. The FS always meets the zone boundary al right angles along the line of intersection, 
. For a spherical FS (i.e. for free electron case), the velocity of an electron 1s 


hk (15) 


s of conduction electron in k-space 


1 
2 
3 
4 
5 


where v is proportional to and parallel to the wave vector k as shown in Fig. 12,2]q. 
On the other hand, for non-spherical Fermi surfaces (i.c. for electrons under periodic 
potential), the velocity is a non-linear function of k, which ts given by 


y= AVE) (16) 
h 


where the velocity is proportional to the gradient of the energy in k-space. Since the 


gradient vector is perpendicular to the 
contour lines (i.e. the constant energy 
curves), a well known fact from vector 
analysis, it follows that the velocity vat 
every point in k-space is normal to the 
energy curve passing through that point 
and hence the velocity may or may not 
be parallel to k. This is shown in Fig. 
12.2 1b. 

6. Study of FS provides us to know many 
important properties of solids, such as heat capacity, Pauli’s paramagnetism, electrical 


conductivity, etc. 


Fig. 12.21 The velocity of (a) A free electron, and 
(b) A Bloch electron 


12.6 EFFECT OF ELECTRIC FIELD ON FS 


Let us consider the case when free electron FS is wholly contained in the first BZ (i.e. BZ is only 
partly filled) as shown in Fig. 12,22a, In the absence of an electric field, each electron within the 
FS moves with a velocity determined by its energy and follow symmetry property, Accordingly, 
for each electron with an energy E(k) moving ina particular direction there is a symmetrically 
located electron with energy E(-k) moving in opposite direction and hence no net electron 
movement occurs, When an external electrical field is applied, the equation of motion in the 
absence of clectron collision with imperfection, phonons or any other impurities, is given by 


d(hk) : dk 
cle, (17) 


where the negative sign indicates the charge is due to electrons. The quantity dk/dt is the velocily 
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of electrons in k-space. Equation 17 indicat 
each electron 1s constant, Consequently, the 
the field direction. It is because of the move 


es that for a constant electric field, the velocity of 
entire FS moves through Ak in k-space opposite to 

tates withi ment of electrons from near the FS into the adjacent 
quantum si n the same zone as shown by the dashed circle in Fig. 12.22b. The great 


iority of electron velocities <t; 
majon” maint Ccittes still cancel each other pairwise (due to symmetry). However, 
some elec uncompensated, resulting in a net current 


Sy 


t BZ (a) in the absence of an electric field (b) in the presence of 


Fig. 12.22. The Fermi sphere in the firs 
electric field 


In the energy band model where the electrons are under the influence of a periodic crystal 
potential, we observe a similar result except that the FS has a non-spherical shape. For example, 
consider the FS of Cu, a section of which is shown in Fig. 12.23. When an external field is 
applied, the FS gets displaced in a direction Opposite to the field direction as shown in Fig. 
12.24. In the process, some of the electrons lying close to the zone boundary move out of the first 
zone. They can be brought back into the first zone by translating them through a reciprocal 
lattice vector G. In other words, these electrons did not leave the first zone and Bragg reflected 


— 
[001] E 
— 
: ae [111] 
First Brillouin 
zone \g Point outside 
[110] first Brillouin 
zone 
a Point brought inside 
Fermi surface first Brillouin zone 


Fig. 12.23 Cross section of the FS of copper Fig. 12.24. Displacement of the FS of copper in an 
electric field 


into the same zone by the zone boundary. The resulting FS is shown in Fig. 12.25. Such a 
displacement of the FS leaves some of the electrons uncompensated. These are shown by shaded 
regions in Fig. 12.26. The amount of electric current depends on the number of these uncompensated 
electrons. This, in turn, depends on the displacement, shape and area of the FS. Since the area 
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Fig. 12.25 Displaced FS of copper in the first BZ Fig, 12.26 Uncompensated electrons in copper 


of the FS for Cu and Al is nearly same and hence the number of uncompensated electrons jn Al 
is about the same as in Cu. This explains why the electrical conductivity of Al is also abou; the 
same as that of Cu, although Al has three times as many conduction electrons as Cu. 


12.7 EFFECT OF MAGNETIC FIELD ON FS 
In the absence of collisions as considered above, the equation of motion of an electron in a 


magnetic field is given by 


nS = e(vxB) (18) 


where e(v x B) is the Lorentz force experienced by the electrons moving with a velocity y in 4 
magnetic field B. In metals, sicne v is 
perpendicular to FS in k-space, the force is 
parallel to the FS and perpendicular to both v 
and B. The component of & parallel to B is 
therefore constnat, so that electron orbit in k- 
space is obtained by taking the intersection of 
the FS with a plane normal to B as shown in 
Fig. 12.27. In fact, the shape of the electron 
orbit in k-space depends on the shape of the FS 
and the orientation of the external applied 
magnetic field. 

Let us consider two closely spaced electron 
orbits in k-space with energies E and E + dE as 
shown in Fig. 12.28a. The shape of the electron 
orbit in r-space can be obtained by integrating 
eq. 18, i.e. 


Fig. 12.27 “Orbit” of an electron in a magnetic 


field 
k= 5 (rx B) (19) a 


This shows that the electron orbit in r-space is similar in shape with the k-space orbit but differs 
by a scale factor of h/eB and rotation of 7/2. This is shown in Fig. 12.28b. 
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A 
k - space 


(a) 


Fig, i 
1g. 12.28 Orbits of an electron in k-and r- space 


The period of an electron orbit in a magnetic field is obtained as 


is } dt = } = (20) 


Further, eq. 16, we know that the velocity of an electron in a band of energy E in k-space 
js given by 


dr_ | dE(k) | dE 
eh dE Ge 


where dk, is the normal distance in k-space (Fig. 12.28), projected on a plane perpendicular to 
B, between constant energy surfaces of energy E and E + dE. Equations 19,20 and 21 yield 


>. dk 2 ' 
where A is the area of the orbit in k-space. Therefore, cyclotron frequency is 
= a = = ik (23) 
The cyclotron frequency is also given by 
o,-+-2 (24) 
ro Ng 


where m, is the cyclotron effective mass and can be determined by comparing eqs. 23 and 24, 


2 dA, 
a Le ne (25) 


This is quite different from the effective mass of an electron discussed earlier. 


12.8 QUANTIZATION OF ELECTRON ORBITS 


Based on classical statistics we know that the energy E of a free electron is a continuous quantity 
and can be expressed in k-space as 
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— 2 
E ky sky ky) = ge (UE + hy +) 0% 


Under the action of magnetic field, the electrons do not move in a straight path but Stan 


rotating in circular orbits in a plane ie 
perpendicular to the field as shown in Fig. 
12.29. Let the magnetic field be directed 
along the z-axis, then the motion of an 
electron can be resolved into two 
components: (i) the longitudinal component 
(i.e. the motion along the ficld B), and (ii) 
the transverse component (i.c. the motion in 
a plane perpendicular to B). The magnetic 
field does not change the longitudinal Fig. 12.29 Motion of an electron in a mapnetj, 
component and hence the energy related to field 

this is 


h?k? 


ee 


(27) 


The transverse motion is similar to the motion of linear harmonic oscillator which oscillates 
about an equilibrium position with the cyclotron frequency given by eq. 24. Such an oscillatory 
motion is quantized and hence the corresponding energy spectrum consists of discrete energy 
tevels 


] 
E,'= (n + 7 He. (28) 


where n= 0, 1, 2,... From eqs. 27 and 28, the energy of electron states can be expressed as the 
sum of a translational energy along the magnetic field, together with the quantized energy ina 


plane perpendicular to the field. Thus the net energy of the electron states in the magnetic field 
without taking into account its spin is 


_o | Nk? 
E(n,k,) = [1 + 5 | + ie (29) 
For a classical motion, any values of £ 1 are allowable, Le. 
Mo? r? 
By (chm ding of = Bae 6 


On the other hand, for a quantum motion, only discrete values of E) (eq. 28) are allowable, ie. 


| 
Ey (qua) = [ + 5 Jo (31) 


The radii of different orbits can be found by 


correspondence principle (used in quantum mechanics 
to establish the relation betwee classical 7 


and quantum quantities), according to which we have 
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moo? r2 | 
ge ee | NOs 


Hence the radius of the nth orbit is given by 


_[ 2h ¢ I \ 1/2 
as Fo [n . | ee) 


Fig. 12.30 shows E versus k curves ( 
These are known as Landau levels. 
In order to see the nature of distribution of 
electron states in k-space under the action of 
magnetic field, let us consider the case of a one 
zone metal with spherical FS without spin. When 
B=0 the allowed states are distributed uniformly 
inside the Fermi sphere. Fig. 12,3]a Shows the 
section of the Fermi sphere along k, ~ ky plane 
passing through the centre (i.e, k,=0). Allowed 
states fill the circle of maximum radius 
kp = (2mE, in that plane. For any other 
parallel section k, = constant and the radius of Fig. 12.30 Landau levels 


the circle is 
As k, increases from zero to ke, this radius decreases and becomes zero when k, = kp. 

A uniform filling of the Fermi sphere by the points depicting the allowed states corresponds 
to quasi-continuous energy spectrum E = E (ky, Ky, ), where k,, ky, k, run through quasi- 
continuous sets of values from 0 to kr. 


according to the eq. 29) for different radii of curvatures. 


3 
2 


(b) 


(a) 


Fig. 12.31 Quantization schemes for free electrons (a) without magnetic field (b) in a magnetic field 
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Application of a magnetic field does not change the lotal number of electrons in the metal, but 
causes their redistribution between the bands, As an example, consider only the First hand whic, 
is partly filled, whereas the other bands are empty. When Ihe magnetic field ts tppale te long 
z-axis), the discrete energy levels given by cq. 31 determine the allowed eee or uy iN thie 
planes k, = constant in k-space. The radius k, of the orbil relating loa leve) with quantum number 
nis found by the correspondence principle as pointed out carlicr, 1c. 


“2 
Wks XZ how or k, = calle ae (33 
ova net 5} n h 4 29) 


This shows that under the effect of magnetic field, the states lying between the orbits of radii k, 
(where n = 0, 1,2,...) are forbidden. Hence, 
all the allowed states in the plane A, = constant 
are drawn onto the nearest orbit as shown in 
Fig. 12.31b. When a three dimensional analogue 
is considered, this means that in the magnetic 
ficld all allowed states within the FS are 
condensed on the surface of coaxial cylinders 
parallel to k, axis. Fig, 12.32 shows the occupied 
regions of k-space without a magnetic field, 
whercas Fig, 12.33 shows the occupied regions 
of k-space with a magnetic field. The lower 
graph in Fig. 12.33 shows the dependence of 
the energy (represented by eq. 31) of states on Fig. 12.32 Occupied region of k-space without a 
each cylinder in the plane &, = 0, on the radius magnetic field 

of the cylinder. The right hand curve represents 

the relationship between k, and the energy of state on each cylinder. 

In the above discussion, we considered a simple case of one zone metal with free electron | 
spherical Fermi surface. Now, let us consider a more gencral case of a crystal where electrons 
are in a periodic potential and the corresponding FS may have any arbitrary shape. For this case, 
quasi-classical quantization given by Bohr-Sommerfeld correspondence principle can be used. 


According to this, an integral of the generalized momentum of an electron taken over the closed 
contour of its orbit of periodic motion is given by 


| p:dr=(n+ y)2ah (34) 


where n is an integer, and yis a phase correction (typically y= 1/2 and p and r are conjugate 
variables representing momentum and position of the particles as it traces out its orbit. 


The gencralized momentum of a free electron in the presence of a magnetic field cannonically 
conjugate to ris given by 


p=thk+eA (35) 


where A is a vector potential (Curl A = B). Substituting the value of k from eq. 19 into 35 and 
then p in eq. 34, we have 
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Fig. 12.33 Occupied region of k-space with a magnetic field 


fnftrxB)-ars § ea-dr=2nt(n+ 1) 


or ef B-(rx dr) +06 A-dr=2ah(n+ 4) 
or —2eP + eP=2rh (» + 7] 
F - 

or -e = 2h +5 | (36) 
) 


e 


where ® is the magnetic flux through the orbit in r-space and @ r x dr is twice the area of the 
orbit. Equations 34 and 36 give us 


l 
| p-dr = —e@=27h (» + 3] (37) 


Equation 37 indicates that the flux through an electron orbit in r-space is quantized in uunits of 
27 (h/e). However, we know that in real space the flux #s given by = BA,, where A, is the area 
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ated to FS in k-space through eq. 19, which says tha 4, 


fe ‘ is be rel . 
of the orbit in that space. This can ¢ real space. Therefore, 


orbit in k-space is eB/h times larger than the orbit in th 


7 
SRA eB 
na (B) er « m-() 


en h 
= = Bil —< = —— A, 
so that @ = BA, = 8 zy | Ay k (38) 


Substituting this into eq. 36, we have 


27reB 1 
ay | ty (39) 


This is known as Onsager-Lifshitz quantization condition. The change in the area A, for g unit 
chagne of quantum number is given by 


27eB 
Axa — Ay = h (40) 


Substituting this in eq. 23, we obtain the corresponding change in the energy at the FS 


dE = ha, (4 l) 
This is just expected. 


12.9 EXPERIMENTAL STUDY OF FERMI SURFACES 


In the preceding sections, we discussed the construction of FS in two and three dimensions fo, 
different metals and the effect of electric and magnetic fields on it. In this section, we shalj 
describe some of the important experimental techniques commonly used to study the Fermi 
surfaces for a better understanding of the physics of electrons. They are discussed as under: 


1. Anomalous Skin Effect 

Pippard was the first person to employ this technique to determine the FS of copper under the 
action of an electromagnetic field. The electromagnetic field interacts with the electrons of the 
metal which absorbs a part of its energy. The nature of interaction depends essentially on the 
ratio of skin depth (it is defined as the distance in which the amplitude of the wave falls to l/e 
of its original value) and the mean free path of the electrons (i.e. d/A). 

When A << 6, all Fermi electrons lying within the skin layer interact with the electromagnetic 
field with an equal effectiveness. The values A << 6 correspond to the region of normal skin 
effect. In order to calculate the classical skin depth, let us suppose that E, and H, be the strength 
of the electric and magnetic fields acting on the surface of a metal. They are time dependent and 
are proportional to the Boltzmann factor exp (iat), where wis the frequency of the electromagnetic 


field. For calculating the classical skin depth, we proceed by considering the following Maxwell's 
equations: 


VxH= Me y,1D 9p 10H (41) 


c or Cc Of 


_ where the current density, J = o£. Now, let us make the following assumptions: 
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|, The frequency of the magnetic field is low enough (w<< o) so that the ordinary displacement 


D 
current, >~ can be dropped form the Maxwell equation. 


2. The metal is non-magnetic, so that B = H 


If we consider that the Surface of the metal is normal to the z-axis as shown in Fig. 12.34, the 
Maxwell’s equations give us, 


Fig. 12.34 Azbel-Kaner geometry 


A (42) 
c? oat 
Let the solution of this equation is 
E = E, (0) exp (-iar) - exp (Az) (43) 
then eq. 42 yields a? = “2I@0 
Cc 
2nwo |” 
or eas ip=(1+i) 5 | (44) 
c 


where the root Ji = (1 + i)/V2. In eq. 44, the real part, o is the attenuation factor and the 
imaginary part, B is the phase factor. In order to obtain a quantitative measure of the classical 
skin depth, let us write the expression for spatial variation of electric field inside the metal. For 
O real, it is expressed as 


z 1Z 
E« exo(-F) exp( =] (45) 
onwo \,-1/2 
where b= ( 2 | (46) 


If ois not real in the frequency region of interest, we define 5 as the reciprocal of the imaginary 
part of A in eq. 44. In eq. 45, at z = 0, E, = E, (0), this is the amplitude of the field at the surface. 
Atz= 6, the amplitude of the field is 
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lE,| = Ey (0) e" (47) 


Thus the amplitude decreases to I/e of the initial value, while the field penetrates to a distano, 
of 5. Hence 6 is called the penetration depth. 

The normal skin effect is oberved in metals around room temperature. For example, let y, 
take the case of a good conductor at room temperature: o~ 5 x 10° ohm! cm! = 5 x 10!” sect 
and w~ 3x 10! sec~!. According to eq. 46, 5~ 10~ cm. However, under the same conditions 
A~ 10-7 10° cm. This gives that Sis several orders of magnitude greater than A. Hence, normal 
skin effect is observed at and above room temperatures. 

When the temperature is reduced, the mean free path increases and may become greater than 
the skin depth. The values A > dcorrespond to the region of anomalous skin effect. In this region, 
the effectiveness of interaction between the electrons within the skin layer and the electromagnetic 
field depends on the direction of their motion. 

According to Pippard, only the electrons moving within an angle of the order of (d/A) with 
respect to the surface of the metal can interact effectively with the electromagnetic field. Accordingly, 
the electrons travelling almost parallel to the 
surface of the metal remain in the field for a 
Jonger time and absorb sufficient amount of 
energy from it, while the electrons moving at 
large angles to the surface leave the skin 
layer quickly and penetrate into the metal (Fig. 
12.35). The concentration of effective electrons 
in the extreme anomalous limit (A >> 6) is given 


by 


Fig. 12.35 Effective electrons in the skin depth 


n° Set (48) 


Nefp ~ 1 


where n is the total concentration of electrons in the metal and 0,¢ is the effective skin depth in 
the extreme anomalous region. The corresponding effective conductivity is given by 


Cert ~ “2 = = no = (49) 


where A= vpT and ve is the velocity of electron at the FS. The effective skin depth in the extreme 
anomalous region can be obtained after substituting Og for o in eq. 46. Therefore, 


1/2 V2 
* a C2 c?mVE 
al os ~ : 
TOO est 2none" Sere ) 


2 13 
C°MVE 
/ 


0 
27ane? ae 


or Oett = 
The eq. 50 is independent of A. Thus, the determination of skin depth in the anomalous region 
enables us to measure the electron velocity at the FS. The anomalous skin effect is observed at 
low temperature, where the simple picture of decaying field over a distance 5 breaks down 
completely. 
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4, Cyclotron Resonance 

The phenomenon of cyclotron resonance 
and its experimental verification was mad 
experimental arrangement employed to obsery 
cyclotron resonance is known as Azbel-Kaner 
geometry where the applied alternating electric 
field may be parallel or perpendicular to the 
static magnetic field B, but both E and B, must 
be parallel to the surface of the specimen as 
shown in Fig. 12.36. Azbel-Kaner showed that 


the cyclotron resonance could be observed under 
the following conditions: Fig. 12.36 Azbel-Kaner resonance 


in metals was first predicted by Azbel-Kaner in 1956 
€ on tin by Fawcett in the same year. The most suitable 


A>rpg, and rg>>6 )) 


i.e. the cyclotron resonance is observed in the extreme anomalous region. The first inequlity in 
eq. 51 is a well known condition of cyclic motion according to which the electrons must 
complete more than one rotation around a closed orbit before being scattered. Further, since 
under the above experimental geometry, the electrons can either describe closed orbits in planes 
perpendicular to the surface or move along helices whose axes are parallel to the direction of the 
magnetic field (Fig. 12.36). The second inequality in eq. 51 implies that the electrons can 
interact with the electric field within the skin layer only during a small fraction of the period of 
their motion. They absorb a little energy each time when they pass through the skin layer. The 
resonant absorption of energy can occur only if the electrons experience an electric field of the 
same phase each time when they enter the skin layer. This is possible when the frequency of the 
oscillating electric field is an integral multiple of the cyclotron frequency, i.e. 


o= nw, (52) 
This is called Azbel-Kaner resonance. Substituting the value of cyclotron frequency «, from eq. 
24 into eq. 52, we obtain, 


eB J; * ene 
Se ° Bo om, (53) 


Next, substituting the value of cyclotron effective mass from eq. 25 into eq. 53, we obtain the 
reciprocal value of magnetic field when nth harmonic is observed as 


1 _ 2ane dE 
Bin) ~ oh? dA, Pa 


one keeps the frequency @ constant and varies the magnetic field, then the 
h which the successive resonant peaks appear can be given by the 
n two consecutive resonances [e.g. the mth and (7 


In practice, 
expected periodicity wit 
interval of reciprocal magnetic fields betwee 
+ 1)th] as, 

2ne dE 
0 (55) 


AR), pe Sle «pawl yl 
a] = He B(n) ah? dA, 


—_ 


” <% 
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Au experimental measurement of a quantity which is proportional to the denvative of the , 
component of the impedance (Z = R + iX) over the magnetic field, dR/dB for copper a 24 G; 


ei 


is depicted in Fig, 12.37, 


Absorption 
derivative 
(dR/dB) 


Boa 


Fig. 12.37 Field derivative of the surface impedance (dR/dB) of copper as a function of the fidd 


This cyclotron resonance curve makes it possible to determine very accurately the magnitné- 
of the cyclotron mass and the relaxation time 7 of the corresponding grou of carriers. Howeve; 
the observation of cyclotron resonance requires a complicated experimental technique, a high’, 


pure and perfect single crystal and accuracy in the orientation of the crystal surface relative tp 
the electric and magnetic field vectors. 


3 de Hass-van Alphen Effect 
We know that when a metal is placed in a magnetic field, the electrons do not move in straigt: 


path but rotate in quantized orbits around the FS in a plane perpendicular to the field. Based on 
this concept, de Haas and van Alphen in 1931 discovered that at low temperatures the diamegnetic 
susceptibility of pure bismuth as a function of magnetic field in high fields exhibits periodic 
oscillations (Fig. 12.38a). This was later termed as de Haas-van Alphen (dHvA) effect. Tre 


T=142K 4 


0 0 
B : 1/B —> 


(a) (b) 
Fig. 12.38 de Hass-van Alphen oscillations in (a) Bismuth and (b) copper 
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escillations display a remarkable Periodici 
the inverse of the field (Fig, 12.38b), 
Similar oscillatory behaviour has 


ty when the magnetic susceptibility is plotted against 


= also been observed in the experimental measurement of 
many other quantities such as electrical conductivity (known as Shubnikov-de Hass effect), heat 
capacity, entropy, thermal Conductivity and so on, Actual usefulness of the dHvA effect was 
made possible due to Onsager’s theoretical development in 1952. According to him, the change 
in the inverse field 1/B through a single Period of oscillation, &1/B) could be determined by 


1)_ 2me 
6) = 2m (56) 


where Ae Is any extremal (maximal Or minimal) cross-sectional area of the FS in a plane 


perpendicular to the magnetic field as illustrated in Fig. 12.39. If the magnetic field is taken 
along the z-axis, the cross-sectional area of 


the FS at a height k, is A(k,), and the extremal H 
areas Ae are the values of A(k,) at the k,, where 
dA/dk, = 0. Thus for B along k,-axis, (1) and 
(2) are maximal (extremal) orbits and (3) is a 
minimal (extremal) orbit. When the field is 
along k, -axis, only one extremal orbit (4) is 
present. 

Measurements of the period of oscillation 
(1/B) can be made for different orientations 
of the magnetic field relative to the axes of a 
single crystal to be studied. Further, eq. 56 makes 
it possible to determine the extremal areas of 
the FS normal to the direction of the field 
directly. This information can be used to correct 
the initial model of the FS constructed by the 
Harrison’s method. Practically all known Fermi 
Surfaces of simple metals have been constructed 
by this method. 


“7 Constant energy 
surface 
E(k) = Eg 


Fig. 12.39 Various extremal orbits 


12.10 SUMMARY 


1. Radius of the Fermi sphere in k-space is given by 


32 7n ao 
= (7) 
a 


where n is the number of atoms in the unit cell and a is the lattice parameter. 

2. FS has many characteristic features. For example, it has spherical shape when it lies well 
within the first BZ and non-spherical when it lies near the first zone boundary, at the first 
zone boundary and in the higher zones. 

3. The velocity of a free electron is given by 
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10. 


tk 
~ Mo 


y 


where y is proportional to and parallel to the wave vector k. On the other hand, the 
velocity of a Bloch electron (electron in periodic potential) 1s given by 


zal 
y= 5 VK E(k) 


where the velocity is proportional to the gradient of the energy in k-space. However, jn 
both cases, the velocity v is directed normal to the FS. 


. The motion of a free electron in an electric field in k-space is given by 


. The motion of a Bloch electron in a magnetic field in k-space is given by 


dk 
h—- =e(vxB 
Apes ) 
The electron moves along an energy contour in a trajectory perpendicular to the field B, 


This motion is referred to as cyclotron motion. 


. The cyclotron frequency is found to be 


_ 2neB dE 
ae allie 


Its measurement gives us the information about the shape of the contours, and hence 
about the shape of the band. 


. In aconstant magnetic field, the electron orbits are quantized in such a way that the fux 


through the orbit in r-space is 
2mhi 
(p= a (i+ 7) 


where n is an integer and yis a phase correction. Typically y= 0.5. 

The FS can be determined by various experimental methods. Some of them are: (i) 
Anomalous skin effect, (11) Cyclotron resonance, and (111) de Haas-van Alphen effect. 
They help us to understand the physics of electrons in metals. 

At radio frequencies, the flow of current in a good conductor is confined to a thin layer 
whose thickness is determined by the skin depth 


“2 
5 ( 2m 
a 


’ 


The high temperature skin effect is called normal, while the low temperature skin effect 
is called anomalous, 


. The dHvA (de Haas-van Alphen) effect is the periodic oscillation of diamagnetic susceptibility 


x of a metal at low temperatures when plotted against the applied magnetic field. The 
change in 1/B through o single period of oscillation is determined by the equation 
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where Ae is any extremal (max 


i imal or mini -secti ea of the FS in a plane 
perpendicular to the Magnetic ata esOssreertonallas 


field. 
12.11 DEFINITIONS 


Anomalous Skin Effect: At low temperature 


: S, the mean free pa s and becomes greater than 
the skin depth, ie. A> 6. Application path of electrons increase g 


of fields show = ° 5 . 
. ; ‘ tei S some unusual behaviour in this region. 
Brillouin Zone: The volumes contained in surf; sel gS . eee 

faces which indicate the forbidden values of k, in k-space. 


Extremal Orbits: The maximal or minimal electron orbits as ar icati ic field which 
i i e ation of magnetic field whi 
is directed perpendicular to the orbits. sult of the applic g 


Fermi Surface: The surface in k-space cor 

Fermi Level (Eg): The energy of the high 
in metal, at OK. 

Skin Depth: 
vaiue. 


Csponding to Ey, the Fermi level. 
est filled state in the highest energy band which contains electrons, 


It is the depth of penetration of the field where amplitude of the field reduces to Ie of its initial 


REVIEW QUESTIONS AND PROBLEMS 


1. Consider a two dimensional Square lattice. Take a v 
surface extends to the fourth zone. Desc 
draw Fermi surface in the reduced zone § 
electron behaves as free electron. 


Explain the terms Fermi surface and Brillouin zone. What inference you draw from a spherical and 
elliptical Fermi surface? Discuss one experimental method for determining the Fermi surface of 
metal. 


. Distinguish between Fermi surface and Brillouin zone. How is the Fermi surface of metal experimentally 
determined? 
4. Enumerate various experimental methods for the determination of Fermi surface. Explain in detail how 
cyclotron resonance studies help us to determine Fermi surfaces. 
5. Describe the principle of cyclotron resonance method for determining the Fermi surface of a metal like 
copper. Why does the consideration of extremal orbits become important in this method? 
6. Give an account of a de Hass-van Alphen effect. Explain why it is considered to be the most powerful 
method for the study of Fermi surface. 
7. Sodium has a density of 971 kg/m? and an atomic weight of 22.99. Calculate its Fermi energy. 
Ans. 3.15 eV. 
8. Assuming that silver is a monovalent metal with a spherical Fermi surface, calculate the following: 
Fermi energy, Fermi temperature, radius of the Fermi sphere, Fermi velocity and cyclotron frequency 
in a field of O.S.T. 


alue of electron concentration such that the Fermi 
ribe through Harrison construction or otherwise how can we 
cheme in the first, second and the third zone. Assume that the 


Ans. 5.5 eV, 63763 K, 1.2 x 10'm', 1.93 x 10° mis, 1.4 x 10!° Hz, 

9. If an electric field equal to 1.0 V/m is applied to a specimen of sodium metal, find the drift velocity of 
the conduction electrons and the displacement Ak of the Fermi surface. 

Ans. 5.90 x 107 m/s, 51.0 m7, 

10. Prove that the electron density at which the free electron spherical Fermi surface first touches the zone 


boundary in a bec metal is Fo [=| 


11. The Fermi energy of Al is 12 eV and its electrical conductivity is 3 x 10° Qm. Calculate the mean 
free path of the conduction electrons and their mean drift velocity in a field of 1000 Vm™'. 
For Al, the atomic weight = 27, and density = 2700 kg m™ . 
Ans, 135 A, 1.16 m/s. 
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12. 


13. 


14, 


ive resonances were observed 
In acyclotron resonance experiment in potassium at 68 GHz, three aaa ee sue 
at magnetic fields of 0.74 T, 0.59 T, 0.49 T. Calculate the cyclotron e 


potassium, Ans. 1.08 x 10-o. 


: r of maximum 
The de Haas-van Alphen effect is studied in Cu at a field of 10 T. What is the orde dee 13 
temperature which can be tolerated while still getting a good effect. . : Aratel 
In observing a de Haas-van Alphen effect, it is necessary that collision broadening ae ae hen 
small. If the impurity density 1 and electron collision time T are related by nt= ore 105 m-=3 
density of impurities can the effect still be readily observed ? Ans. n< . 


Chapter 13 


Semiconducting Properties of 
Materials 


13.1 SEMICONDUCTORS 


In section 11.11, we observed, that the magnitude of the band gap of semiconductors lies 
between that of insulators and metals. Further, like the band gap the resistivity of semiconductors 
has been found to lie in the intermediate range as evident from Table 13.1. Also, over a certain 
range of temperature, contrary to metal conductors, the resistance of semiconducting crystals 
decreases with the increase of temperature. In other words, semiconducting crystals have negative 
temperature coefficient of resistance. Broadly speaking we can have two types of semiconductors, 
i.e. instrinsic semiconductors and extrinsic semiconductors. 


Table 13.1 Resistivity of some common materials at room temperature 


Material Resistivity (Qm) 
Quartz io? 
Glass 10'? 
Diamond 10!! 
Pure silicon 10° 
Pure germanium 10; 
Lead, Iron 107 
Copper, Silver 10% 


Intrinsic Semiconductors 

Intrinsic semiconductors are those materials having an energy gap of the order of 1 eV (which 
is comparable to thermal energies). Hence the conduction process in these materials is achieved 
as a result of thermal excitation of electrons across the energy gap. Pure chemical substances 
such as silicon and germanium (elements of group IV of the periodic Table), GaAs, InSb (III-V 
compounds), SiC (a IV-IV compound) and PbS (a IV-VI compound) are some examples of 
intrinsic semiconductors. At absolute zero, the valence band of an intrinsic semiconductor is 
completely filled and the conduction band which is separated by a distance E, (the band gap) 
from the valence band is empty. For this reason, at absolute zero, an intrinsic semiconductor 


—_ 
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behaves as an insulator and has zero conductiv1 


diagram of an intrinsic semiconductor. 
However, as_ the temperature 15S gradually 
increased, the electrons of the valence band 
get excited. For some electrons, the thermal 
energy kT available at the room temperature 1s 
sufficient to surmount the forbidden energy gap 
and move into the conduction band (Fig. 13. 
1b). The excitation of electrons from the valence 
band to the conduction band leaves an equal 
number of vacancies (called holes) in the valence 
band. Both, electrons in the conduction band 
and holes in the valence band serve as charge 


ty. Fig. 13. la shows a simplified schematic 


- Conduction 
Conducuon bend 


band 


Valence band 
(b) 


Valence band 


(a) 
Intrinsic semiconductor: (a) at absolute 


Fig. 13.1 
zero the valence band is completely filleg 


by electrons and the conduction band is 
completely empty: (b) at temperature 
above absolute zero some of the electrons 
from the valence band are excited to the 
conduction band; holes appear in the 
valence band and free electrons in the 
conduction band 


carriers and contribute to the electrical 
conductivity. 


Extrinsic Semiconductors 

A real semiconducting crystal grown in a 
laboratory (no matter how pure) always contains 
some impurity atoms (in addition to other 
imperfections), which create their own energy 


levels termed as impurity levels. These levels . 
may occupy positions anywhere in the allowed and forbidden bands of the semiconductors, 


However, frequently some known impurities (in terms of both qualities and quantities) are 
introduced intentionally to impart specific properties to the host material. The resulting 
semiconducting material is known as extrinsic semiconductor, whose properties depend on the 
type of the impurity introduced into the host material. For this purpose, normally a few parts per 
million of suitable impurity material is added to the melt during the growth of semiconductor 
crystal. For silicon (and germanium) two types of impurities are used. These are from group Il 
and V of the periodic Table, i.e. trivalent elements such as born and indium and pentavalent 
elements such arsenic and phosphorus. 

When intrinsic silicon is doped (it is a process of homogeneous mixing of a small quantity of 
known impurity into the host material) with one of the group V elements, e.g. arsenic, then each 
arsenic atom is found to occupy an atomic site normally occupied by a silicon atom as shown in 
Fig. 13.2a. Since the host silicon atoms are tetravalent, only four of the five valence electrons of 
the impurity are used in forming the covalent bond, leaving one electron weakly bound to its 
parent atom. This electron can be easily excited into the conduction band by supplying an energy 
equal to Ey = 0.013 eV. This electron leaves the atom and is {ree to move in the germanium 
lattice (Fig. 13.2b). Such an electron behaves as conduction electron. 


In terms of the band theory, this process may be understood as follows: 
a or ses of the fifth electron of the impurity atoms occupy positions between the 
valence band and the conduction band as shown jn V3 ae Y ! 
i uction band as shown in ] tg. 13.2c. These levels are at a distance ol 


Ey (~0.013 5 condi 
d(~0.013 eV) below the conduction band. At absolute zero, all these levels are occupied but 


a = 
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yen at moderately low tem erat 
-onduction band (Fig. 13.24) ri oe me Of the electrons from them get excited into the 
jocalized on the immobile arsenic at Of the small E,. The remaining positive charge (a hole) is 
Om and does not take part in the electrical conductivity. 


Fifth electron 
of arsenic atom 


Conduction band 
E. 


Donor level 


Valence band Ey 


(c) 


Free 
“4 mpurity” 

electron 

Conduction band 


v 


Valence band 
(d) 
Fig. 13.2 Charge carrier excitation in an n-type semiconductor. 


(a) at T = OK, the atoms of pentavelent arsenic in the germanium lattice are in a non-ionized state 
(b) at J > OK, ionization of arsenic atoms and generation of conductin electrons 

(c) energy levels of one of the five electrons of every arsenic atom are donor levels 

(d) electron transition from a donor level to the conduction band at T > OK. 


The impurities which supply electrons without simultaneously creating holes are termed as 
donors and the corresponding energy levels as donor levels. The semiconductors doped with 
pe semiconductors. Since the conduction in this case is 


donor impurities are known as n-ty aa 
z duction band, they are called majority carriers and the 


peredominantly due to electrons in the con 


holes in the valence band become minority carriers. . _ a 
Now, suppose that silicon is doped with a trivalent impurity such as indium. Again, it is found 


that the impurity atoms occupy sites normally occupied by rae ae ee ‘ se 
13.3a. The indium atom is short of one electron to establis ss ed bonds with all the | ae 
nearest neighbours. However, it can borrow the required electron a a ae atom, | - 
energy equal to E, = 0.01 eV js supplied to the system. The transfer of an : sc the 
ada atom leaves a hole in the valence band which causes a break in one of the neighbouring 


germanium bonds as shown in Fig. 13.3b. 
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The energy level of the impurity atoms occupy 
are at a distance 0 


band (Fig. 13.3c). These levels 
absolute zero, all these levels are vacan 
neighbouring atoms can fill the vacancy 
13.3d). They establish bonds with 


the indium 


positions between the valence and the conduct, 
f E, (~0.011 eV) above the valence band, i 
t but at any temperature above this electrons from, 
and thereby leaving holes in the valence band (f;, 
atoms and lose their ability to move in the Bermaniyp, 


lattice and hence do not take part in the electrical conductivity. 


(b) 
Fig. 13.3. Charge carrier excitation in a p-type semiconductor: 


(a) 
is unpaired) 


(b) 


Unpaired 
bond 


Conduction band 


E. 
Valence band Ey 
(c) 
Conductor band 
ky 
Acceptor level 
©0060C- 
ky a 
E, 


Valence band 
(d) 


at T = OK, the atoms of trivalent indium in the germanium lattice (the fourth bond of the indium atom 


at T > OK, the electron can go over to the unpaired bonds of impurity atoms creating an indium ion and 


a vacant level (hole) in the valence band of germanium, 


(c) 
(d) 
in this band 


energy levels of unpaired bonds of indium atoms are acceptor levels 
electron transition from the valence band to an acceptor level at J > OK results in the generation of holes 


The impurities which trap electrons and add holes in the valence band without simultaneosly 
adding conduction electrons are termed as acceptors and the corresponding energy levels as 
acceptor levels. The semiconductors doped with acceptor impurities are known as p-type 
semiconductors. In this case, the holes are majority carriers in the valence band and the electrons 
in the conduction band (if any) are the minority carriers. 


The electronic properties of extrinsic semiconductors can be suitably described in terms of 
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‘renergy band configurati : -_ ; _¢ 
ne fetes sparingl faee lus certain intraband energy levels introduced by the impurities 
ee to consider the oe uted throughout the host material. It is often more convenient, 
howe" ; Position of Fermi level when discussing the electrical and other related 
properties of solids. 


13.2. FREE CARRIER CONCENTRATION IN SEMICONDUCTORS 
Intrinsic Semiconductors 


ve know that 1 i ; 

ae aces a conductors the magnitude of the energy gap, E, is very small, therefore 
ome of the electrons lying on the t rts 

: Op of the valence band gain sufficient thermal energy (which 


‘ st usual s ‘ ; 
is the mo Ource, other energy sources may be electrical or radiant) even at moderate 


temperatures and Set excited into the conduction band leaving behind equal number of holes in 
the valence band (in a pure semiconductor under t 


! 1; hermal equilibrium the number of electrons 
and holes are equal since they are produced as electron-hole pairs), These holes attract electrons, 


in the process one of the neighbouring electrons will jump to fill the vacancy. This process will 
continue and is identical to the vacancy diffusion as discussed in section 6.6. 

When an electric field is applied, the electrons drift towards the positive electrode and constitute 
a current. Similarly, the holes move towards the negative electrode and constitute a current. 
However, since the electrons and holes have opposite charges, the current due to both is in the 
same direction. Their drift velocities under the action of an applied electric field E are 


Ve = HE 


Va = Mae (1) 


where the subscripts e and h refer to electrons and holes, respectively. The proportionality factor 
pis known as the mobility (the freedom of charge movement) and is a function of thermal 
vibration of the atoms and the crystal structure. 

Under equilibrium conditions, in intrinsic semiconductors, the rate of generation of electron- 
hole pair g(7) depends on the nature of material and the temperature. To maintain a constant 
concentration of pairs, the rate of recombination r(T) (which depends on the properties of 
material and is proportional to the concentrations of two charges) must be equal to 9(T). Then 


8(T) = r(T) = Kn; pj (2) 


where n; and p;, refer to intrinsic electron and hole densities, respectively. The proportionality 
constant K takes into account the charge densities and properties of the semiconductor material. 
Now for pair generation, nj; = pj. So that, 


and 


g(T) =r(T) = Knjyp; = Kn? (3) 
and ny pi = Np (4) 


Since the densities n, and pj are inherent property of a semiconductor at a given temperature, 
then the product ? or the square of the intrinsic charge density, also has a fixed value at a given 
1 . . . 
temperature and depends only on the nature of material. This result is analogous to the constant 
solubility product in chemistry. 
In an intrinsic semiconductor, such as germanium having an energy gap of 0.75eV, tic 
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3 Since germanium has 4.4 x jp, 
, 19 ons perm”. Sinc 
intrinsic electron density at 300K is 2.4 x 10 ace , ze | 10! atoms of germanium wil nae 
3 iti ly about 5 atoms ou lambientt 
is clear that only ee at usual ambient tempera 
sae Teh Sih and can contribute to the intrinsic ee er has about 10”8 iho 
= hans rapidly with the temperature. In contrast, metallic copp Ons 
ut increases 


3 avai for conduction. = limit the operating tempera 
per m” available ture, it is necessary to limi Ure 
Since n; or p; strongly depends on Ore 100°C and of silicon devices to 190°C to 200°C. Th, 


of germanium devices to about 85°C to I Ore aee cata 
higher permissible temperature of silicon is because 0 


Extrinsic Semiconductors hen a small quantity of suitable impurity elemey, 


ding section, we observed that w 
- bar aa of the periodic Table is added to pure material, n-type semiconductor Tesults, 
ro 


where electrons act as majority charge carriers. Similarly, the ca ol ae 8roup II] 
element produces p-type semiconductor, where holes are majority Cc me as (ast 7 

In both n and p type semiconductors, the electrons which create es Purity 
atoms become positively ionized after donating electrons and acceptor eee aes cha 
ionized) receive relatively higher energy than needed to create electron- - € pairs. 5 the Org; It 
is possible to establish conditions for conduction by holes in p-type semicon ce and conduction 
by electrons in n-type semiconductors, at temperatures much below than the temperature a; 
which intrinsic conduction by holes and electrons occur. Since no charge is added or remove 
during the above processes, the crystal as a whole is assumed to be electrically neutral. 

Because of the ease with which the electrons from the donor impurity can be excited to the 
conductin band, it is reasonable to assume that these (donor impurity) atoms are totally ionized 
at usual ambient temperatures. Hence, the density of conduction electrons, Np can be assumed 
equal to the density of donor impurity atoms. Likewise, the acceptor states may assumed to be 
filled completely in a p-type semiconductor at usual temperatures, and so the density of holes in 
the valence band, Ng is taken as equal to the density of acceptor atoms. 

As a matter of fact, the concentration of impurity atoms is very low (usually one atom per 
10° — 10" host atoms) as compared to the parent semiconductor atom and therefore impurity 
doping does not appreciably affect the thermal generation and recombination process. Making 
use of the argument that the recombination is proportional to concentrations of two charges, for 
p-type material, the eq. 4 becomes 


NpPp =n; (5) 


It is to be noted that when the concentration of majority charges is increased over its intrinsic 
value by doping, the concentration of minority charges is found to decrease to maintain the 
concentration Product, n?, constant. Based on above considerations, the amount of reduction in 
the minority charges can be determined by the use of an equation expressing the overall charge 


P+Nn=n+Ny (6) 


Now, making use of the equality np =n?, we have 


Semiconducting Properties of Materials 427 


ne Nn: 
n= +, and p= acim (7) 
So that from eq. 6, we have i ‘ 


Ne 


2 
P=N,~Ny #n=N,-N, +b 
p 


2 
of P - P(N, -Np) +n? =0 


This is a quadratic equation of the type ax? + bx + ¢ = 0, Therefore, the roots of the above 
equation are 


7 nN i 2 \ 1/2 
p= a oa! A aw a 7 (8) 
4 
N.-N 2 2 
Similarly, no aMa | Woo +) (9) 
) 4 i 


For an intrinsic semiconductor, where N, = Np = 0, from eqs. 8 and 9, we obtain n = p = nj, as 


they should be. These are general equations for charge densities and let us see how they change 
under special cases: 


Case I: n-type Semiconductors 
In this case, Np >> n; and Nz = 0, then the hole density is 


_ Ny - Np + (4n? NB) 
2 


The second term under the radical is less than unity and may be.expanded as a power series. 
Neglecting the higher power terms, the approximate hole density can be found as 


7 
ae 
= —— + | 14+ [= + 
Ae, | | N, (11) 


Po (10) 


Similarly, eq. 9 provides the electron density in n-type material as 


Ny .N 2n> n a 


Case II: p-type Semiconductors | ; 
In this case, Nq >> nj and Np = 0, then the charge densities can be found as 


n= (13) 
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SG 


ni en 
and a A (14) 


The density of majority carriers is thus approximately equal to the density of impurity atom 

in eqs. 12 and 14) at usual ambient temperatures. On the other hand, because of FeCOmbination 
process the density of minority carriers remains significantly below the intrinsic n; or D; leve 
The following examples will be helpful in understanding this aspect more clearly. 


Example: An intrinsic germanium semiconductor has a charge ‘density of 2.4 x 19!9 charge 
per m? at 300 K. The material is made extrinsic with an indium pampunly, at the rate of One 
indium atom per 4 x 10° germanium atoms. If there are 4.4 x 10°" germanium atoms per m3 
determine the concentration of minority charge carrier and discuss the result. 


Solution: Given n; = 2.4 x 10"? charges per m°, one impurity atom per 4x 10° germanium atoms, 

density of germanium is 4.4 x 1078 atoms per m?. Now for p-type semiconductor, we know that | 

Np = 0. Further, the density of the acceptor atom is given by | 
_ 44x10" 


A= : =1.10x107 perm? 
4x10 


ail n? =5.76 x10" 
Now using eq. 14, we have 
: 5.76 x 10°8 


n; 20 
=N, +—-=1.10x 10 + 
BN, 1.10 x 10” 


= 1.15 x 107° per m? = Np 


and from eq. 13, we have 


* _ 5.7610" 
Ny Be OO 5.24.10" perm? 
Ny 1.10x10° 
n, 24x10" 
= ee 
n, 5.2410 


so that P 


= ny is one-fifth of n;. In other words, the concentration of minority carriers reduces to about 
one-fifth of the intrinsic value. 


Example: A specimen of germanium is doped with 0.1 atomic percent of arsenic. Assuming thal 
at room temperature all the arsenic atoms are ionised, find the electron and hole densities 1 
germanium. The arsenic carrier density at room temperature in germanium is 2.37 x 10'%/m- 
The density of germanium atom is 4.41 x 1028/m}. 


germanium atom = 4.41 x 10*/m?, electron and hole densities = ? 
Now for n-type semiconductor, we know that N, = 0. Further, the electron density (which ® 
equal to the density of the donor atom) is given by 


Solution: Given: Crystal-Ge, impurity = 0.1% arsenic, n, = 2.37 x 10!°/m3, the density of 


D cr 
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n= Ny = 2144110" 


be Le 
100 =4.41x10 /m 


os 38 
- n =5.62x10 


Now, using eq. 11, we have the hole density as 


_ 1") _ 562x108 


Pa cee SE a 
Ny 4.4.1 10 


=1,27x10 /m? 


13.3 FERMI LEVEL AND CARRIER CONCENTRATION IN 
SEMICONDUCTORS 


We know that the Fermi-Dirac distribution function is given by 


F(E)= I (15) 


E-E, ) 
exp iT jn 
In section 10.6, we discussed this aspect for metals, where we observed that the Fermi energy, Ep 
is the highest filled electronic energy at OK. However, the meaning of E; may not be immediately 
obvious for semiconductors. In general, of course, we may say that Ef corresponds to that level 
which has a probability of occupancy 1/2. This immediately follows from eq. 15. 

For semiconductors, we know that at T = OK, the valence band is completely filled, so that 
E, must be greater than Ey, the energy corresponding to valence band (i.e. the Fermi level must 
lie somewhere above the valence band). Similarly the conduction band is completely empty 
and hence Er must be less than E,, the energy corresponding to conduction band (i.e. the Fermi 
level must lie somewhere below the conduction band). Thus, it follows that in a semiconductor 
the Fermi level must lie somewhere between the valence band and the conduction band (i.e. 
somewhere within the forbidden gap). Its exact position will depend upon temperature. 

Now, the probability that the states at the bottom of the conduction band is occupied by 
electrons can be determined if we substitute E = E, in eq. 15. Similarly the probability that the 
states at the top of the valence band is unoccupied by electrons (or occupied by holes) can be 
determined if we replace E by Ey. Also, from section 10.5 we know that the number of electrons 
occupying energy states between E and E + dE in a unit volume is given by 


n(E) dE = F(E) g(E) dE (16) 
g(E)=CE'” and C = 4n(2m, 7? hh 


where 


Here, m:; represents the effective mass of an electron in the semiconductor. Now let us discuss 
the following three cases separately. 


Intrinsic Semiconductor 
In an intrinsic semiconductor at a temperature well above OK there are thermal electrons in the 
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conduction band and an equal number of holes in valence band. Shockley has shown thar the 


number of energy states in the conduction band varies as 
g(E) = C (E - E.)'" (17, 


at the energy levels near the bottom of conduction band. Now, to obtain the density of electron, 
in the conduction band at any temperature 7, we infegrale eq. 16 over the energy Value, 
corresponding to the conduction band, i.e. from E, to E,9. Therefore, 


BE. (E-E.)'°dE 
cf ( a) 


-_ oe Gar a 
P . AF 


For simplicity, we shall assume that (E, - Er) 2 4kT, so that the term unity in the denominato, 
may be neglected to a good approximation. As a result, the eq. 18 becomes 


Exe > E 3 . 
n=C{ (E-E.)'” exp( -= Ja (19) 
B, ‘ 
Since the function exp(—E/kT) decreases very rapidly as FE growns; therefore it is possible to 


substitute infinity for E,,, in the above integral. Further, let us assume that the quantity (E - Ey 
kT = x. Above expression reduces to 


5 E -£ a > ' 
aC egs| oe i ed 
n=C(AT) exp erga Nf eae (20) 
Simplifying the above integral, we obtain 
“ a2 
| ie el 
0 2 
E.-E, 
and | n=N_ exp} -—*——= D) 
and hence 6 r( iT (21) 
ET 
fink 
where, N.=2 aaa) (22 
| a 


C D6 ee ee. : , ; : 
For germanium, NV, = 5 x 10°° m™ at 300 K. This is the density of occupied states of energy F. 
in the conduction band. For an intrinsic semiconductor, we know that E.- Ep = E,/2. Theretore, 
eq. 21, equivalently can be written as 


E, 
n= N. exp ye (3) 


The results obtained in eqs. 21 and 23 state that the density of electrons in the conduction band 
is a function of temperature. 

In order to find the Fermi energy (E;), we make use of the fact that No must be equal the 
number of holes in the valence band, To calculate the latter, we note that [1 — FUE] represen 
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‘ne probability for a state of energy E to be unoc 
states to be occupied]. The densit : 


upied [since F (E) represents the fraction of 
: y of holes Or unoc 
may thus be written as 


Cupied states near the top of the valence band 


By 
= i 8(E)[l - F(E)dE] (24) 


created by the most energetic elect 
goes down below the top of the vale 
jie near the top of the valence ban 
therefore is given by 


rons, factor [1 ~ F (E)] is found to decrease rapidly as one 
nce band, Therefore, it is reasonable to assume that the holes 
d, and Shockley has shown that the number of energy states 


8(E) = C (E, - E)!? (25) 
If we again assume that Ey lies in the forbidden gap about 4kT above E,, then we may use the 
approximation 
E-E 
The density of holes in the valence band can then be written as 
Ey 5 
A= c| (E, — E)'? exp EA aE (27) 
0 kT) 


By a method similar to that used for the conduction band, it is possible to estimate the holes in 
the valence band, as 


Er ~ Ey 
p=N, exp oF (28) 
+ 3/2 
2mm, kT : 
where, Ny = (2) (29) 


Here m, is the effective mass of a hole. The value of N, from eq. 29 is approximately equal to 
the value of N. (eq. 22). However, N, is the density of unoccupied states of energy E, in the 
valence band. 
Now, for an intrinsic semiconductor we know that 
=e 
It follows from eqs. 21 and 28 that 


E,+E, kT, Ny _Eet+E, | 3kT ‘m, 
Rea yy pe ee (30) 


In case m. = my, then the Fermi level lies exactly halfway between the top of the valence band 
and the bottom of the conduction band (i.e. at the middle of the forbidden gap). However, in 


Bp 


432 Solid State Physics 
rmi level is raised slightly as T increases. The location of Fermi leva] 


i e 
general m, >m,, the Fe ae ee ee, 
in an intrinsic semiconductor is shown tn Fig. 13.4. 


+ Empty levels 
of 0 °K 


Conduction 
band 


Electric energy 
—_———_ 


Filled 
valence 
band 


Fig. 13.4 The location of Fermi level at 0 K in an intrinsic semiconductor 


Further, from eqs. 22 and 29 the product 


3 / 
= , ee E; —E, 
En Ey } : (75 “(mt mz 3? exp -=2 =] 


\ 3/2 
2akT —_— E, - Ey 
n, = 42 } (me » m;,)°/4 exp( =F | 


(31) 


3/2 
j E, 
nj = 275 | (m, +m, )*"" exo si} 


where E, — E, = E,. This is in agreement with the earlier development which showed that 1? is 
a constant for a given material and temperature. The eq. 31 is independent of the Fermi ee 
Assuming that the energy gap, E, = 0.75 eV for germanium, and with N, = N, =5 X 10”, the 
intrinsic carrier density in germanium at 300 K is 

i= pr= 24010" me 


Example: Calculate the intrinsic concentration of charge carriers at 300 K. Given that mg = 0.12 mo, 


in, = 0.28 my and the energy gap for the germanium is 0.67 eV. 


Solution: Given: m3 = 0.12mo,m;, = 0.2879, mo = 9.1 x 107! kg, T= 300 K and E,= 0.67 eV. 


n, =? 


Making use of eq. 31 and substituting various values, we obtain 


Semiconducting Properties of Materials ao 


(aT VY". 
n, Vue | (m, +m, y°/4 oxo Fe 
2kT 


f 


2m X 1.38 x10 x 399)” 
. | (6.626)° x 19% (0.12'x 0.2877" 9.1 x10"! }"" 


\ 


| 
2X 1.38103 x 309 


= 2x 14.42 x 10 x 0.068 x 10 x 24x 195 = 4.7 x 10'8/m3 


Example: An intrinsic semiconductor material A has an energy gap 0.36 eV while material B 
has an energy gap 0.72 eV. Compare the intrinsic carrier densities in these two materials at 300 
K. Assume that the effective masses of all the electrons and holes are equal to the free electron 
mass. 


Solution: Given: m, =m, =m, T = 300 K, E,(A) = 0.36 eV and E,(B) = 0.72 eV, also T= 
n;(A) 
rey, - =e 
0.052 e 7,(B) 


The ratio of the carrier densities can be written as 


ni(A) _ exp(-0.36/2kT) 0.72 - 0.36) _ (s) 


= exp 0:72 - 0.36 9.36 ) _ 1915 
nj(B) exp(-072/2kT) |” agp JP 0052 


nand p-type Semiconductors 

In section 13.1 we have seen how the donor and acceptor levels (Figs. 13.2, 13.3) are being 
created when suitable impurity atoms are added to an intrinsic semiconductor material. In the 
following, we shall study the effect of impurity levels and temperature on Fermi level. For the 
purpose, let us consider three temperature ranges separately. 


1. Low Temperature Range 
At low temperatures, the average energy of the lattice (~ kT) due to thermal vibrations is about 
two orders of magnitude less than the width of the forbidden gap, E, and is insufficient to excite 
the electrons of the valence band to the conduction band. However, this energy is sufficient enough 
to excite the electrons from donor impurity levels E; to the conduction band and holes from 
the acceptor impurity levels £; to the valence band. Therefore, at low temperatures practically 
only the “impurity” charge carriers (electrons in n-type and holes in p-type semiconductors) 
are excited. 

Calculations similar to the intrinsic case show that the position of the Fermi level in the low 


lemperature range 1s 


Ex. = co <4 — Jy) — (32) 


for the n-type semiconductors, and 
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E, +E, kT, Ng 
Exp a il 3 ae (33) 


for p-type semiconductors, where Np and Na being the density of donors and acceptors, respectively 
From eqs. 32 and 33, it follows that at T= OK, the Fermi level will lie halfway between E, 
and E, in n-type and between E, and E, in p-type semiconductors, respectively (Fig. 13.5), 


a 
< 3 
2 HE 
{ 3\s t Z\2 
Ka z 5 E S E, Egy 
bo 6 Fa BS E. 
ae en ae ee | 
= wl@OOoe SOO 2 N 1OOQOOQQOOOOGON EE 
B's 0000066 OOO E; g a a ae a a a ae a 
2 F 3 
ray v iy 
= ¢ 
Valence band Filled valence levels 
(b) 
(a) 


Fig. 13.5 The location of Fermi levels in n-type and p-type semiconductors 


Substituting Ef, and Eg, from eqs. 32 and 33 into 21 and 28, respectively, we can obtain the 
following expressions for the concentrations: (i) electron concentration in n-type semiconductors 


3/2 
2am, kT E. 
n= J2Np Pani exo (-3¢F | (34) 


\ (ii) hole concentration in p-type semiconductors, 
j 
bh / 


‘ 3/2 
_ 27m, kT si 
Y p= J2N, eS exp( — 355 (35) 
where E,— E, = Ey and E; — E, = E,. 


2. Impurity Exhaustion Range (Extrinsic Range) 

As the temperature is increased, the electron concentration in the conduction band increases and 
that on the donor levels decreases. At a particular temperature, the donor levels get exhausted. 
The behaviour of acceptor levels in p-type semiconductors is similar. Under the complete exhaustion 
of donor and acceptor levels, the electron concentration in the conduction band of an n-type 
semiconductor becomes practically equal to the concentration of donor impurity, Np, i.e. 


n= Np (36) 
and the hole concentration in a p-type semiconductor, to that of the acceptor impurity, Na, 1-¢ 
P=Na (37) 


The exhaustion (or saturation) temperature of the imourity levels, T, is propertional to the 


gctivation energy, Ey (or E,) of the; 
with Ny= LO m™ and Ey = 0.0] @ 
3, High Temperature Range 

As the temperature Is increased furth 
and the given semiconductor Gugins 
corresponds to an intrinsic semicon ay 


n= Ni + Np = Np (if n, << Np) 


and 


for relatively low and high tem 
marks the transition to intrinsic conductivity. 7, 
concentration. For germanium with Np = 1 02 
m”, 7;= 450K. Fig. 13.6 shows schematically 
the dependence of the natural logarithm of the 
electron concentration in the conduction band 
of an n-type semiconductor on the reciprocal 
temperature. Three sections may be marked on 
the curve: (i) corresponding to impurity 
conduction, (ii) corresponding to impurity 
exhaustion range; and (iii) corresponding to 
intrinsic conductivity. 

As the temperature goes up, the Fermi level 
in an n-type semiconductor falls Steadily in the 
energy gap, and the Fermi level in a p-type 
semiconductor rises in same proportion. Above 
T,, the Fermi levels of these semiconductors 


. = Ni + Nn =n; (if n; >> Np) 


ed 


. ‘ J J 
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Mpurity and its concentration. As an example, for germanium 
V, the Saturation temperature is about 30 K. 


ef, the excitation of intrinsic carriers become more intense 
ing its Fermi level) is rapidly approaching the state which 
ctor. The resultant concentration practically remains constant 


(38) 
(39) 


peratures, respectively. The temperature (7;) at which n = nj, 
is higher for large forbidden gap and the impurity 


Inn 


0 WT, ie \/T 


Fig. 13.6 Temperature dependence of electron 
concentration in n-type semiconductors 


coincide with that of intrinsic semiconductor which itself varies slightly with temperature. Also 
their carrier concentrations become identical to that of intrinsic semiconductor. Variation of the 
Fermi level in impurity materials as a function of temeprature is illustrated in Fig. 13.7. 


Conduction band 
Donor level 


Acceptor level - - - - - 
Filled valence 
band 


| 
Ep — n material 


Intrinsic 
Ey 


Ey - p material 


300° 


— T°K 


Fig, 13,7 Temperature dependence of Fermi level in 2 and p matecials. Electron and hole masses are 


assumed to be equal 


p 


‘emi level lies :V above the valence band, | 
Example: Ina p-type semiconductor, the Fermi level lies ag i A rth 
concentration of the acceptor atom is tripled and kT = 0.03 cV, Of the 


Fermi level. 
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; xe : 4 = 3Na, also kT = 0), 
Solution: Given: p-type semiconductor, Ep -— By = 0.4 eV, Na As 03 ey 
BY) E =ih 
one i le density is given by 
For a p-type semiconductor, the hole density 18 & 


Ey - Ey 
p=Ny,= N, exp ——— 


similarly 
Comparing these two equations and removing exponential term, we have 


(E,, - E,)= (Ey — Ey) — kT In3 


= 0.4 - 0.03 x 1.098 
= 0.4 - 0.03294 
= 0.367 eV 


13.4 MOBILITY OF CHARGE CARRIERS 


The mobility of a charge carrier is defined as the average drift velocity per unit electric field, ie. 
v 
ae (40) 


Therefore, from eq. |, the mobilities of electrons and holes in a semiconductor can be written as 
v, in 

.=—and pt, — (41) 
= Ey Se 


In a metal, where only conduction electrons flow when an electric field is applied to it, the 
electrical conductivity is expressed as 


_ J _ nev | ; 

0. ee a (42) 
On the other hand, in a semiconductor where both electrons and holes carry current and the 
mechanism of their motion is different, it is expected that their average drift velocities and 
hence their mobilities must also be different. Fig. 13.8 shows schematically the migration of 
a free electron and a hole under the influence of an electric field. A free electron moves ina 
random path between the atoms in a direction opposite to the direction of the field (Fig. 13.8), 
whereas the hole moves along the direction of the field as a result of discrete electron jumps a5 


indicated in Fig. 13.8b. Thus, in a semiconductor, where both electrons and holes carry current, 
the electrical conductivity may be defined as 


C..= c =—— =nell, (43) 
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Effective disp! 
“placement of free electron Effective displ f hol 
ective displacement of hole 


2PL29 odlooo 
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cw! S jumps 
VOQ00 oA000 
Electric field Electric field 
(a) (b) 


Fig. 13.8 Migration of 
: ¢ a free electron and a free hole under the influence of an electric field 


ay o, = nev, (44) 

Since the electrons and holes have Opposite charges, the current due to both is in the same 

direction and hence the conductivities are additive. Therefore 
C=0,+ On = neu. + Pel, = e(nw, + PL) go) 


13.5 EFFECT OF TEMPERATURE ON MOBILITY 


The mobility of electrons or holes is influenced by scattering. The two important sources of 
scattering In a semiconductor are due to phonons (due to lattice vibrations) and ionized impurity 
atoms (donors and acceptors). Other imperfections such as dislocations also contribute but to 
a lesser degree in most useful materials. The phonon mobility 4, and the ion mobility jy, are 
theoretically found to be 


Liv=Ar? (46) 


and iy = Br?? (47) 


where A and B are constants for given materials. If the carrier densities are known, we can calculate 
the total resistivity and consequently the resultant mobility analogous to the Matthiessen’s rule 
for conductors (section 10.13) by adding the phonon and ion resistivities 

I 


1 ] 
=—=p, +p, or —=—+— 
P = Prt Py o, 6, 


Now, making use of eq. 42, the above equation can be written as 
| l m I 


nett neft, nef, 


i | 
ae ars (48) 


l 
. Ho bt 
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m cds. 
Substituting the values of #4, and ph fro 
46 and 47 into eq. 48, we have 


2 -i2 
Pas ue (49) 


At low temperatures, the 100 oe 
dominates, so that «T*, On the ott ‘ 
hand, at high temperatures Me phonon Sean 
prevails and hence p = a Further, for very 
pure samples ( e.g., intrinsic semiconductor 
or nearly so) the ion scattering is absent and = 
only eq. 46 is applicable over a large 


temperature range. Fig. 13.9 shows the Fig. 13.9 Temperature variation of mobility fy 
temperature variation of mobility for pure and pure and impure semiconductors 
impure samples of typical semiconductors. 


13.6 ELECTRICAL CONDUCTIVITY OF SEMICONDUCTORS 
Intrinsic Semiconductors 
The electrical conductivity of a pure and perfect semiconductor crystal at any temperature (not 


very low) is due to intrinsic charge carriers, i.e. electrons and holes. Such conductivity is termed 


as intrinsic. For an intrinsic semiconductor, n = p =n, and therefore from eq. 45, the intrinsic 
conductivity becomes 


Oj = nye({l. + Ly) 


(50) 
Substituting the value of n; from eq. 31 into eq. 50, we obtain 
i. a E, ) 
Oj = 2¢| he } (m, +m, )*4 oxo ih J + Jy, ) (S1) 


At higher temperatures, when the material is intrinsic (n;>>N 


Phonons. The mobility in this case is proportional to 7-22 


p), the scattering is dominated by 
be written as 


- Taking this into account, eq. 51 can 


E. 
0, = 6; (0) exp ORT 


/ . 


2 
where 0; (0) = 2 (me + my )*4 (te + py ) 
2 


This is pre-exponential constant and is 
follows that 0, > 0; (0) as T > , 


(52) 


Practically independent of temperature, From eq. 52, it 
Taking the logarithm of eq. 52, we obtain : 


E, 
Ino; = Ino, (0) - OT (S3) 
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In 6; versus 1/7 w; 
plot of In 9; will be a a 
of the line, the band gap, E, can b Straight line with a slope E,/2k. Thus, knowing the slope 


€ eas} : 
indicates the intrinsic range, Casily determined, In Fig. 13.10, the first part of the curve 


Example: The intrinsic carrier density at roo 
temperature in germanium is 2.37 10m? 
jf the electron and hole mobilities are 0 38 
and 0.18 mV7's7), respectively, calculate the 
resistivity of the intrinsic germanium. 


b ‘ | 

; S| n>Np | 

Solution: elven ty = 2.37 x 10!°/m3, Le = t 

0.38 m?V- Ss, MW, = 0.18 mVrl 5-1 T= 300 K Instrinsic 
.=? , range ry =Np | n<Np 

| 


From eq. 50, the intrinsic conductivity in 
terms of the electron and hole mobilities is 
given by — + IT 
Fig. 13.10 A plot of In o; as a function of 1/T for 

an n-type semiconductor 
= 2.73 x 10" x 1.6 x 107 x 0.56 = 2.12352 Q'm7 
Since, the resistivity is simply reciprocal of the conductivity, therefore 


i. 41 
6; 2.12352 


Oi = nie(U. + Uy) 


P= 0.47 Qm 
Example: The intrinsic carrier density at 300 K in silicon is 1.5 x 10'% m?. If the electron and 


hole mobilities are 0.13 and 0.05 m?V~'s"!, respectively. Calculate the conductivity of (a) intrinsic 
silicon and (b) silicon containing 1 donor impurity atom per 10° silicon atoms. 


Solution: Given n, = 1.5 x 10'°/m?, p= 0.13 m’V-'s"!, 1, = 0.05m?V-'s", T= 300 K, 1 impurity 
atom/10° silicon atoms. 6; = ? and Og, = ? 
From eq. 50, the intrinsic conductivity in terms of the electron and hole mobilities is given by 


O; = nye (Me + Hh) 
= 1.5 x10" x 1.6 x 107? x 0.18 
= 0.432 x 10° Q' im! 


Further, ae contains 6.023 x 102° Si atoms 
2.33 X 10° 
6.023 x 107° x 2.33 x 10° | ae 
Therefore, No. of Si atoms/m* —— ae 5x10™ /m 


Now, the density of the donor impurity will be given by 


28 
5x10 85x10” / m’ 


vo 10° 
Therefore Oext = Nv CHe = 5 x 107° x 1.6 x 10° x 0.13 = 10.4 Q*m" 
’ ex 
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cm long, | mm wide and 


Example: Find the resistance of an intrinsic germanium rod which is I aed . 
“/m” and the MObilitie, 


1 mm thick at 300 K. The intrinsic carrier density at 300 K is 2.5 x 10 
of electron and hole are 0.39 and 0.19 m2V~'s-!, respectively. 


Solution: Given: Crystal-Ge, T = 300 K, /= 1 em = 10° m, b= I mm = 
10°73 m, m, = 2.5 x 10!%m?, p, = 0.39 m2V-'s, py = 0.19 m°V Ss”. R= een 
From eq. 50, the intrinsic conductivity in terms of the electron and hole mobilities 1s given by 


-1l i=l 
25x 10!9 x 1.6 x 1079 x 0.58 = 2.32 Q°m 


=1mm=10°m,t=I1 mms 


Gy = nye(Me + Hp) = 
Now, the surface area of the rod is 
A=bxl=1mmx1mm= 10° m’ 
Further, the resistance of the rod is given by 


Yodj« 100. 2 oe iG 
GA e210" 


Extrinsic Semiconductor ; 
In an extrinsic semiconductor, either n- or p- type impurity ts present. Let us consider, n-type 
semiconductor first, the carrier concentration for which is expressed by eq. 34. Substituting this 


in eq. 42, we obtain 


E 
oO, = 6, (0) exo( - 35 (54) 
/ “> \ 3/2 
where 6, (0) = f2Np | lle 
% 


This is again a pre-exponential constant and is very weakly dependent on temperature as compared 
with the exponential term. Here, the mobility for n-type material (1 << Np) at low temperatures 
is due to ionized impurity atoms and is proportional to T*”. Taking the logarithm of eq. 54, we 


obtain 


Ey 

Ino, = Ino. (0) — a (55) 
Like intrinsic case, a plot of In o, versus 1/T will be a straight line with a slope Ey/2k. In 
Fig. 13.10, the third part of the curve indicates the extrinsic range. The slope of this line gives 

the impurity ionization energy Ej. 
In most of the semiconductors, both the phonon scattering and the impurity ionization scattering 
takes place. The former dominates at higher temperatures and latter at low temperatures. However, 
in the intermediate temperature range, neither mechanism is strong. This is the saturation region 


ae ae to n = Np. This is depicted in the second part of the curve as shown in 
ig. 13.10. . 
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137 HALL EFFECT IN SEMICONDUCTORS 


15, we discus: ami 
A section 10 ie a oe the Hall effect for metals containing electrons as charge carer. 
ne same trea alid for extrinsic (n- or p-type) semiconductors, where the majority 


arge cart ier IS either electrons or holes. In the following, we shall consider the case of an 
intrinsic semiconductor, WEI simultaneously both electrons and holes are present. Since, their 
charges 47° different andithey move inte opposite directions in an electric field, the Lorentz 
gorce (FL = 4 x B) deflects them in the same direction (i.e. towards the front face of the slab) 
gs shown 10 Fig. 13.11. However, the Hall field developed by the deflection of electrons is in the 
opposite direction to the Hall field developed by the deflection of holes. The two charge carriers 


-direction un ' 
flow in the x i der an electric field E, and according to eqs. 43 and 44, the current due 
to them 1S give y 


Fig. 13.11 Deflection of electrons and holes moving in a semiconductor subjected to a transverses magnetic 
ficld 


J = Ile) + Jx(h) = CE (np + Phy) (56) 


Along y-direction, the two charges experience more than one fields. These are: Lorentz field 
E,(e) experienced by electrons, E,(h) by holes and Hall field Ey, by both. Under the action of 
these fields, the current along the y-direction is given by 


Jy = Jy(e) F Jy(h) = nell (Ey - VexBz) 7 petty(Ey a VixB,) (57) 
where Vex = — HeEx and Vax = bMhEx (58) 


Since, the charges are not allowed to flow along the y-direction, the current J, vanishes. Therefore, 
setting Jy = 0 in eq. 57 and substituting the values of Vx and vj, from eq. 58, we obtain 


2 2 
PL, — Mie 


By = Bes nn + PH (59) 


Further, substituting the value of E, from eq. 56 into eq. 59, we have 
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a J,B, Phy = Me — (64), 
i= é (np, + PH) 
Ey I _Bhhy — Bh. (6}) 


Therefore, Ry = JB, ~@ (nfl, + PH) 


es to 
For n- and p-type semiconductors, the eq. 61 reduc 


l -type 
aera typ 


Ry = = for p-type 
pe 
and 
From eq. 61, we can determine the two-carmier 
2 — nyt 
My =ORy = PHy — Me (62) 
. nH, + PHh 
= nj, eq. 62 reduces to 


Hall mobility as 


For an intrinsic semiconductor, where n = p 


Hy = Hn - He (63) 
Since, usually [,> Hy, hence Hy is negative for an intrinsic semiconductor. Further, from eq. 61, 
it follows that in an intrinsic range the sign of the Hall coefficient is determined by the carriers 
with greater mobility. Since, HU, > Hp, therefore when an intrinsic p-type goes over to extrinsic 


range, the sign of the Hall coefficient changes. 


Example: The Hall coefficient of a certain silicon specimen was found to be -7.35 x 107 m’c! 
from 100 to 400 K. Determine the nature of the semiconductor. Further, the electrical conductivity 
was found to be 200 Q"'m". Calculate the density and mobility of charge carriers. 


Solution: Given: Ry = -7.35 x 10° mC, o = 200 O'm', T= 300K, =?andn=? | 
The negative sign of the Hall coefficient indicates that the nature of the semiconductor is n-type. | 
| 


Hence, the electron density can be obtained from the equation 


l 
PS ee 2? 3 
eR, 1.6 107! MASS 1035 8.5 x 10°" m 


and the mobility 


200 


L, = — = ——__ es ee 
ne 85x10" x 16x19 17 x10 tm2V Ie! 


13.8 JUNCTION PROPERTIES 


1 Metal-Metal Junction 


at the 
kfunctions of these m ar metals | and 2. Le! o 


etals be ¢ . 
?, and ¢) with ¢, > 9. When they are brought into contact MF 
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ons lying near the Fermi Jeye] ; 
a are equal. In the process jt te I flow into metal 2 until the Fermi energies in both 
Tice of the metal 1 becomes At bo Of metal 2 becomes negatively charged while the 
cig. 13.12 shows the energy ley ¥ charged, thus giving rise to an electric double layer. 


els be Sota 
contact potential is developed ae * d after the contact, at absolute zero. At equilibrium, 
a © metal surfaces which is given by 


eV =$,~¢, (64) 


~~ -=-s= = 


Metal 1 


Metal 2 


(a) Metal 1 Metal 2 
(b) 


Fig. 13.12 Energy levels for two metals before and after contact at T = 0K 


According to the Joule’s law (of heating effect of current), we know that when a current is 
passed through a conductor of resistance R, then a heat equal to ZRr or Vit is dissipated to the 
surroundings. However, when a potential is applied across the metal-metal junction, an additional 


heat is generated or absorbed at the junction. The additional heat (generated or absorbed per 
second) is proportional to current such that, 


lOt= PR + mol . (65) 


where 72 is called the Peltier coefficient and the phenomenon is called the Peltier effect. If the 
current flows from the metal 1 to metal 2, heat is generated and the corresponding Peltier 
coefficient is said to be positive. When the current is reversed, the Peltier coefficient changes its 
sign and the heat is being absorbed. This effect is employed in electronic refrigerators. 

It is possible to make use of this effect in still another way. Suppose, if the two sides of the 
junction are maintained at different temperatures 7, and 7, respectively, then the electrons in 
the hot metal gain thermal energy and flow to the colder side. This produces a thermoelectric 
emf at the junction. This phenomenon is called Seebeck effect. Thermocouples consist of metal- 
metal junctions are widely used in temperature measurements. 


2. Metal-Semiconductor Junction . 

It is interesting to note that metal-semiconductor contact may be either Ohmic or non-Ohmic 
(rectifying) depending on the type of the metal used, but both are equally important. Ohmic 
contacts exist whenever (a) the workfunction of an n-type semiconductor is greater than that of 
the metal and/or (b) the workfunction of a p-type semiconductor is smaller than that of the metai. 
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Similarly, non-Ohmic contacts exist whenever (a) the workfunction of an n-type semiconductor 
is smaller than that of the metal and/or (b) the workfunction of a p-type semiconductor 1s greater 


than that of the metal. 


Rectifving Contacts . 
Let @y and @, be the workfunctions of a metal and an n-type semiconductor, respectively, when 


dy > Gs. Let us assume here that the donor levels in the semiconductor are completely ionized 
at room temperature. The workfunction, @s for the semiconductor can be regarded as the sum of 
the workfunctions, i.e. 6s = o +g. Where ©; is the internal workfunction (which is the energy 
difference between the Fermi level and the bottom of the conduction band) and Q¢ is the extemal 
workfunction (which is the energy required to remove a conduction electron) as shown in Fig. 
13.13a. When the metal-semiconductor contact is made, the conduction electrons begin to flow 
from the semiconductor into the metal until the Fermi energies on both sides of the junction are 
equal. In the process, the surface of the metal becomes negatively charged and the surface of the 
semiconductor (which is now depleted of electrons) becomes positively charged. As a result, a 
potential barrier is formed at the metal-semiconductor junction. Since, the Fern energy on both 
sides have the same value, the energy levels in the bulk of the semiconductor are lowered by an 
amount dy — @s as shown in Fig. 13.13b. If the system is viewed from the semiconductor side, 
the height of the potential barrier between the semiconductor and the metal (in volts) is given by 


Vacuum level 


Metal n-type * Metal n-type 
Semiconductor Semiconductor 
(a) (b) 


Fig. 13.13 Energy levels for a metal and n-type semiconductor (with > &) before and after contuet 


CVen = Oy — Os (66) 
On the other hand, if viewed from the metal side, the barrier height in volts is 
tVais = Oy— Py: (67) 


Although the barrier heights given by eqs. 66 and 67 are different, butin equilibrium the number 
of electrons diffusing in both directions must be identical. I is due to the fact that the metal 
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contains more free electrons byt ay, 
semiconductor whose ediinaie: ee — a higher potential barrier than the electrons in the 
current ee <5 Oss the metal-semiconducra less free electrons. Thus, in equilibrium no net 
Now, after the equilibrium is T junction. 

semiconductor side positive with cr 4 Voltage vis applied to the system so as to make the 
semiconductor side increases from a (0 the metal side, then the height of the barrier from the 
side remains the same as shown in Fj SM 10 e(Vsyy + V) while the barrier height from the metal 
of electrons from the semiconductor = 13.14a. This increased barrier height impedes the flow 
into the semiconductor remains as ae the metal while the flow of electrons from the metal 
the semiconductor and the semic i ore. Thus, there is a net flow of current from the metal to 

Onductor is said to have been applied a reverse bias. The net 


current flowing from the metal into the semiconductor j 
or is 


Liga 2 dy — OF 
aia vol TF } (68) 


rsely, if t ae 
te te Ble en in a reverse direction so as to make the semiconductor side 
in Wk Gh, Hicks Nee ~ <s then the barrier height is reduced from eVsqq to e(Vsnq — 
 ricondlicodianahar OW 0 current from the semiconductor into the metal and the 
; ave been applied a forward bias, This is shown in Fig. 13.14b. The net 
current flowing from the semiconductor into the metal is given by ° 


n-lype 


n-type Metal : 
Semiconductor 


Semiconductor 


Metal 

(a) (b) 
Fig. 13.14 Energy levels for a metal and n-type semiconductor contact with @) > @ (a) when a positive 
voltage v is applied to the semiconductor, i.e. reverse bias (b) when a positive voltage v is 


applied to the metal, i.e. forward bias 


eee *) (69) 


For very low temperatures, one can approximate és ~ @. Thus, the net current during the 


forward bias is given by 
eV 
Iaa = 4s — Aus = As exp -| (70) 
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where /s is called the saturation current and is given by 


Ig ACT? oxo -( 4 )| 


(71) 


If the sign of V is taken to be the polarity of the metal, then according to eq. 70, for forward bias 


(positive V) the net current increases 
exponentially with voltage. On the other hand, 
for reverse bias (negative V), the current is 
essentially constant and is equal to —/s. The 
metal-semiconductor contact acts like a rectifier 
and hence it is called rectifying contact. The 
voltage-current characteristic of a rectifier is 
shown in Fig. 13.15. 


Ohmic Contacts 

When the workfunction of the metal is less 
than that of the n-type semiconductor (i.e. dy 
< @s), the contact between such metals and 
semiconductors is said to be ohmic. Fig. 13.16 
shows the energy level diagrams before and 
after the contact is made. Since, initially, the 


- 0.10 


V, Volts 


Fig. 13.15 J-V characteristics of  non-ohmic metal. 
semiconductor junction 


Fermi level in the semiconductor is lower than the Fermi level in the metal by an amount @g — @y,, 
therefore the electrons flow from the metal into the semiconductor, making the metal surface 
positive and the semiconductor surface negative. At equilibrium, the negative surface charge on 
semiconductor depresses the bottom of the conduction band at the contact. 

Similar to the above, when potential is applied, the energy levels in the bulk of the semiconductor 


(a) Vacuum level 


UL, 


_ n-type 


Metal b 
semiconductor 


Y 
7/7 


Metal n-type 


semiconductor 


Fig. 13.16 Energy bands for a metal and n-type semiconductor (with $y; < @s), before and after contact 
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” shifted. When the semiconductor ; iti 
<hifts in the energy levels are Sowa POSitive with respect to the metal, the corresponding 
semiconductor to the metal flows “do hi pee ileacomseecrmngsie Hse Os 
e other hand, when the semiconductor in. aerate cee te tot 
Fig. 13.17b, the current is carried } me isis ale soto 
again “downhill”. In both the Cases i ie Ricinecurat Suet eee 
plied voltage in accordance with | magnitude of the current is directly proportional to the 
6 ee ese the Ohm’s law, Accordingly, such a contact is called ohmic 
contact. uation exists for a contact between a feel and a p-type semiconductor 


when @m > 9s. 


(a) 


Metal n-type Metal n-type 
semiconductor semiconductor 


Fig. 13.17 Energy bands for a metal and n-type semiconductor (with ¢y: < $s) in contact. (a) when a 
abe voltage V is applied to the semiconductor, (b) when a positive voltage V is applied to 
the metal 


3. Semiconductor-Semiconductor (p-n) Junction 
Here, we shall discuss the simplest type of semiconductor-semiconductor junction, i.e. a junction 


between an n-type semiconductor and a p-type (which is chemically same as n-type) semiconductor 
(or p-n junction). There are several methods of preparing a p —n junction. One such method is 
to grow a single crystal of germanium or silicon from melt by slowly withdrawing the solidified 
crystal from the melt while adding suitable acceptor impurity in the initial part, and the donor 
impurity in the latter part of the growth. The density of electrons being greater in the n-region, 
they diffuse into the p-region and combine with the free holes there. As a result, the p-region 


becomes negatively charged with respect to the n-region and a barrier is formed which stops 
over which the barrier is formed contains space charge and is 
the transition region. At equilibrium, the Fermi 


al and the energy levels of the p- junction looks 


further diffusion. The region 
usually called as the space charge region OF 
energy has the same value throughout the cryst 


like Fig. 13.18. i 
ig. 13.18 duction of electrons only. Although the density of conduction 


Now let us consider first, the con hae 
electrons in the p-region is smaller, they can flow “downhill” while those in the n-region have 
bis barrier at the junction. A thermally generated electron current, 


to surmount the potential energy : 

I, is a aie the thermally excited electrons in the p-region according to the relation 
E? -Ep 

ny = on TF ] (72) 
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(a) p-Tegion n-region Conduction 
band 


+_ Filled valence 
band levels 


3 
5 i,.—— (I, = 1,) —y 
5 Pp n 
Ee mas et et) Sn oe 
= = - Jae 
—=T pL 
ne anne TeaTS ©. 
Ey ATAARARATING 
== =F 
(b) Junction 


Fig. 13.18 Energy levels for p and n-type semiconductors before and after junction formation 


At the same time, the number of electrons in the conduction band of n-region is given by 


Et - Er 


ny, = exp a) (73) 


However, all these electrons (given by eq. 73) cannot surmount the potential barrier and cross 
over into the p-region. The fraction of electrons able to do so is given by 


AE 
exp ae 


where AE = Ef — Ef. If nj is the effective density of conduction electrons capable to cross 


over into the p-region, then 


7 [sesh = Fe))) By =ES+Ei-E, \| (-A5 5) 
ny, = exp| —| ————.———_ | ] = exp] - = exp| - 


kT kT 
(74) 


These electrons can combine with the holes in the p-region and thus constitute a current called 
the recombination current /,. Further, a comparison of eqs. 72 and 74 gives us Np = Ny 
Consequently, /, = /,, they are shown by arrows on the top of the figure. Hence, at equilibrium 
the net current is zero. The same is true for the holes in the valence band. 

Now, let us suppose that an external voltage V is applied to the junction so that the p-reg int 
is made positive with respect to the n-region (i.e. when a forward bias is applied) as show! un 
Fig. 13.19a. This decreases the height of the energy barrier by an amount eV as showl mM 
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«9, 13.190. Further, the recombinatj i 
factor exp(eV/kT) while thermally on current J, is increased above its equilibrium value by a 


: Senerated electr : th 
on . Thus, the 
increased current in the forward direction js given by current J, remains as before. Th 


ad 


(a) a: 


levels 


(b) 


Electron energy 


7 Junction 


Fig. 13.19 (a) Junction under forward bias, (b) energy levels with forward bias 


f eV 
I, = ls exp( £7] (75) 
The net forward current J, due to the external voltage V is given by 
2 eV 
I, =I, -1, =1, exo $F) - | (76) 


The same is true for the hole current in the valence band. The combined current (due to holes and 
electrons) represented by the so called dark current Ip, then eq. 76 can be modified to a more 


familiar form 
lige imo fr - 1 (77) 


If an external voltage V is applied to the junction so that n-region is made more positive with 
respect to the p-region (i.e. when a reverse bias is applied) as shown in Fig. 13.20a. There is an 
increase in the barrier height by eV and a consequent decrease in the value of /,, while J, remains 
unaffected (Fig. 13.20b). Proceeding as above, the combined current for reverse bias can be 
easily obtained as 


V 
inet, |e«( fr) - 1 = —I, (constant) (78) 
ws ae ‘al eV \ 
whereas the value of the potential V 1s increased, the exponential term i) “iF | << | for eV 
> 4KT. The forward bias current increases exponentially, whereas the reverse bias current approaches 
a saturation value Ip. They are shown in Fig. 13.21. 
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Fig. 13.20 (a) Junction under reverse bias, (b) energy levels with reverse bias 
Example: A potential difference of 0.35 volts is applied across a germanium diode at 300 kK. 
Calculate the forward current in terms of the reverse saturation current. 


Solution: Given: Potential difference = 0.35 
volt, 7 = 300 K,J,=7? 

Making use of eq. 77 and substituting various 
values, the forward current is obtained as 


eV’ eV 
ds = | exo $r = | o Io exo( Fr | 


1.6x 10-7 x 0.35 ), 
an 0 
1.38 x 10 x 300 J 


= exp(13.53) Ip = 7.52 X 105 Ip Fig. 13.21 I-V characteristics of a biased p-n 
junction at some temperature T 


! 
Reverse bias Forward bias 


Example: For what voltage will the reverse 


current in a p—n junction germanium diode attain a value of 90% of its saturation value at room 
temperature? 


Solution: Given: I, = 90% of Ip, T= 300 K, V= ? 
The general form of the rectifier equation is 


or 


/ 
or 19= exp( Fr | 


eV 


3 iyi 1.9 


~In1.9 


y= O19 xe 
of é 


139 SUMMARY 


1, At an ambient temperature, the fre 
semiconductor) is very small and inc 


hand, the density of majorit 


: y charg 
type semiconductor Pp = Ng 


3, In extrinsic n- and p 
E, and between E, and 


one. 
4, Since the electrons and holes have o 
direction and hence the conductivit 


O=0,+ 


, the dens; 
2. In general, the Fermi Jeye] lies some 


a * 
For m, = my, the Fermi level lies ex 
bands in an intrinsic semiconductor 
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X 1.38 x 10-3 x 300 


1.6 x 19- = 0.0166 volt 


€ intrinsic carrier concentration n; (in intrinsic 
reases rapidly with the temperature. On the other 
© carrier in n-type semiconductor n, = Np and in p- 
ty of impurity donor or acceptor atoms, respectively. 
Where within the forbidden band in a semiconductor. 


actly halfway between the valence and the conduction 


-type semiconductors, the Fermi level lies halfway between E, and 


E,, respectively at low temperatures. On the other hand, at high 
temperatures, the Fermi levels of extrinsic 


semiconductors coincide with that of intrinsic 
| 


Pposite charges, the current due to both isin the same 
ies are additive. Therefore, 


Oh = € (ny, + Ply) 


where Hl. and {l, are the mobilities of electrons and holes, respectively. 
5. The mobility of a given semiconductor varies with temperature according to the relation 


l L T 32 T~32 
i f° 


where A and B are constants for the given semiconductor. At low temperatures, the ion 


scattering dominates, so that pt « 


T°, On the other hand, at high temperatures, the 


phonon scattering prevails and hence p « T~?, 
6. When both electrons and holes are present as charge carriers (as in a pure semiconductor), 
both contribute towards the Hall constant. The resulting expression is given by 


I 
Ry ee 


PH, — nie 
(nu. + Py)? 


For n-and p-type semiconductors, this reduces to 


Ry = 


and Ry = 


l 
ae for n-type 


1 
pe for p-type 


I — 
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issimi i tact, electrons from the metal wit 
7. When two dissimilar metals are brought into con bets oe ae h ie 
e Fermi energies 1n 00 als are equay 


workfunction flow into other until th S are 
equilibrium, the contact potential developed between the metal surfaces is given by 


eV=h- 


where ¢) > 9). a fe ; 
8. When a potential is applied across metal-metal junction, an additional heat is Zenerateg 


or absorbed at the junction. This is proportional to the current such that 


lOl=PR+ mpl 


where 7) is called the Peltier coefficint. 
9, If the two sides of the junction are maintained at different temperatures, the electrons in 


the hot metal gain thermal energy and flow to the colder side. This produces thermoelecty, 
emf at the junction. This is called Seebeck effect. Thermocouples consist of metal-metal 
junctions. _ 

10. Metal-semiconductor junction may be either Ohmic or rectifying depending on the type 
of the metal used. Ohmic contacts exist whenever the workfunction of an n-type 
semiconductor is greater (or the workfunction of a p-type semiconductor is smaller) thay | 
that of metal. Inverse is the case for non-ohmic contacts. 

11. The simplest type of semiconductor-semiconductor junction is a p—n junction. A p—y 
junction can perform various functions depending on the geometry, the bias conditions 
and the doping level in each semiconductor region. Under forward bias condition (ie, 
when the p-region is made positive with respect to the n-region), a net current flows in the | 


internal circuit, which is given by 


where V is the external applied voltage and Jp is called the dark current. On the other 
hand, under reverse bias condition 
[ =- Ip (constant) 


This current is small and is independent of the voltage. 


13.10 DEFINITIONS 


Acceptor Levels; Local energy levels which lie near the valence band. 
Conduction Band: The lowest energy band which is not completely filled with electrons. In a conductor, 
electrons in the conduction band are generally free to move if they are close enough to the Fermi level. 
Donor Levels: Local energy levels near the conduction band which bind the electron to the vicinity of the donor 

atom. 

Intrinsic Semiconductor: A material whose conductivity lies between those of insulators and conductors: '® 
valence band is full, and is separated from the conduction band by an energy gap small enough [0 
surmounted by thermal excitation; current carriers are electrons in the conduction band and holes 1"! ? 
valence band in equal amounts. 

Minority Carriers: In an n-type semiconductor, the holes are called minority carriers, while in -type semiconducl’ 
the electrons are called minority carriers. i 


Majo 


the 


-type ee 
i ‘band by thermal excitation; the Majo 


type 


are 


Recombination: The process by which excess 
crystal return to their equilibrium state 
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rity Carriers: The type of charge carrier whin ; 
iq an n-type semiconductor, which is most prevalent; holes in a p-type and conduction electrons 


wobility (u): It is defined by the relation 


Vg= 


applied field. HE, i.e. the Proportionality constant between the drift velocity and 


semiconductor: A semiconductor ini ‘ ‘ 
Containing donor impurities which can donate electrons to the conduction 


nty Carriers are electrons. 


semiconductor: A semiconductor co 


: Nntaini : kts 
have been thermally excited from the ful ng acceptor impurities which can accommodate electrons that 


lv : : : 
the majority carriers, alence band in local levels; the resulting holes in the valence band 


iat produced by radiation or other means in a semiconductor 
when 


: : the radiation i i ‘ rs by sequential 
yantum jumps called recombination manne Ss removed. This usually occurs by seq 


Valence Band: The band containing the valenc 


ns, 


auction bat € electrons. In a conductor, the valence band is also called the 
C : 


REVIEW QUESTIONS AND PROBLEMS 


iB 


n 
- Ifa sample of silicon is doped with 3 x 10 


What is intrinsic semiconductor? Obtain an ex 


intrinsic semiconductor. Under what condition 
gap? 
What are intrinsic and extrinsic semiconductors? Discuss the location of the Fermi levels under suitable 


limiting conditions and give the necessary theory. 
Derive an expression relating 


pression for the intrinsic carrier concentration in an 
will the Fermi level be in the middle of the forbidden 


at the shift in the Fermi level and the carrier density in an intrinsic semiconductor. 
Why does the conductivity of a semiconductor change with impurity content? Compare this with the 
behaviour of metallic conductor, 


Explain the Hall effect. Derive an expression for the Hall coefficient of semiconductor on two band 
model carriers. 
Find the fraction of electrons excited into conduction band in germanium at 100 K, 300 K and 1200 K. 
Ans. 1.24 x 1079, 4.98 x 1077, and 2.65 x 107, 
In an intrinsic semiconductor, the effective mass of the electron is 0.07 mg and that of hole is 0.4 mg, 
where #ig is the rest mass of the electron. Calculate the intrinsic concentration of charge carriers at 300 
K. Given: the energy gap = 0.7 eV. 
Ans. 2.29 x 10!8/m?, 


. Asample of germanium whose intrinsic carrier concentration is 2.5 x 10'/ m? at 300 K, is made p-type 


material by adding acceptor atoms at a rate of one atom per 4 x 10° germanium atoms. The density of 
germanium atom is 4.4 x 10°8/m?, Compare the density of electrons with intrinsic charge carriers. 
Assume that all the acceptor atoms are ionized at 300 K. Ans. 0.22. 
The intrinsic carrier concentration of a germanium sample is 2.4 x 10'/m} at 300 K. Its electron and 
hole mobilities are 0.39 and 0.19 m?V~'s"! respectively. Calculate the conductivity of the sample. 
Ans, 2.23 On! 
Calculate the current produced in a small germanium plate of area l cm and of thickness 0.3 mm, when 
a potential difference of 2 volts is applied across its faces. The intrinsic carrier concentration of geranium 
is 2x 10!/m? and the mobilities of electron and holes are 0.36 and 0.17 m°V"'s"!, respectively. 
Ans, LAZ A, 


. Compare the densities of charge carriers ina pure silicon crystal at the two temperatures 300 K and 330 


K. The energy gap for silicon is 1.1 eV. Ans, 0.14, 


? 3 ne > grt pree " AAG 
Consider a sample of n-type silicon with Np = 10°'4m°, Determine the electron and hole densities at 300 
oh a © 
K. The intrinsic carrier concentration for silicon 


at 300 K is 9.8 x 10'%/in?, 

Ans. 1071}, 9.6 x 107m), 
arsenic atoms and 5 x 10° atoms of boron, determine the 
arge carriers of silicon are 2.x 10!/m), 


elec i ; yncentrations if the intrinsic ¢ 
eciron and hole c¢ é Ans. 1.33 x 10%m?, 2 x 1024m" 
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14. Determine the density of the donor atoms which have to be added to intrinsic germanium to make it an 


1S. 


16. 


n-type material of resistivity 0.19 x 10°? Qm. It is given that the mobility of electrons in the n-type 


semiconductor is 0.325 m?V~!s !, 
Ans. 1.01.x 1077/m3. 


An electric field of 100 V/m is applied to a sample of n-type semiconductor whose Hall coefficient js 
- 0.0125 m°/C. Determine the current density in the sample, assuming the electron mobility to be 0.36 
mvs Ans. 2880 A/m?. 
5 HA current flows through # simple p-n junction diode at room temperature when it is reverse biased 
with 0.15 V. Determine the «mount of current which will flow when it is forward-biased with the same 
voltage. Ans. 1.64 mA, 


Chapter 14 


Dielectric Properties of 
Materials 


Sr OO 


14.1 INTRODUCTION 


The energy band model of an insulator (di 


that the forbidden gap invdie 
materials, electrons are very t 


electric) is similar to that of a semiconductor except 
ectric_mateials 1s Comparativelyelarger (section 11.11). In such 
ightly bound to the atoms (i.e. they do not conduct any electric 
current) So that at ordinary temperatures they cannot be dislodged either by thermal vibrations 
or with ordinary fields. However, they can only move a bit within the molecule and their 
cumulative effect account for the characteristic behaviour of dielectric materials. The negative 
and positive charges in each part of the crystal can be considered to be centered at the same 
point, and since no conductivity is possible, the localized charges remain practically undisturbed, 
When an electric field of sufficient magnitude is applied to the crystal, the centres of the positive 
charges are displaced slightly in one direction (i.e. the direction of the field) and that of the 
negative charges in the opposite direction. This produces local electric dipole throughout the 
crystal, where an electric dipole is an entity in which equal and opposite charges are separated 
by a small distance. 

Dielectric materials include some solids such as glass, porcelain, etc., liquids such as chemically 
pure water, methyl chloride (CH3C]), etc., and gases such as hydrogen, nitrogen, carbon tetra 
chloride (CC1,), ammonia (NH;) etc. 

A dielectric is called homogeneous and isotropic if all its properties are the same at any point 
and in all directions inside it. 

If in the absence of an external electric field the centres of mass of the positive and negative 
charges in a molecule of a dielectric coincide, it is called non-polar. On the other hand, the nuclei 
and electrons in the molecules of polar dielectrics are arranged in such a way that the centres of 
mass of the positive and negative charges do not coincide. Such molecules, regardless of the 
external electric field, behave like rigid dipoles. 


IS comp 


14.2. DIPOLE MOMENT 


If we have two equal and opposite charges, +q and —q as shown in the Fig. 14.1, the moment of 
this dipole can be defined as 
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Fig. 14.1 An electric dipole 


P=aqr 


and is directed from the negative to the positive charge. The dipole moment is thus equa] 
of the charges times the distance between them. The total dipole moment is defined as 


P=> Gal n ( 


where r, is the position vector of the charge q,. Total sum is independent of the origin chose, 
for the position vectors, provided that the system is neutral. 


14.3 POLARIZATION 


When a dielectric material is placed in an external electric field, it becomes polarized, ie, Within 

a small volume of substance the geometric sum of the electric dipole moment vectors of the 

molecules becomes non zero. The polarization P is thus defined as the dipole moment per Unit 
volume, i.e. 

sit oe 

ae) Gi 

If the number of molecules per unit volume is N and if each has a moment p, then the polarization 
is given by 

P=Np (4) 

The mechanism of polarization differs for non-polar and polar dielectric materials. 


Example: If the molecular dipoles in a 10? m radius water drop are pointed in the same 
direction, calculate the polarization. Dipole moment of the water molecule is 6 x 107° C-m. 


Solution: Given: p = 6 Xx 107° C-m, r= 107% m, P=? 
We know that the molecular weight of water, M = 18, density, p = 10° kg/m? and the volume V 
= M/p. Now, it can be said that 


A volume of i m? will contain 6 x 10° water molecules 


B02 % 10% 102 de 10? 


- 20/rn3 = 
igx3 = 1.40 x 10°%/m? = N 


4n ' ‘ 
or => (10)? will contain 


Therefore, making use of eq. 4, the polarization can be obtained as 


P = Np = 1.40 x 10”? x 6 x 1079 = 8.4 x 107° C/m? 
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OF A DIPO 
pf we choose the coordinates Such that polaris. LE 
direction (Fig. 14.2), then the Potent; atiZation vect 


ia or P lies at the origin and points in the 
by **@ point (r, 9) from the centre of the dipole is given 
P+ P 
Viip(P, 0) =——— = P cos 9 


Taking into account the fact ¢ 
field is equal to the negative 
gradient, we can write vari 
of the field in the spherical 


hat the electric 
of the Potential 
ous components 
polar Coordinate 


system as. 
E= _V _ 2P cos i) 
Or Ane Fig. 14.2 Electric field of a dipole 
E,- _1.9V_ Psin@ 
95 
r 06 4ne,r° 
and E,= Bi iaaey \ 0 
rsinO a 
P aA 
Thus, Eine, 9 = Taw 3 (2 cos OF + sin 68) (6) 
4neyr 


In order to simplify this, let us make the following substitutions, 


y=rsin@ and Z=rcos @ 


The radius vector r lying in the yz-plane can then be written as 


F= jytke 
= jrsin@+krcos@ 
Therefore, r= ~=7 sin +k cos@ 
r 
Similarly, 6= jcos0—kcos@ 


where 7 and @ are the unit vectors along their respective axes. Now, substituting the value of 
? and 6 in eq. 6, we obtain 
P 
4neyr° 
P 


3 
NE r 


Ejip(r, 8) = (2 cos OF + sin 60) 


{2 cos 6(j sin @ + k cos @) + sin 0(j cos @ —& sin 6)} 
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act {7 2 sin @cos 942k cos? 6 +j sin @cos @— k sin* 9} 
Aner? 


~{j 3sin @cos 6+ k (2 cos? @ — sin’ @)) 
NMEgr” 


{7 3sin @cos 6 + k (3 cos? @—- 1)} 


A4néyr? 


apes ~{3 cos O(jsin 0+ k cos @) - k) 
4fEgr* 


_ ] 
7 47Egr 


={3r? cos OP(jsin 6+ kcos @) - kr?P} 


= 1 
4n€ gr? 


(3 (P+ F)F - r?P) 


14.5 LOCAL ELECTRIC FIELD AT AN ATOM 


The electric field acting at an atom in a dielectric is known as the polarizing field or the local 
field, E\,, and is different from the applied external field E,,,. In order to evaluate this, it js 
necessary to calculate the total field acting on a certain typical dipole. This was first of all 
calculated by Lorentz. The reference dipole (Fig. 14.3a) at which the field is to be determined 
is imagined to be surrounded by spherical cavity (also known as Lorentz sphere) of radius r, 
sufficiently large as compared to the dimension of the dipole. The space outside the cavity may 
be treated as a continuous medium as far as the dipole is concerned. However, the medium very 
close to the central dipole inside the cavity is considered to be discrete and the interaction with 
other neighbouring dipoles is treated microscopically. The local field acting on the reference 
dipole is given by the sum: 


(a) 


(b) 
Fig. 14.3 The procedure for computing (a) the local field and (b) the Lorentz field 
Bh ee Ey + Ey + E+ E; () 


where Ev is the applied external field (uniform). When a medium is polarized due to an elect | 
field E, the displacment vector D js given by 
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ae D=HE+P 
s a result of polarization, the elect 
e 4 js then given by, romagnetic Properties of the medium changes. The external 
D=& Ey 
Fquating the two equations, we obtain 
Eo = E + e (8) 
Eo 


f, is the field due to the polarizing charges ly; } : 
medium, also known as depolarization field eee 


E, is the field due to polarization char 
known as Lorentz cavity field; 


E is the field due to other dipoles lying within the sphere (cavity); E is the macroscopic 


average field, the apeieer being taken over the volume of the specimen, this is the field which 
enters into the Maxwell’s equations and is equal to Ey + E, 


Now, in order to determine the local field, Exoc, let us evaluate the fields appearing in eq. 7. 


Bes lying on the surface of Lorentz sphere (cavity), also 


Depolarization Field, E, 


This field as we know is due to the polarization charges on the external surfaces and hence 
depends on the geometrical shpae of the dielectrics. This obviously acts in a direction opposite 
to the external field. For a simple case of an infinite slab, it is given by 


g,=-40 (9) 


where N is known as depolarization factor and P is the polarization. For some regular geometric 
shapes the values of N are given in Table 14.1. However, the depolarization factor has a rigorous 
meaning only for homogeneous ellipsoids in uniform applied field. For this, there exists an 
important property, i.e. 


N,+Ny+N,=1 
where N,, N,N, are depolarization factors along the three principal axes of an ellipsoid. The eq. 


9 can be confirmed by using Gauss’s law. 


Table 14.1. The depolarization factor (N) for various shapes 
a 


Shape . aixs ea ie Naor 
(cgs) (SI) 
ce 
1. Sphere any 4n/3 1/3 
2. Thin slab normal dn \ 
3. Thin slab in plane 0 0 
4. Long circular cylinder longitudinal 0 0) 
5, transverse Qn 1/2 
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Lorentz Field, E, face of Lorentz sphere produce this field (Fig. 14.3a). I 


ization charges on the sur 
The polarization charg e in the direction of the applied field, let us conside, 


rder to calculate this at the centr 
vel view of the spherical cavity (Fig. 14.3b). If @ is the polar angle that an element of a 


dA is making with respect to the polarization direction (taken as x-axis), the induced charge 
density on the surface of the cavity is equal to the normal component of the polarization times 


the surface element, i.e. 
P cos @x dA 


According to the Coulomb’s law, this charge on the surface element of area dA produces a force 
dF, acting on the referred test charge g (assuming at the centre of the cavity) in the direction of 


r (Fig. 14.3b) 


N92 gP cos@dA 
IF = OOOO! UF 
ies 4n€gr* 4n€ gr? (10) 


where dA = 2zr sin 0 rd@ = 2nr* sin @d@. The force acting in the direction of the applied electric 
field, F, = + F, cos 6, and therefore from eq. 10, we have 


dF, = + GESeee 2m sin Od@cos 0 (11) 
4n€gr 


The Lorentz force F, can be determined by integrating eq. 11 over the range 6= 0 to @= 7 
Therefore, 


ee 
ade Te I cos“ @sin 0dé (12) 


Substituting z = cos @ in eq. 12, we have dz = —sin 6 d@, so that 


-] 3 
Fcc El Pree le 9 GP 
ax7 2&5 ie < d. Ey 3 . 3, (13) 
The Lorentz field, E, becomes 
ee 
Ey = al oe, (14) 


Field of Dipoles inside Cavity, E, 

The field £3 due to dipoles within cavity is the only term which depends on the crystal structure. 
In section 14.4, we have seen that the field due to such dipoles (having the moment p) at a point 
r from the centre is given by eq. 6, i.e. 


E(r) = — ~ (3(P-F)F - Pr?) 
or 


4ne 


Now, suppose that all the atoms within the cavity are replaced by point dipoles parallel to eacli 
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is of the dipoles is tak . 
her. If the axis 0 Poles is taken as the --ax; ee 
meron point can be written as € z-axis, then the field due to other dipoles Pj 


Ex(z)= 3 Piz} — pire 
i r 


py the symmetry of the lattice and the Cavity, we have 


(15) 


2 
re 2 x? 
ie een 
uF : A 1 r 
is 22 
so that Yt a3 De 
1 r ip 
1 


Thus, for a spherically symmetric case, c.g. a cubic structure, E, = 0, while, E; # 0 for other 
crystal structures, €.g. monoclinic, triclinic, hexagonal, etc. 


Now, substituting all the above calculated ficld in eq. 7, the local field acting on the reference 
dipole is given by 


Egg = Ey + Ey + Ey + (Ey = 0) 


PY. f_ 2), 2? P 
me (i eee ee oe ee aie 16 
( “el” | ge at aee ( 


This is known as Lorentz relation. The difference between E, the Maxwell’s field, and the 
Lorentz field, £),. may be understood as follows. 


The field E is macroscopic in nature and is an Fic! ! 
average field. In the present situation, this is [:\ [:\ ["\ 
constant throughout the medium. On the other - iLO 
hand, Ej, is a microscopic field and is periodic ; \ \ 


in nature (Fig. 14.4). This is quite large at : 
Me awbeny twee Fig. 14.4 The difference between the Maxwell field 
molecular sites indicating that the molecules : eee eee 
; . E and the local feild £;,.. Solid circles 
are more effectively polarized than they are repesent molecules 
under the average field. 


14.6 DIELECTRIC CONSTANT AND ITS MEASUREMENT 


Dielectric constant (also known as permittivity of the medium) is a measure of the degree to 
which a medium can resist the flow of charge. It is defined as the ratio for the electric displacement 
D to the electric field intensity £, i.c. 


e= BE 7 ErEo (17) 


Where €, is the relative permittivity of the medium and € is the permittivity of free space (i.e. 
Vacuum), If €, = 1, we have € = &. ' 
Fig. 14.5 shows a simple experimental setup for measuring dielectric constant. The plates of 
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a capacitor are connected to a battery which charges them. In the absence of a dielectric inside 
the capacitor, the field produced by the charges is Ep, which can be determined by measuring the 


potential difference Vp across the capacitor using z Dielecete 


the relation Capacitor ——> 
plane 


E,=—! (18) 


where L is the distance between the plates. When 
a dielectric slab is introduced between the plates, 
the field E, polarizes the medium, which in 
turn modifies the field to a new value E. Like 
wise, this field can be determined by measuring 
the new potential difference V across the 


capacitor using the relation Fig. 14.5 Simple experimental setup for measuring 


diclectric constant 


wee 
E= L (19) 
The dielectric constant in terms of the fields Ey and E is given by the relation 
_ Fo 
E, = a (20) 
From eqs. 18 and 19, it follows that 
_ % 
or = ay (21) 


We can thus obtain the dielectric constant by measuring the potential differences across the 
capacitor with and without a dielectric, and taking their ratio as in eq. 21. 

Similarly, it can be shown that the dielectric constant can also be obtained by measuring the 
capacities of condenser with and without a dielectric and taking their ratio as 


C 
&=> 2 
ait (22) 
where Co and C are the capacities in the absence and presence of a dielectric, respectively. 
Further, we know that the capacity of a parallel plate condenser is defined as the ratio for the 
charge Q on either plate (regardless of sign) to the potential difference between the plates as 


c=2. o Q=cv (23) 
Equation 23 indicates that the increase in the capacity (after introducing the dielectric medium 
between the plates) by a factor €, means a decrease in the potential difference as well as in the 


field by the same factor, i.e. if C = &,Cp (eq. 22) then the decrease in the field in the presence of 
a dielectric medium is : 
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This decrease in the field in fia 


induces di 
produced in the material is g ’ 


Poles and the mediu olarized. The polarization 
MEasure of ¢ m gets p P 


he Charge in the capacitance (or field) such that 


P= (C a Cy) V 
=(€-a)E 
= (€& - 1) E 
Rearranging the terms, we get 
= P 
E, I+ gl xe (24) 


Pp. : 
where Ye = @)E is the electric Susceptibility. 


Equation 24 gives the dielectric consta 
This is represented by a scalar quanti 
medium €, or X. depends on direction 0 


nt of an isotropic medium or a solid with cubic structure. 
ly, Le. by a Single number. However, for anisotropic 
f the field and is represented by a tensor of second rank. 


14.7 POLARIZABILITY 


When an electric field is applied to a solid, electric ch 
it. The induced dipoles of moments P are proportion 


/ 


arges are displaced causing polarization in 
al to the local field, Eyoc, i.e. 

p=a@ Eroc (25) 
where @ is known as electrical polarizabilit 


y of the atom. The total polarization of the dielectric 
containing N atoms is given by 


N 
P= X NiO; Eyo.(i) (26) 


where N;, is the number of i atoms having polarizabilities aj, and E,,,(i) is the local field at the 
atoms of type i. 


For an isotropic dielectric medium, the local field inside the crystal is everywhere the same 
so that it can be taken out of the summation sign from eq. 26. Substituting the value of the local 
field from eq. 16, the eq. 26 becomes 


(27) 


Now, solving for L Nia, we get 
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esi: P 
t—-=—— ) Na. 
ect Bee 28) 


This is known as Clausius-Mosotti equation. This equation can be used to determine the electricg) 
polarizabilities of the atoms if the dielectric constant is known. Further, since according to eq. 28, 
the polarizabilities are additive, therefore this relation can also be used to predict the diclectri, 


constant of new materials if the individual E=0 ; 
polarizabilities of the atoms are known. 

Now, the total polarizability @can be written S 
as the sum of three terms representing the most _ 
important contributions to the polarization lec uionie yalanzauoe 

ae cas Oa (29) Ow-O Onwwn-O 
where @, 0; and a, are the electronic, ionic sai aii 
and dipolar polarizabilities, respectively (Fig. 
14.6). Let us discuss them one by one. x t a a aa A 
Example: Assuming that the polarizability of Kr Ny . 
atom is 2.18 x 10-*° Fm?, calculate its dielectric Diplolar polarization 
constant at O0°C and 1 at here. 
on eg ©0000 ©0000 
Solution: Given: ay, = 2.18 x 1074? Fm?, Se SRO 
T = 0°C, pressure = 1 atmosphere, € = ? At QGOHO @OOOO 
NTP, the number of Kr atoms are Since, charvewalarizaund 
26 
= 6.023 x10" _ 469x102 Im? Fig. 14.6 Atomic contributions to electric pola- 
22.4 rization 
Now, making use of eqs. 4, 24 and 25, we have 
&.= Na +] 
Eo 
25 -40 
wn 269 XID X218 X10 1 oon66 


8.85x10°? 


Example: Find the total porasZauraty of CO,, if its susceptibility is 0.985 x 107°. Density of 
carbon dioxide is 1.977 kg/m’, 


Solution: Given: y = 0.985 x 107, p(CO,) = 1.977 kg/m’, a =? 


We know that the molecular weight of CO, = 44. Therefore, the number of molecules per unit 
volume will be 


6.023 x 1076 x 1.977 
44 


Again, making use of the eqs. 4, 24 and 25, we have 


N= = 2.7010" /m* 
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le: On being polarized 
dant of the centre of eae fe: Produces a dipole moment of 0.5 x 107? C-m. If 
: 0 
polarizability of oxygen atom. B¢ cloud from the nucleus is 4x 10""" m, calculate the 


Solution: Given: p = 0.5 x 19-22 Cc. 


: Mm, d= -17 
jn equilibrium, both the Coulomb ; 4x10" m q=9 


oxygen atom, we have Meraction and the Lorentz force will be equal, so that for 
seg = 8¢) x (Be) 
4n€yd? 
or E = 8 x 1.6 x 10-9 


4neyd* 42x 885 x10 x 16x 190-4 — toga 


Further, the dipole moment p = aE. Therefore, 


= 0.5 x 1072? 
Q= etx. 1.9 x 10747 Fm? 


pP 
E 26x 10" > 
Electronic Polarizability 


The electronic contribution @ arises as a result of the displacement of electrons in an atom 


relative to the nucleus. As shown in Fig. 14.6a, the negatively-charged electrons move antiparallel 
to the field creating an electric dipole parallel 


to the field. This contribution is common in all ' 

solids, since all are made up of atoms. It is the 8 Microwave Infrared Ultraviolet 
chief contributor in materials such as diamond = ; 

in which other effects are absent. If we look to 5 3 

the polarizability versus frequency curve (Fig. 3 ! 


14.7), we find that in the optical frequency range 
the dielectric constant arises almost entirely 
from the electronic polarizability. The ionic and 


dipolar contributions are small at high Fig. 14.7. Schematic representation of frequency 


frequencies because of the inertia of the ions dependence of the several contributions 
. a . ee 
and molecules. In the optical range, the eq. 28 to the polarizability 
reduces to 
a P ‘ 
fe 2 Ma; (electronic) (30) 
ni¢2 3&0! 


This is obtained as follows: we know that the velocity of electromagnetic waves in matter is 
. abe = 


given by 
‘ 


y=-— 


Jeu 
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where c is the velocity of light in vacuum and ¢, p are the permittivity and the permeability of 
the medium, respectively. Also, the refractive index n is given by 


Cc 


Further, for non-magnetic materials pz = 1, therefore, n = Ve . Thus, replacing &, by n? in €q. 28. 
we obtain eq. 30. ; ae 

Now, with the help of eq. 30, it is possible to find the value of electronic polarizability if the 
refractive index of the material is known. 


Ionic Polarizability 

lonic polarizability arises from the relative displacement of positive and negative ions. The 
cations are displaced parallel to the local field, and the anions are displaced in the opposite 
direction (Fig. 14.6b). As expected, such effects are most important in alkali halides and othe; 
ionic solids. If the relative displacement of the positive and the negative ions is d and q is the 
charge on each ion, then the dipole moment per molecule is p = qd and the ionic polarization 
becomes 


Pion = Nad (31) 


where N is the number of molecules per unit volume. 


14.8 THE CLASSICAL THEORY OF ELECTRONIC POLARIZABILITY 


First of all, let us understand the static polarizability of free atoms or molecules in an external 
electric field. The term “free” refers to a system in which the mutual interaction between the 
particles may be neglected, as in gas of low 
density. In a free atom, in the absence of an 
electric field the centre of gravity of the electron 
distribution coincides with the nucleus. When 
the atom is placed in a static homogeneous 
external field E, the force exerted on the nucleus 
and on the electrons is oppositely directed. As 
a result, the external field tends to draw the 
centre of gravity of the electrons away from 
the nucleus (Fig. 14.8). On the other hand, the 
attractive forces between the electrons and the HEN Sheatixs . oe 
nucleus tend to preserve a vanishingly small g. 14. chematic illustration obi eda 
dipole moment in the atom. Consequently, under ie rn eee aie 
oa , é , for a hydrogen atom under the influence 
equilibrium situation, the atoms bear a finite of an external electric field 
dipole moment. The induced dipole moment 
may be represented by 


Ping = A Evo (32) 
where a, is the electronic polarizability of the atom. 


In order to obtain the magnitude of a, let us assume that the atom is represented by a nucleus 
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distribution inside a sphere oe ee charge 
nucleus is displaced over a dita 1US Tr. If the 
in Fig. 14.9), the resulting fos . d (as shown 
force exerted on the nucleus — 7 “qual to the 
Zexl4ner’. Under equilibrium Sgative charge 
have Ndition, we 


ZeE = (Zeya 


4 TEo r? 
or d= 4negrE Fig. 14.9 Simplified model for estimating the 
ae (33) magnitude of the electronic polarizability 
: ; of an atom 
The corresponding dipole moment re 
; P=Zed= 4nerE (34) 
and the electronic polarizability (from €q. 32) becomes 
Pina 
== 3 
Tr. 4n€gr (35) 


Note that @ has the dimension of volume. For r = 10°}? 


i der of 10°“° m?. 
In order to understand the ac polarizability m, a, is of the order 0 


jasti rina we assume that the electrons in the atom experience 
an elasic restoring Torce corresponding to a resonant frequency @ = (K/m)"”, where K is the 


force constant and m Is the mass of an electron. Thus, the equation of motion of an electron of 
mass m and charge e in a local field E,,, sin at is given by 4 


i ae - 
me + MOG X = —eL jo, SIN Ot (36) 


Let x = Xo Sin Qf (i.e. the displacement is harmonic) and solve eq. 36 for x, we find 


eE Loc 


2 2 = = 
MO, -— O°')X_ = -eE or aX} — =e Se 
( 0 ) 0 Loc m( 2 2) 


The corresponding amplitude of the dipole moment becomes 


=-exX,= ee Evoc 
Poa END ma? - w°) ay 
Hence, the electronic polarizability becomes 
2 
e“/in 
a, = a a er. (37) 


and N atoms per unit volume, then the resulting electric 
'f there are Z electrons per atom 


susceptibility is 


468. Solid State Physics 


" NZe* /Eqm G4 
te = (w?2 = @”) 8) 


and hence the index of refraction is given by 


, NZe* /Eqm 
mealtze=lt (rT (39) 


The plot between n2 versus @ shows a strong dispersion at the resonance frequency w= Wy, 


14.9 DIPOLAR POLARIZABILITY 


The dipolar polarizability (also known as orientational polarizability) is important only in Materials 
which contain complex ions having permanent dipole moments. These dipoles are not free tg 
rotate in the solid while they do so in a liquid or a gas. An applied electric field helps orient these 
dipoles along the direction of the field. Such an orientation is opposed by the thermal agitation 
which tends to randomize the dipoles. It is 
because of this reason, the calculation of dipolar 
polarizability has to be made under thermal 
equilibrium. 

Now, let us suppose that a dipolar system is 
placed in a uniform electric field, out of which 
consider a dipole as shown in Fig. 14.10. Force 
exerted by the field on the positive and negative Fig. 14.10 The turning couple produced on the 
charges of the dipole is equal but acts in opposite dipalciby,Micrexteudat aed 
directions. Thus, a torque exerted by the field 
on the dipole having a dipole moment p is given by 


tSpee (40) 


The magnitude of the torque is pE sin 6, where 0 is the angle between the direction of the field 
and the moment, and the direction of the torque is such that it tends to turn the dipole into the 
direction of the field, i.e. to reduce 6 The potential energy of the dipole in the field is given by 


U=-p-E=-pE cos 0 (41) 


It is clear from eq. 41, that the energy of the dipole is minimum (equal to -pE) when = 0, i.e. 
when the dipole is aligned parallel to the field and is maximum (equal to pE) when 6 = 180°, i.e. 
when the dipole is antiparallel to the field. Thus, the potential energy is a function of angle. 
Despite the minimum energy condition of @ = 0, all the dipoles do not point in the direction of 
the field because of thermal agitation. A dipole of moment p making an angle @ with the 
direction of the field contributes to the polarization a component .p cos @ (= p, the x component). 


According to the Boltzmann statistics, the probability of finding a dipole within the solid 
angle @ and 6 + d@ or (dQ) is proportional to the Boltzmann factor 


= Ne [ eel 
sili ( i a (43) 
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erefore, the average Moment Contr; telectric Properties of Matert 


P b int H Tibution : - 
jetermined y integrating over all angles fr per dipole D lying within the solid angle can be 
= pr, so that ©M Paralle] li : : 
92% alignment @= 0, to antiparallel alignment, 
rt 

_ [ F.f(8)dQ 
0 (43) 

} F(0)dQ 


where Px =P cos 6, dQ = 27 sin fa) 


d@ and saat , 
eg. 43 becomes F(8) is &lven by eq, 42, Substituting these values, the 


n 
P 
I COs O27 sin 8 exp(pE cos O/kKT)d@ 


p= 
(44) 


ant 
| 2m sin Bexp (pE cog O/kT) dO 


tituting a = = 
Now, substituting @ = pEIKT, t = cos @ ang dt = ~ sin 8 d8, eq, 44 can be written in the form 


+1 
P | xp (ta) tdt 
i —_—_—ae d + 
+1 =P los | exp (ta) dt 
[ €xp(ta)dt - 
-1 
= p[ Ltog(et —e-*) £1 a| = [ th Ll = pL 45 
da da 8 4| = p}coth (a) - | = pL(a) (45) 
where : L(a) = coth(a) ~ 4 (46) 


The function L(a) is known as Langevin function because Langevin first of all derived this 
formula in 1905 for a paramagnetic gas. In 1912, Debye applied this relation to an electric dipole 
gas. Fig. 14.11 shows a plot of the Langevin function L(a) as a function of a. When a is very 
large, that is at very high field strength or at low temperatures, the function L(a) approaches 


0 3 4 5S°6 T18'S 10 
a = EIKT 


Fig. 14.11 A plot of the Langevin function L(a) as a function of a 
ig. 14. | 
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saturation value at unity. This corresponds to the maximum a ae along the 
direction of the field. For small values of a (i.e. a << lorp : 


1 
coin (= La $e Soe... 


so that L(a) = 3 (47) 
Actually, in order to approach the value of a to be unity at room gay the = strength 
of about 10? V/m is required. Thus, for a moderate tile a 5 10 4 ‘a peg 
temperatures (~300K), the value of a is of the order of 10° — 10~°, which is ae ess than unity 
and hence the above approximation (eq. 47) could be used safely without we much of 
accuracy. This assumption may be justified by showing that the oad at room 
temperature is many times larger than the potential energy gain resulting from the a lgnment of 
: the dipoles at the same temperature. Moreover, the value of a found in most experimental 
situations is of the same order, Now, substituting the value of L(a) in eq. 45 and replacing back 
the value of a, we obtain 


P= 357 (48) 


23kT (49) 


If Q@ denotes the sum of the electronic and ionic polarizabilities, then from eq. 29, the total 
polarizability may be written as 
p? 


a= C+ a7 (50) 


This is known as Langevin-Debye equation and is of great importance to chemists in interpreting 
molecular structure. 


Example: Assuming that there are 107’ molecules/m? in HCI vapour, calculate the orientational 
polarization at room temperature if the vapour is subjected to an electric field of 10° V/m. The 
dipole moment of HCI molecule is 3.46 x 10-°° C-m. Show that at this temperature and for such 
a high field, the value of a (where a = pE/KT) is very much small than unity. 


Solution: Given: N = 10°" molecules/m?, E = 10° V/m, p = 3.46 x 107° C-m, a=? 
From eq. 49, we know that the orientational (or dipolar) polarizability is given by 


2 
P (3.46 x 1073°)2 F 
Fr i le -40 By2 


ay= 


and hence the orientational polarization will be 
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P= Np=Nogk = 1027 y 
‘ 764 % 10 x 108 = 9.64 x 10-7 Cm? 
Further, tne magnetic energy ; m 


PE = 3,46 y 19-30 


xX 10° = di 
and the thermal energy 10° = 3.46 x 10-4 J 


kT = - 
| 1.38 x 19 x 300 = 4.04 x 10-2! J 
Comparing these two energies, we find that 


E 
a= 5 ~ 19° 


Example: The polarizability of NH ; 
dielectric constant as 2.42 x 19-39 en is found ex 


Calculate for each temperature the 
deformation of molecules, 


Solution: Given: 0(309) = 


oe perimentally by the measurement of 
ie 09 K and 1.74 x 109 Fm? at 448 K, respctively. 
arizability due to permanent dipole moment and due to 


-3 
! 242 X10 Fm?, o(448) = 1.74 x 10-2 Fin? 0, = 2 dy=? 
Since the sum of these two Polarizabilities is given by 


2 
PEO + O95 OF + a = a +E 

here g. P 

W = 

is 

Thus polarizability at 309 K will be 

-39 B . 
242 x10 = a, + 300 (i) 
d -39 _ B es 
and at 448 K 1.74x 10°’ = a; + Tg (ii) 


Subtracting (ii) from (i), we have 


BR” p.° 39 
309 ~ Gag = 0-68 x 10 


On simplifying this, we have 
B=677x 10° 


Substituting the value of in eq. (i), we have 


-39 
a, = 2.42 x 10° - SIO = 2.42 x 10 — 2.19 x 10° 


= 0,23 x 10°? Fin’ 
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But the orientational (or dipolar) polarizability is given by 


iis f where B = 677 x 107°” 


Hence, the orientational polarizability at the two temperatures are: 


-39 
At 309 K a = om =2.19x10- Fm’ 


and at 448 K a= =1.51x10"? Fm? 


677 x 107? 
448 
14.10 PIEZO-PYRO-AND FERROELECTRIC PROPERTIES OF 

CRYSTALS 


A material can be either piezoelectric, pyroelectric or ferroelectric only if its crystalline symmetry 
is inherently asymmetric, i.e. it lacks an inversion centre. A basic principle due to Neumann jg 
that any physical property exhibited by a crystal must have at least the symmetry of the poin, 
group of the crystal. Thus, the above properties which are inherently asymmetric can only arise 
in asymmetric crystals. 

Of the thirty-two crystal symmetry classes, eleven exhibit centre of symmetry, in another one 
case, a combination of symmetries effectively provides such a centre, leaving twenty classes 
which have asymmetric properties. All the crystals in these twenty classes are piezoelectric. When 
such a non-centrosymmetric crystal is subjected to a mechanical stress, the ions are displaced 
from each other in an asymmetric manner and the crystal becomes electrically polarized. This 
is called piezoelectric effect. The inverse effect of it, ie an applied field produces strain has 
also been observed. 

The piezoelectric effect is often used to convert electrical energy into mechanical energy, 
and vice-versa. Quartz is the most familiar piezoelectric substance and the one most frequently 
used in transducers. The existence of direct effect and its inverse is to be distinguished from a 
similar property called electro-striction. In the latter case, the material becomes strained in an 
electric field E, Furthr, the electro-striction is proportional to E*. Hence, there does not exist 
any inverse of this effect. 

Crystals in ten of the twenty classes have a unique polar axis (where none of the point 
group operations turn the axis round) responsible for the appearance of a spontaneous electric 
polarization even in the absence of an electric field. A change in the temperature (AT) of the 
crystal produces a change in its polarization (AP), according to the relation 


AP = AAT (51) 


where A is the pyroelectric coefficient and can be measured. This effect is called the pyroelectric 
effect and can be produced either by heating or cooling the crystal. 

Perhaps the simplest pyroelectric crystal is wurtzite, the hexagonal ZnS (Fig. 14.12). The 
crystal class is 6 mm, for which the polar axis and P, are parallel to c, the 6-fold symmetry X's. 
When a wurtzite crystal is heated, it undergoes an anistropic thermal expansion. The resulting 
change in c/a ratio accounts for the fact that wurtzite is pyroelectric as well as piezoelectric. On 


other hand, when a Non-centro 
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the phenomenon of reversing the direct 


Fig. 14.12 Wurtzite (hexagonal ZnS 
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bic ZnS) is heated, four equivalent 
S piezoelectric but not pyroelectric. 


Zation can be reversed by an external 


are called ferroelectric crystals and 


called ferroelectric effect. 


32 Symmetry classes 


11 Centrosymmetric 24 Non-centrosymmetric 


(20 piezoelectric) 


/ 


10 Pyroelectrtic (polar) 11 Non-pyroelectric 


A \ s 


Ferroelectri 


crystals based on symmetry is shown schematically in Fig. 
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¢ (polar) Non-ferroelectric (polar) 


8-14.13 Classification of piezoelectric and pyro- 


electric materials 


pyroelectric are inherent property of a crystal. 
y on the other hand, is an effect produced 
mal electric field. Classification of these 


14.13. 


Ferroelectricity was first of all discovered by J. Valasek in 1921 in Rochelle salt. This phenomenon 
is analogous to that of ferromagnetism. A ferroelectric material like a ferromagnetic one exhibits 
spontaneous polarization even in the absence of an externalelectric field. Similarly, the spontaneous 
polarization gets destroyed and the ferroelectricity disappears above a certain temperaure called 
the transition temperature (or the Curie temperature) where the materials become paraelectric. Fig. 
14,14 illustrates the temperature dependnce of polarization in ferroelectric crystals. A phase transition 
from paraelectric to ferroelectric or vice-versa is accompanied by a change in crystal structure, 


such that the ferroelectric phase is well ordered 
and has a lower crystal symmetry than the 
paraelectric one. 

The occurrence of ferroelectricity may be 
understood in terms of either (i) polarization 
Catastrophe, or (ii) transverse optical phonon 
mode. Let us first discuss the simple form of 
catastrophe theory in which for some critical 
condition the polarization becomes very large. 
Consequently, the local electric field caused by 
the polarization increases faster than the restoring 


P 


Polarization 


T, 


c 
Temperature T 


force on an ion in the crystal, leading to an Fig. 14.14 Spontaneous polarization versus tem- 


asymmetrical shift in the positions of the ions. 


perature 
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When a transition from paraelectric to ferroelectric phase takes a aap ody 
the appearance of spontaneous polarization. In principle, two ine aaa ae IM this 
transition (i) work down in polarizing the medium and (ii) attractive, Gi) pat ya tet 

In order that the process be spontaneous, the lowering !n energy In More thay 
the energy absorbed during (i). 

Let us suppose that the work don 


e during the process of polarizing the medium is 
where F is the force and dx is the macroscopic electric field, then the polarizability is give, by 


P. erx (since p = ex and E = Fie) 
Lf 


a="5 


2x7 _ p 
Therefore, W= | F dx = aa 7a (53) 
Further, the attraction energy due to dipole-dipole interactions will be 


W, = - (54) 


2 
Laks 
- 
where the negative sign indicates attraction and “r” is the distance between the dipoles, If W, = 
IW,I, then 


an or a= 7) ; (55) 


For an isotropic system, e.g. cubic dielectric, eq. 53 can be written as 


P? 


W, = —=———- 
1 22 Nia; 


(56) 
where P is the polarization and N, and a; are the atomic concentration and polarizability of the 
ith atom, respectively. In order to calculate W>, we proceed as follows: 

The local field at the atomic site in the dielectric is given by eq. 16. For spontaneous polarization, 
E must be zero. Therefore, 


P 
Figs = 3&5 
and W, = -| Ege P= - | paps Pe (57) 
3E GE 
From eqs. 56 and 57, we have 
2 2 
P - gett Set (58) 


22 Nia; ~ 6 ee 3&9 
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; quation ca 


n be written as 


Leuk. 
€ 3&5 i Nia; 
ee 
1.1 (59) 
Eo i Nia 
rfeq. 58 is satisfied, then the dielectric constant 


dielectric co (given by eq. 59) becomes infinite. In practice, 
though the ¢ nstant does be i p 
one infinity. Therefore, let us - Come very high (~ 103 — 10°) in many cases, it never 


een 
Be, U Nias = 1-6 (60) 


where 6<< 1. Then the dielectric constant becomes 


€,= el 61 
Se (61) 


Now, if near the critical temperature, 


: T, the deviation in eq. 61 varies with the temperature in 
a linear fashion according to the 


& 
ae, 
d= G(T-T.) (62) P 
fe 
where C is the Curie constant. Thus, eq. 61 = 
becomes E 
fc 2 ' 
C= sa a 3 | 
ig (T ES T.) (63) 3s , 
l 
This indicates that the dielectric constant follows 
the Curie-Weiss law. Fig. 14.15 shows the z, 
dependence of dielectric constant with Temperate? 
temperature in a ferroelectric crystal. Fig. 14.15 Relative permittivity versus temperature, 


showing maximum at T,. 


14.12 FERROELECTRIC DOMAIN 


Similar to the existence of ferromagnetic domains, the ferroelectric domains are found to exist 
in ferroelectric materials as shown in Fig. 14.16. Asa result, similar to M-H hysteresis curve, the 
ferroelectric materials also exhibit hysteresis in the polarization when an electric field is applied 
as shown in Fig. 14.17. : 

In a particular domain, the atomic dipoles are aligned parallel to one another. Further, the 
direction of alignment of dipoles varies irom oneeumainl SE a 

Let us suppose that the net polarization of the specimen Is zero in the beginning when no field 
is applied. When an electric field is applied and gradually increased, the favourably oriented 
domains (in which the polarization P is parallel or nearly parallel to the electric field E) grow at 
the expense of others (in which P is antiparallel to E). As the field is increased further, more and 


more domains rotate along the direction of the field until the polarization reaches a maximum 
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Fig. 14.16 Ferroelectric domains Fig. 14.17 Ferroelectric hysteresis curve 


value called the saturation value. At this stage, the whole specimen represents a single domain, 
This is usually accompanied by a distortion in the crystal structure (in the form of elongation) 
along the polarization direction. An extrapolation of the saturation value to zero field gives the 
magnitude of the spontaneous polarization P,. This value of P, is the same as possessed by each 
domain before the application of the field. When the field is decreased, the polarization also 
decreases but follows another path and does not become zero for zero field. The remaining 
polarization at this stage is called remnant polarization P,, where P, refers to the whole Crystal 
block. In order to destroy the remnant polarization, the polarization of nearly half of the Crystal 
is to be reversed by reversing the direction of the field. The field required to make the polarization 
zero is called the coercive field, E,. Further increase in the reverse field results in the saturation 
of polarization in the reverse direction. Reversing the field again, the hysteresis curve will be 
obtained. 


14.13. ANTIFERROELECTRICITY AND FERRIELECTRICITY 


Antiferroelectricity is an analogue of antiferromagnetism. Hence like antiferromagnets, 
antiferroelectric materials may possess two equivalent interpenetrating sublattices having equal 
and opposite polarizations (in the ordered state). A transition to the paraelectric (disordered) 
state is accompanied by an anomaly in the diclectric constant and a change to higher symmetry, 
In antiferroelectric materials, each dipole is antiparallel to its neighbouring dipoles, hence has no 
bulk polarization and do not exhibit hysteresis cffect. However, antiferroelectric state may be 
changed into ferroelectric state under the influence of strong external field or upon cooling toa 
very low temperature. 

Similarly, a ferrielectric is an analogue of a ferrimagnet. If a material consists of two non- 
equivalent sublattices such that there is net “ferroelectric” behaviour, it is called ferriclectric. 
Table 14.2 enlists some ferroelectric, antiferroelectric and ferrielectric materials alongwith their 
transition temperatures. 


14.14 SUMMARY 


1. The polarization P of a dielectric medium is defined as 


7 7 
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2 Some ferroelectric, 


4. antifi . 

oble ; “rroelectric and ferrielectric materials and their Curie temperatures 

“saterials TAK) 

PO Ferroelectrics 
KH,FUs 123 
KDFVs 213 
pbH,POs 147 
RbH,AsOs il 
KH,AsOs 96 
GeTe 
Tri-glycine sulphate st 
qri-glycine selenate 995 
patiO; 393 
§1Ti03 1 
KNbO; 712 
pbTiO3 763 
LiTaO; 390 
LiNbO; 1470 
Antiferroelectrics 
WO, 1010 
PbZrO; 506 
PbHfO; 488 
NH,H,PO,4 148 
NH,D,PO4 242 
NHjH,AsO, 216 
ND,D,AsO, 30-4 
Ferrielectrics 

Na (Nby.7Vo3) O3 523 

que ee ee ! Lee ee le 

P=Np 


where N is the number of molecules per unit volume and p is the electric moment of each 
of these molecules. 


2. The electric field of a dipole is defined by 


Eun(r, 0) = — = (3(P +77 - r°P) 
0 


47€ 
3, For a spherically symmetric dielectric medium (e.g. a medium with cubic structure), the 
local field acting on a dipole is given by 
2 
= + 
Eve 3&9 
where E is macroscopic average field. . 
4. Dielectric constant of a (dielectric) medium is defined as the ratio of the electric displacement 
D to the electric field intensity E, 1c. 


-) 
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£p is the permittivity of the fre, 


where €, is the relative permittivity of the medium and 


space (vacuum). . as 7 ; 
constant of an isotropic medium 1s a scalar quantity and is defing 


5. The relative dielectric 


as 
P 
ee ltp pal tse 


ae fe... 
where X, = =F is the electric susceptibility. 
6. The electric moment is proportional to the field, and is given by 


p= ak 


where ais the molecular polarizability, 
7. If the dielectric constant is known, the electrical polarizability can be obtained by using 


Clausius-Mosotti equation 


’ = 
: = = Na, 


8. The optical dielectric constant (or the index of refraction) n°, obtained by treating the 
electron as a classical particle bound to the remainder of the atom by a harmonic force, 


is 
hig ates NZe* legm 
nol+Yy= SS 
. (wz - w*) 


where x, is the electric suscepubility. 
9. The total polanzability a (also known as Langevin-Debye equation) is the sum of electronic, 


ionic and dipolar polarizabilities, te. 
p? 
a= + G+ Ay = My + 3 


, 


Where Q@ = @& + @ and a, = i. 

10. A material can be either piezoelectric, pyroelectric or ferroclectric only if lacks centre 
of (inversion) symmetry. Piezoelectricity and pyroelectricity are inherent property ofa 
crystal, While ferroelectricity is an effect produced in pyrvelectric erystals by applying 
extemal electric field. 

Il. A ferroelectric substance exhibits spontaneous polarization below a certain tempeniture 
7, (called Cune temperature), Above this temperature, the diclectric comstant is givell by 
the Curie-Weiss law 


f, == 


(T-T) 


fhe ferroclectic property can be explained on the basis of domain theory, 
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REVIEW QUESTIONS AND PROBLEMS 


Derive an ex i 
pression fo . 
for the local electric field acting at an atom in SI system. Explain the terms 


De S 


a the Curie-Weiss law above the Curie temperature 
various ari iliti j : 
ious polarizabilities? Discuss the classical theory of electronic polarizability and obtain 


I. 
Z 


i 


corresponding dispersion relation. 
Di = LJ . . e oye . . 
iscuss orientational polarizability and obtain an expression known as Langevin-Debye equation. 


4, 
§. Explain the phenomenon of piezoelectricity. Describe any two applications of the piezoelectric effect 
What is ferroelectricity? Name any two ferroelectric materials and their applications. | 
The relative permittivity of argon at 0°C and one atmosphere is 1.000435. Calculate the polarizability 
Ans. 1.43 x 107"? Fm’, 


7. 
of the argon atom. 

8. Calculate the induced dipole moment per unit volume (polarization density) of helium gas when it is 
placed in a field of 6 x 10° V/m. The atomic polarizability of helium is 0.18 x 1077? Fm? and the 
concentration of helium atom is 2.6 x 1025/m3, Also calculate the separation of positive and negative 

Ans, 2.81 x 107! Chn?, 6.75 x 1077 m. 


charges in each atom. 
. . . = ? oe, . . . 
ation of dimond is 1.32 x 10 10 C/m?2, calculate the shift of the centre of negative 
on is 3500 kg/m? and the 


9. If the density of polariz 
cloud of 6 electrons on each atom from the nucleus. The density of the carb 
Any. 7.8 x 1077 m. 
e the orientational polarization at room 


atomic weight is 12. é' 
9 ‘i Z 

There are 1.6 X 10%" molecules/m” in NaCl vapour. Determin 
the vapour is subjected toa field of 5 x 10° V/in. Assume that the NaCl molecule consists 


ions separated by 2.5 A. ; 
Ans 10.32 x 10°! Cim*, 


temperature if 


of Nat and CI 
atmosphere is 1.000074. Calculate the dipole moment 


(i, The diclectric constant of helium at 0°C and one 007 L 
induced in each helium atom when the gas is subjected to an electric field of 3 x [0° V/n. ; 
Ans. 7.3 x 107"? C-m. 

12. The polarizability of NH, molecule in the gascous state, from the measurement of diclectric constint is 
pee 10 Fim? at 309 K and 2 X 1079 Fi? at 448 K, respectively. Calculate for each 

due to permanent dipole moment and dug to deformation of molecules. 

 F?, 2.19 x 10” Fa? and 1.51 x 10 Y em, 


found to be 
temperature the polarizability 
Ans. 0.23 x LO” 
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15.1 ABSORPTION PROCESSES 


When an electromagnetic radiation passes from one medium to another, three processes can 
occur, viz reflection, transmission or absorption. The absorption process transforms the 
electromagnetic radiation into a different form. The nature of the absorption process depends on 
the frequency of the radiation and on the substance involved. 


1. The Fundamental Absorption 
This process involves a transition of electron from the valence band to the conduction band as 


shown in Fig. 15.1. Such an electronic transition takes place between occupied (filled) and 
unoccupied (unfilled) energy states. Let us suppose that these energy states are separated by an 
energy AE, which is greater than the energy gap Ey. 


Fig. 15.1 Various absorption processes 


An electron in the valence band absorbs a photon of energy hv (from the incident beam) and 
jumps into the conduction band provided 


E. 
hv2E, or v2 a (1) 


‘he critical frequency (corresponds to the minimum energy required for such a transition to take 
lace) and the critical wavelength will be given by 


Vo = (=) or Aj,= (4) (2) 
h = E, 
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4N exciton is less than the band gap energy and 


where E,, is the exciton binding ener o ~ E,-Ey (3) 
the exciton levels within the band » x and is characteristically about 0.01 eV. Fig. 15.2 depicts 
Absorption of an exciton in 

particularly near the edge, Witime They Cations into the fundamental absorption spectrum, 
difficult. However, exciton abéontions the determination of energy gap in semiconductors more 
in the ultraviolet region of the ae in discussion of optical properties of insulators 
3 Free-carrier Absorption 

Free-carriers ( 

other band, they make tr 
15.3. This process is als 


rgy States in the same band, as shown in Fig. 


0 known as interband transition, 


Conduction 
band 


et LLL 
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t Exciton 
a eae 


Valence re 
band 
Fig. 15.2 Schematic representation of exciton Fig. 15.3 Free Carrier absorption 
energy levels 


Free-carrier absorptions can take place even if hv < E,, and frequently this process dominates 


below the fundamental edge. However, for hv > E,, both fundamental absorption and free-carrier 
absorption can occur simultaneously. 


15.2, PHOTOCONDUCTIVITY 


In the absence of light (i.e. in dark), an intrinsic semiconductor or a pure single crystal may 
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exhibit negligible electrical conductivity because the energy of the ay ‘eee iS Ve 
small as compared to the energy gap (i.e. hv << E,) between the top of eva ae band ang 
bottom of the conduction band. However, when an electromagnetic radiation including White 


light is incident, considerable increase in 
the electrical conductivity may be observed. 
Thus, photoconductivity is the increase in the 
electrical conductivity of certain insulating 
crystalline solids, as a result of exposure to 
electromagnetic radiation. The increase in the 
electrical conductivity is due to the production 
of electron-hole pairs by the absorbed photons. 
This phenomenon is used in light meters (in 
cameras) and solid state infrared detectors. A 
simple experimental setup for measuring the 
photoconductivity is illustrated in Fig. 15.4. 
Let us consider a semiconducting slab placed 
in dark. Since a negligibly small current flows 
in dark, the dark conductivity is written as 


Og = nef, + pel, = 0 (4) 


where n and p are free electron and hole concentrations, 1, and [, are the electron and hole 
mobilities, and e is the electronic charge. When the electromagnetic radiation of an appropriate 
frequency is allowed to fall on the semiconductor slab, the electrical conductivity increases, 
The change in the conductivity (assuming An = Ap) is given by 


Fig. 15.4 The generation of photocarriers jn , 
photoconductor 


Ao = O- 04 = An e(U. + Ly) (5) 
Ao Ane(u, + U,) 
hd Pa a (6) 
d h 


If tis the carrier lifetime and fis the rate of their generation (i.e. number of electron-hole pairs 
produced per second by the absorbed photons), then the average photo induced concentration 
is given by 

An = ft (7) 
where An = 107° m3, for germanium. 


In a practical device, the sensitivity is expressed as a gain G, which is the ratio of the carrier 
photocurrent / to the rate of generation of carriers. Thus, 


1 
C= (8) 


If t is the transit time of the carriers between the electrodes, then 
9 ’ 


T 
G=— 
; (9) 
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P pstituting for sulphur, acts as donor. To fit 

’ ro the divalent tonic lattice, the iodine atom aneslonis 

os yid accept two electrons. However, it shows ” 

g strong affinity to one while the second is Be Be Wipe ei er eee 

only weakly bound and can be easily removed 

thermally. This gives rise to a charge imbalance, Valence band “7 YY 
pyr Z 


q order to compensate this, Ca* vacancies 
are generated a ite peg One per two iodine Fig. 15.5 Model for increasing the electron lifetime 
donors. These divalent Positive ion vacancies in CdS as a result of doping with iodine 
act a8 efficient hole traps, During — 
notoexcitation, holes are readily trapped and electrons have much less chance of recombination 
and hence average lifetime is increased, ; 
CdS and CdTe single crystals are widely used as photoconductors because of their high 
sensitivity and response to visible light wavelengths. 


15.3 PHOTOELECTRIC EFFECT 


In the late nineteenth century, a series of experiments revealed that the electrons are ejected from 
metal surfaces when they are illuminated by radiations like X-rays, ultra-violet rays or even 
visible light of sufficiently high frequency. This phenomenon is known as photoelectric effect 
and the electrons so emitted are known as photoelectrons. Fig. 15.6 shows a typical experimental 
arrangement used to study the photoelectric effect. The apparatus consists of an evacuated glass 
tube fitted with two electrodes. The metal plate whose surface is to be irradiated acts as a 
cathode, also called as emitting electrode and 
is kept at zero potential. On the other hand, the 
electrode at the other end of the tube acts as an 
anode, also called the collecting electrode, and 
may be kept at positive or negative with respect 
to the cathode. A varying potential difference 
can be applied across the two electrodes. The 
potential difference is measured by a voltmeter. 

When a suitable monochromatic radiation 
is allowed to fall on the cathode, photoelectrons 
are ejected from it. Initially, when the potential 
at the anode is positive and large, all the ejected 
Photoelectrons are collected at the anode and 
the current measured by the ammeter reaches. ‘ ; 
maximum value. By eins the potential vet outa a peace ain i 
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at the anode, the current is found to decrease slowly. Homemess if asl pres cn, 

made negative with respect to the cathode, the photoelectnc alas indie etiersicn Fg) 
becomes zero. This shows that the photoelectrons have certain - ait a ti Sitiy 
made more and more negative, the photoelectric current decreases S Zero a 


mee - a1 even the faster moving electrons cannot reach 
a potential difference say Vp. At this potential even the work done by the stopping Potentias 


anode and hence is called the stopping potential. Thus, ne ae 
is equal to the maximum kinetic energy of the photoelectrons, 1.¢- 
2 (1g 


i ity of li AS » lhe 
Photoelectric current is found to depend on the intensity of light beam A strong light tip 
ency. Fig. 15.7 shows the Variation 


yields more photoelectrons than a weak one of the same frequ jena ee iat 
of photoelectric current with applied electrode potential for three different intensities of light of 


same frequency. It is clear from the figure that the stopping potential Vp (or the maximum kinetic 


energy Tmax) is independent of the intensity of light. 


Frequency = Vv = constant 


oO \ Vo 
Retarding potential 


Fig. 15.7 Photoelectric current as a function of retarding potential for three different intensities (bul 


same frequency) of tight 


Like above, the photoelectric current also depends on the frequency of the light employed. 
Fig. 15.8 shows the variation of photoelectric current with the applied electrode potential for 
three different frequencies of light of same intensity. It is clear from the figure that the higher the 
frequency (i.e. the higher the maximum kinetic energy of the photoelectrons), the larger the 


stopping potential. 
In is further observed that the emission of photoelectrons takes plaice only when the frequency 


of the incident radiation is above a certain critical value vp, characteristic of a particular metal 
Below this frequency, no photoelectrons are emitted whatever may be the intensity of Hight, This 
critical frequency is called the threshold frequency and is different for different metals, Fig. 15.9 
shows the plot of maximum photoelectron energy T,4, Versus the frequency of incident light 


They are related as, 


a 


Optical Properties of Materials 485 


Light intensity 


= constant 


Photoelectron current 


fig. 15.8 Photoelectric current as 
same intensity) of light 


6 8 10 12 
vx10"4 Hz 


Fig. 15.9 Maximum photoelectron energy as a function of frequency of the incident light 


Tinax = A(V - Vo) = hv — hv (11) 

This equation can further be written as 
hv = Tynax + Vo (12) 
= Tax + W (13) 


where W is called the workfunction and h is Planck’s constant. These equations are known as 
Einstein’s photoelectric equations. 


Example: A metallic surface, when illuminated with light of wavelength Ay emits electrons with 
energies upto a maximum value of Ej, and when illuminated with a light of wavelength A, 
(where Ay < Ay), it emits electrons with energies upto a maximum value of E>. Prove that the 
Planck’s constant /: and the workfunction W of the metal are given by 


_E) _ Prd - Bi, 
a a 
c(Ay - 
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Solution: Making use of eq. 11, we have 
he ; 
= -W-—-wW (i 
E = hv, i; ) 


Similarly, we have 
he be 
_ -W=,--W (ti 
E, = hv, W oe ) 
Subtracting eq. (i) from (ii) and simplifying we get 
_ Ag (Er - Fi) 
~ e(Ay - Az) 


Further, substituting the value of h either in (i) or (ii) and solving for W, Wembian 


_ E,A, - EA 


ee 


Example: A radio transmitter operates at a frequency of 1760 kHz and a power of 10 kW. How 
many photons does it emit? 
Solution: Given: v = 1760 kHz, P = 10 kW, No. of photons = ? 
Light energy emitted per second = 10 kJ = 10° J. Further, the energy carried by one photon is 
given by 

hv = 6.626 x 1074 x 1760 x 103 J 


Therefore, the number of photons emitted by the transmitter is given by 


Light energy emitted per second _ 107 
Energy carried by one photon ~ 6.626 x 1074 x 1760 x 10° 


= 8.58 x 10° 


Example: The energy required to remove an electron from sodium metal is 2.3 eV. Does sodium 
exhibit the photoelectric effect from an orange light having wavelength 2800 A. 


Solution: Given: W = 2.3 eV = 2.3 x 1.6 x 107!9 J = 3.68 x 1079 J, A= 280 x 10°? m. 


We know that the frequency of radiation is given by 


Cc 3 x 108 
v=— = ————_ = ]. 15 
a = 380 x 10 07 x 10" /s 


Therefore, the energy carried by each photon of radiation is 
hy = 6,626 x 10 x 1.07 x 10'5 = 7,08 x 10-!9 J = 4.43 eV 


Since, the energy of the radiation is found to be greater than the workfunction, the photoelectric 
effect is possible. 
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fe; Calculate the numbe 
game T of phot 
oule of work. Ons fro 
19 do ont J ! r ™ green light of mercury (A = 4961 A) required 
lution: Given: A = 496.1 x 19-9 m,N 


iati 0. of ; 
f equency of radiation can be found as Photons required to do one joule of work = ? The 


v=5__ 3x 108 
A 496.1 19-9 = 9.047 x 10'*/s 


gherefore, the energy carried by each Photon of radiation j 
ion is 


hv=6. 2 
s etatuslicers 026 x 10 sea fa! = 4.006 x 102197 
Therefore, er of photons required to do one joule of work j in 
‘ s equal to 
l 


hv 4006x199 725% 10" 


: In a phot 
at eee ene nee was irradiated by light of wavelength 1849A, the 
. -/< Volts. Calculat , 
and the maximum energy of the photoelectrons. ate the threshold frequency, the workfunction 


ion: Given: A = -9 
Solution: Given: A= 184.9 x 10° m, Vp = 2.72 volts, v9 =? W=? Twnax = ? The frequency of 


radiation can be found as 
Vacs 3x10! 1.622 x 10'°/ 
Sap = NS 
A 184.9107 ? 
Therefore, the energy carried by each photon of radiation is 


hv = 6.6256 x 1074 x 1.622 x 10'5 = 10.75 x 10° J = 6.719 eV 


Further, from eq. 10 the maximum energy is given by 
Trax = Vo = 2.72 X 1.6 x 10°? J = 2.72 eV 


Also, from eq. 11 we have 
Tmax = hv —hv 


or W = hVy = hV— Tingx = 6.719 - 2.72 = 4 eV 


W 4x16x10" _ ‘ 
Therefore, i eae Is 


15.4 PHOTOVOLTAIC EFFECT 
When an electromagnetic radiation of frequency V (with hv > E,) is incident on a p~n junction, 


electron-hole pairs are produced. The electrons diffuse into the n-region (move downhill) while 
ole pairs ¢ (move uphill) of the crystal as shown in Fig. 15.10. In the 


the holes di into the p-region 

soe aise = mee field, the light induced current develops a photovoltage across the 

P saint = irnieehenontend is called the photovoltaic effect. In section 13.8, we obtained the 
: ion, This 
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Holes 


Fig. 15.10 Photogeneration of clectron-hole pair ata p-n junction 


general expression of the net current flowing through the junction under the application of ap 


N= Ip [exp (¢) i 1 (14) 


where V may be positive or negative, representing forward or reverses bias, respectively and J, 


external voltage as 


is called the dark current. 
When light is allowed to fall on the junction, photocurrent 4, is produced whose direction is 


opposite to that of /,. Therefore, the net current in the presence of radiation is 


When no external voltage is applied to the junction, then the junction acts as a photovoltaic cell 


and / = 0, so that eq. 15 becomes 
eV, 
h, +lo~ lo oo SF] = (16) 


where “V,,” represents the photovoltage. Therefore, from eq. 16, we have 


eV. 7, +1 I 
pho} _ L 0 = pal 
exo kT )-( lo (1+ 4] 


eVan I kT I, 
——— = — =e aa 7 
or iF in(t +] or Vy r in( t+ | (17) 
For very high light intensities (/,//g) >> I, so that eq. 17 reduces to 
kT I 
f= — _ 18) 
Von 2 n( i ( 


Thus, the photovoltage varies logarithmically with the photocurrent and hence the intensily ol 
electromagneti> radiation. This is the reason why the photovoltaic cells are so useful in ordinary 


light meters. 
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arule the lifetime of an excited State is ~10-° seconds) or if the emission takes place as long as 
the evn z i naliiea the phenomenon is called fluorescence. On the other hand, if the 
luminescent emission Continues for some time (perhaps hours) even after the excitation has been 
ceased, it 1s known as Phosphorescence or “afterglow”. For example, when kerosene oil is 
illuminated by light, it emits a faint bluish fluorescence, while a crystalline ZnS when illuminated 
by X-rays, it displays phosphorescence, 


15.6 COLOUR CENTRES 


Most insulator crystals and pure alkali halide crystals are transparent to visible light. However, 
when irradiated, these crystals appear to be coloured due to the selective absorption of some 
component of visible spectrum by certain imperfections, which are usually present in the crystal. 
Thus a colour centre is a lattice imperfection (or defect) which absorbs visible li ght. The transmitted 
beam received by our eyes contains only the complementary (remaining) colours. Table 15.1 
shows the spectral colours alongwith their wavelengths and their complementary colours. 


Table 15.1 The spectral colours and their complementary colours 


Spectral colours MA) Complementary colours 
Violet 4100 Lemon-yellow 
Indigo 4300 Yellow 
Blue 4800 Orange 
Blue-green 5000 Red 
Green ' 5300 Purple 
Lemon- Yellow ; 5600 Violet 
Yellow 5800 Indigo 
6100 Blue 


Orange 

Red 6800 Blue-green 
PE RR ds A a ee eee, el he 
15.7 TYPES OF COLOUR CENTRES 

Broadly speaking, colour centres can be put into two different categories: 

(a) Electronic centres and (b) Hole centres. 


(a) Electronic Centres 
Electronic centres include: (i) F centres, (ii) F, centres, (iii) R centres and (iv) M centres 
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(b) Hole Centres pee 
Hole centres are antimorphs of the electronic centres, and are known a S. FOr exan, 
V, centre is antimorph of the F centre. Similarly, V, and V3 centres a - et OfRi a ang 
R, centres, respectively whereas V, is the antimorph of Mu centre. Let us discuss them brieg, 


"le 


F Centre 
tres: Its nam 
This is the most extensively studied and the simplest of all colour cen : Comes from 


the German word for colour, Farbe. The F centre in alkali halides is a me ion Vacang 
(which acts as an effective positive charge) with one excess electron trapped in it as show, i 


Fig. 15.1 1a. Its energy level diagram is shown in Fig. 15.11b. 


- + = ae Conduction band > 
PO === == 2 
2 J \ + | FE Absorption 3 
ed PP ———$ «= § 
& 
= = « + 
Vee WY di 
+ - + - Yj, Valence band Yy 
WHEEL 


(a) (b) 
Fig. 15.11 The F centre (a) The lattice configuration (b) The F-band transition in Kel 


The orbital motion of the trapped electron (which is only weakly bound to the vacant site) 
is quantized and therefore has a series of discrete permitted energy levels spaced at optical 
frequencies, The optical absorption bands (F-bands) associated with F centres tn several alkali 
halide crystals are shown in Fig. 15.12. According to Mollwo, the frequency corresponding to 


F-band, vp is related to the interatomic separation “a” and is given by 


5) in 
ve a? = 0.5 cms"! 


«—— Wavelength 


tal alala 


Fig. 15.12. The F-bands for several alkali halides; optical absorption versus wavelength for crystals 
which contain F centres 


The F centres are usually produced by heating the crystal in excess alkali (Na or K) vapour! 
by irradiation. In the process, alkali atoms get ionized as 


Na > Na*+2@ and KOK’ +e 


While Na* or K* ion presumably occupies a normal cation site in the NaCl structure, & 


nN en 


; 1 
Optical Properties of Materials 49 
trons get trapped around aN anion ¢ 


‘/‘_ (chlor 
a ‘i resonance) study and is jp agre 


ie ad to bE consistent With the follo 
0 
The F band optical absorny:. - 
: vapour. The role of the i ' chatacteristic of the host crystal and not of the alkali 
», Chemical analysis showy — : MY tO produce F centres in the host crystal. 
" contains an excess of alkali een ine 1 cured by heating in excess of alkali vapour 
3, Coloured crystals are Jegg dense t set 0 10” at 


picture that the creation of “are "ncoloured crystals, This een aL 
l€s should lower the densit 
y 


€) Vacan 
“ment With am 
Win ‘. 


Cy. This has been verified by esr (electron 


ode] Suggested by de Boer. The model is 
XPerimenta] facts: 


other Electronic Centres 
en a crystal already Containing F centres ie +. « iy t 
wh orbed by these F centes, 4's, °S Is irradiated at elevated temperatures by light tha 


js abs W absorption band on the long wavelength side of the F 


. The resultin 
band appears © Centres are called F HIER! are 
being excited by the incident light be centres. Some of the electrons w 


Come free by absorbin an combine 

: ion g heat. These electrons c 
ee aaa 1, mem (0 form an F* centre, i.e. an F’ centre is an F centre with two 
wrapped electrons. A reversible Process will give rise to an F centre, i.e. when a crystal already 


containing F centre, is Similarly irradiated by light that is absorbed by these centres, F 
centres are produced. Besides, some other trapped-electron centres formed by groups of F 
centres are: 

1. M centres consist of two adjacent F centres, 

2. R centres consist of three adjacnt F centres. 


Hole Centres (V Centres) 


1. A Vx centre is formed when a hole js trapped by a pair of negative ions. 
2.A Vi centre is formed when a neutral Cl, molecule occupies a negative ion site. 


3. An H centre is formed when a singly ionised Cl} molecule occupies a negative ion site. 


15.8 GENERATION OF COLOUR CENTRES 
Colour centres may be produced by one of the following methods 
1. By additive colouration: 


(1) by the introduction of chemical impurities 
(ii) by the introduction of excess of metal ions 


2. Colouration by ionising radiation 
3. Electrolytic colouration 
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Introduction of Chemical Impurities -nterstitial impurity atom 
The imperfections which are responsible for colour centres may be in Hacatte trex . 
such as transition-metal ions or simple vacancies in the structure such aa Ee, 
of positive ions accompanied by negative vacancies or excess of ee mee y 
positive vacancies. Thus, when excess Zn are present in ZnO, it becomes is a ee ess 
of Li in LiF tums the crystal pink and excess K in KCI makes the crystal app ; 


Introduction of Excess Metal-ions 

When a colourless alkali halide crystal is heated in an atomsphere c 
vapour, it becomes coloured. For example, when a sodium chlor 
presence of sodium vapours, the crystal becomes yellow. Similarly, 
and potassium chloride are heated in the presence of excess potassium va 
bromide becomes blue and potassium chloride becomes magenta. This can 

follows: when the alkali halide crystal is heated in the presence of alkali metal vapours, the 
excess metal atoms get deposited on the surface of the crystal by losing their valence electrons. 
Halogen ions then may diffuse to the surface and combine with the metal ions. The free electron 
in turn diffuses into the crystal until it encounters a negative ion vacancy (which has effective 
positive charge relative to the crystal) with which it combines. A similar result is obtained when 
excess alkali metal atoms are introduced during crystal growth. Such electrons are weakly bound 
to the vacant sites and are responsible for absorption in the visible range. The quantum State of 
such an electron lies somewhere within the energy gap. The exact energy value of this state 
depends only on the metal atom from which the electron originally came. Therefore, it does not 
matter whether the excess metal atom present in the crystal is the same as the host metal atom 


or not. 


ontaining excess alkali meta} 
de crystal is heated in the 
when potassium bromide 
POUrs, potassium 
be understood as 


Colouration by Ionising Radiations 
It is possible to produce colour centres when a crystal is irradiated with high energy radiations 


such as X-rays, rays, neutron and electron beams. In this method, the trapped electron and 
trapped hole centres are produced simultaneously, which can interact during irradiation or even 
after it. The rate of growth or the efficiency of production of colour centres and the saturation 
value are observed to depend in a complicated fashion on the following: (i) type of radiation, (ii) 
dose rate, (iii) temperature, and (iv) purity and mechanical state of the sample. 

- Intense colouration is achieved when an appreciable amount of soft X-ray component is 
present in the radiation. When radiating with soft polychromatic X-ray beam, thin crystals 
should be used. Further, to achieve maximum uniformity of colouration, the crystal should be 
irradiated from both sides. 


Electrolytic Colouration 

In this method, colour centres can be produced as a result of electrolytic conduction when an 
electric field of about 100 Volts/cm is applied to a crystal held at about 100°C (well below ils 
melting point). In order to produce only trapped electron centres in the crystal, a pointed wire 
cathode (made of molybdenum or tungsten) on one end of the crystal is used. A thin foil of 


SO 
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platinum is most often used as anode. A cloud of colour centres emege from the pointed cathode 
and mi grate abi anode. Trapped hole centres can be produced in some alkali halide crystals 
by using pointe anode. Colour centres produced in this case are due to excess of one of the 
elements as in the case of additive colouration. 


15.9 MASER AND LASER 


The name MASER Stands for molecular (formerly microwave) amplification by stimulated 
emission of radiation, Similarly, the name LASER stands for light amplification by stimulated 
emission of radiation. Both of them work on the same principle of stimulated emission of 
radiation but in different region of the electromagnetic spectrum. For their operation they must 
satisfy the following conditions: 

1. There must be an active medi 


um. It may be a collection of atoms, molecules, ions, 
radicals or atomic nuclei (in liq 


uid or solid form) that can absorb photons of a particular 
energy and emit radiations in the microwave or the optical regions of the spectrum. 


2. There must be a “population inversion” of atoms, molecules, ions, radicals or atomic 
nuclei. They will be treated in common under the general term as atom. 


3. There must be some form of optical feedback present in the system for the continuous 
production of laser beam. 


Absorption and Emission 


Absorption of photons by the atom and consequent emission of radiation by them in the microwave 
or the optical regions are important processes for producing very intense monochromatic, and 
highly collimated beam. Let us suppose that the atoms are characterized by two energy states E, 
(may or may not be the ground state) and E> (where FE, > E,). When the atoms are illuminated 
by photons of appropriate frequency, three processes can arise. They are shown in Fig. 15.13. 


E, E, E, 
hv 
hv hv hv | hy 
E ———— E, 
(a) Absorption (b) Spontaneous emission (c) Stimulated emission 


Fig. 15.13 Processes of absorption and emission: (a) induced absorption (b) spontaneous emission and 
(c) stimulated emission 


I. Induced Absorption . . 
If the atoms are initially in the state Ej, as a result of induced absorption they are excited into 
the higher energy state E. 


II. Spontaneous Emission 
The excited atoms can return back to the lower energy state spontaneously (without any external 
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influence) by emitting photons of the same frequency as that of the stimulating photons ang 


travel in the same direction. 


IIT Stimulated Emission , ; 
In this case, the de-excitation of the atoms takes place when they are stimulated (or induceg 


externally) by photons of the same energy as that of the de-excitation. mi ah Incident 
photon, there are two emitted photons, causing amplifications in the outgoing beam. This proces. 


i i i action. 
is an essential part in the laser and the maser 7 
The three transition processes, viz, the induced absorption, the spontaneous emission and the 


stimulated emission occur in a collection of atoms. In 1917, Albert Einstein defined the coefficient 
in each case and showed that the rates of these processes are related mathematically. 

For induced absorption to take place, there must be radiation energy present. Further, he 
postulated that the induced absorption transition rate to be proportional to the number of atoms 
(say N,) in the lower energy state E, and to the energy density of radiation u(V) incident on 


these atoms, i.e. 


= BN) (19) 


dN dN 5 
Nyw(v) or = 
dt eV) d 


where Bj is the Einstein coefficient for induced absorption and u(v) is defined such that u(y) 
dv represents the radiation energy per unit volume within the frequncy interval y and v + dv, 

For spontaneous emission, an atom in the excited state spontaneously drops into the lower 
energy state. Einstein postulated that the spontaneous emission transition rate is indepenent of 
the energy density of the radiation and is proportional only to the number of atoms in the excited 


state (say N,), i.e. 


aN, dN>) _ 
a or rie (20) 


where A», is the Einstein coefficient for spontaneous emission. The reciprocal of A», is the time 
for (2 — 1) transition to take place and is called the transition life time for the upper state. 
Like induced absorption, the incident radiation energy is required for the stimulated emission 
to take place. The stimulated emission rate was postulated to be proportional to the number of 
atoms in the excited state NV, and to the energy density of radiation u(v) incident on these atoms, 
Be; 
Oe NV) or TE = By Nav (21) 
where B», is the Einstein coefficient for stimulated emission. 
At thermal equilibrium, the number of upward transitions must be equal to the number of 
downward transitions. Therefore, 


ByNiu(v) = AN + By, Nzu(V) 
A,,N, 


or u(y) = 
B,,N, - B,,N, 


enn 


fron Boltzmann's law, we have mnnerncanneas 
pet 
fu 7 
—- E } 
N = ex ep E, 
2 “ir | ep a. 
fore 4 92 becomes . . 
0 . 
ne 
u(Y) = Ay 
B I 
12 oa) 7 By (24) 
-ording, (0 the Planck’s law, the Cnergy dens: 
EnSity of radiation is 
given by 
u(y) = si = 
Cc 
oat : (25) 
24 and 25, we ob : 
a0 eqs. : 
wos , obtain 
By= By = 
12= By = B (say) = 
Ay Pa 8mhy3 
snd By OR (Ey - E,)? ” 


ye ; betw : 
ab se velocity of light. These isis eo the two states, t is the Planck’s constant and 
; © known as Einstein relations. 


num the ratio of th , ne 
ES missions 
i obtained as pontancous to stimulated e 


ae hy 
Bu(v) ~ oo( ft] = (28) 
; m eq. 28, it is clear that under the condition hy 


er than the spontaneous emissions. On the othe 
reverse 1S true. 


<< AT, the stimulated emissions is much 
T hand, under the condition Av >> kT, the 


Population Inversion 


According to the Boltzmann statistics, if a sample contains large number of atoms No (in the 
ground state) at a temperature 7, then in the thermal equilibrium the number of atoms in the state 
£, is given by 


or in general (29) 


where N, is the number of atoms in the excited state E;. This equation is known as Boltzmann 
“Tatio, The population of several energy states measured relative to the ground state are shown in 
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Fig. 15.14. From eq. 29, the atomic populations for two arbitrary energy levels E, > E, can ‘: 


easily obtained as 


N2 _ exp(-E,/kT) _ E, -E, ie (-#] 
RM xpi) Oe) a (30) 


N, = No exp(-E/kT) 


Fig. 15.14 Boltzmann distribution for several energy levels. Nj, N2,... indicate populations at different 
energy levels 


There can be three possibilities: 
Case I: When AE >> kT. It means that the thermal energy is low as compared to the incident 


energy. Under this condition the Boltzmann ratio is found to be quite small. This indicates that 
virtually there does not exist any atom in the higher energy states. In other words, in the low 
temperature region, higher energy states are almost empty. 

Case II: When AE << kT. It means that the thermal energy is high as compared to the incident 
energy. Under this condition the Boltzmann ratio is found to be nearly unity. This indicates that 
the population at the energy state E, is nearly equal to the population at the energy state E,. In 
other words, in the high temperature region, all the states are equally populated. 


Case III: When AE = kT. Under this condition, Boltzmann ratio given by eq. 29, reduces to 


Mi 
Noe 


This indicates that the number of atoms in the excited states is reduced by a factor of !/e from 
its preceding lower states. (may or may not be the ground state). It is taken as a convenient 
dividing line from the two extreme situations. 

From the first two cases, we find that as the temperature is increased in eq. 30, N2 appt oaches 
N, but cannot exceed it. If however, through an artificial means more atoms are excited (of 
pumped) to the higher energy state then N, may exceed Nj. This artificial pumping causes 
population inversion. Let us discuss the masers and lasers which employ respectively, two and 


three-level pumping schemes. 


; 7 
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: lectron ene 
Mm 1 trans * ° to 
pe sate the emission of the Sodium Hietane ra ci, vapour in order 
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sth i :, 
golation: sa Fal : = 5893 x 19-10, AE =? 

nergy 0 E i nN W. Ic Must , = ! 
1 ated emission Is given by be transferred fo the atoms of sodium vapour to produce 
gl 


AE=hy=—___ 6626x1043 198 
mean 589310" 16 x 4g ol O8 eV 


ser ; 
M 1954, Gordon, Zeiger and Townes Constructed the first man-made device to amplify the 
electromagnetic radiation by Stmulated emission of radiation based on two-level pumping 
scheme. They a ammonta (NH3) molecules as the active medium. An ammonia molecule has 
the energy States like hydrogen, byt the first excited state is only 10-4 eV (whereas in hydrogen 
it is 10.2 eV) above the ground state. From eq. 30, the Boltzmann ratio at room temperature 


(T= 300K) is 


Me ep Re oO exor-0.00386) 21 
N, kT 138x102 x 300 exp(-0.00386) 


This indicates that the two energy states are equally populated. Further, the energy difference 


we 


of 10* eV corresponds to a transition frequency of 
AE _10“*x16x10-" 9 
=—= = 24x 10° Hz 
kT 6.626 x 1073 


which is in the shorter (microwave) region of the spectrum. A schematic view of the ammonia- 
beam maser is shown in Fig. 15.15. Ammonia molecules obtained from an ammonia source 
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Fig. 15.15 Schematic representation of amonia-beam maser 
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(which produces roughly equal number of excited and unexcited molecules as shown in the top 
inset) are allowed to pass through an electric field gradient (produced by quadrupole focusser), 
To differentiate the two types of molecules, the excited ones are designated by solid spheres 
while the unexcited ones by hollow spheres. The excited molecules with higher energy pagg 
through the electric field directly and enter into the microwave cavity while the unexciteq 
molecules are deflected away by the electric field. Since, the greater majority of the molecules 
in the molecular beam entering into the cavity belong to the higher energy state, a population 
inversion is achieved inside the cavity (as shown in the bottom inset) and hence stimulated 
emission becomes possible. If one molecule makes a transition from its excited state to the 
ground state, it is likely to stimulate another. This process will continue because the majority 
of the molecules were in the excited state in the beginning. In order to sustain the process, new 


excited molecules are introduced continuously. 

In general, masers can be used both as oscillators and amplifiers. The ammonia gas maser is 
used as a stable oscillator while other solid state masers are mainly used as low-noise amplifiers 
in microwave communication systems and radio-astronomy. 


- Laser 
As we know that laser is a device for producing very intense, monochromatic, coherent and 


highly collimated beam of light. The working principle of lasers is the same as that of masers, 
However, lasers differ from masers broadly on the following aspects: 


1. Unlike masers, in lasers the energy difference between the two states is much larger so that 
the corresponding frequency falls in the visible region of the spectrum. 
2. The population inversion is brought about by optical pumping scheme rather than non-optical 


scheme used in masers. 
3. Three and four-level schemes are used in lasers while two level schemes are characteristic 


of ammonia maser. 

There are various types of lasers: (a) gas lasers, (b) dye lasers, (c) solid state lasers, and (d) 
semiconducting or plastic lasers. However, we shall discuss the working of a solid state laser 
based on three-level scheme only. The three-level scheme (Fig. 15.16) was first of all proposed 
by Bloembergen in 1956. Initially, the distribution of state populations obeys the Boltzmann's 
law as shown in Fig. 15.16a. In the absence of pumping, the transition between the states £) 


and E, is purely absorptive. 


Laser 
transition 


(a) No pumping (b) Moderate pumping —(c) Intense pumping 


Fig. 15.16 Population of energy levels by pumping in a three-level system. (a) Boltzmann distribution of 
energy states with no pumping (b) Moderate pumping and (c) Intense pumping 
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When the ground state atoms are illuminated with a suitable light (e.g. with a xenon flash 
jamp), a large number of atoms can be excited (through induced absorption) to the highest 
energy level E) directly. This process of excitation of atoms is known as optical pumping. From 
the level Es, they decay to the metastable state level E, as shown in Fig. 15.16b. If the optical 
pumping 1s continued, a significant number of atoms (more than the ground state) can be 

umped to the level E, to obtain a population inversion as shown in Fig. 15.16c. 

The first solid ae laser to be operated successfully in the year 1960, was a ruby laser. A ruby 
Jaser iS basically a single crystal of alumina (Al,03) doped with 0.01-0.1 percent Cr** ions. The 
energy level diagram of the chromium ion is shown in Fig. 15.17. In thermal equilibrium, the 
number of chromium ions in the three states obey Boltzmann’s law as mentioned above. When 
a beam of photons of SHerey hv = E; — E, is incident on the ruby laser, as a result of induced 
absorption, the chromium ions get excited from the ground level E, to the excited level E; 
(where the decay from E; to E, is forbidden). These ions in turn spontaneously decay to the E> 
Abe opus lite time of the level E; ~ 10-8 s). The E, level is a metastable state with a life 
time of 3 x 10" s. Thus, the ions reach the level E, faster than they leave it. If the optical 
pumping is continued, the number of ions in the level E> will increase and a population inversion 
will be achieved. Now, if the ruby laser is exposed to a beam of photons of energy hy = E, — Ej, 
the stimulated emission will take place. The stimulating photons in combination with the stimulated 
photons can cause further stimulated emission, resulting in a narrow beam of monochromatic 


radiation, the intensity of which increases exponentially. The beam is coherent and has a very 
high energy density 
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Fig. 15.17 The energy level diagram of Cr* ion in ruby laser 


13.10 SUMMARY 


1. The process of absorption of electromagnetic radiation by a solid substance includes the 
fundamental absorption, exciton absorption and Free-carrier absorption. Such absorptions 
take place only if the photon energy is greater than the energy gap, i.e. hv> E,. The shape 
of the absorption curve is a function of the band structure. 

2. The photoconductivity of a semiconductor can be increased by shining a light beam on 
the sample. Such beam excites additional carriers and cause a rise in the conductivity. 

3. When a metal (or a semiconductor) surface is illuminated by electromagnetic radiation of 
certain energy, eléctrons are ejected. The maximum kinetic energy of the electrons is then 


given by 


1 ny? =hv-W 


w 
where W is the workfunction of the given solid. Be Aves naam inet 
4, When an electromagnetic radiation of certain energy Heya EAS INC eat beet 
he junction. For very high 


the light induced current developes a photovoltage across a 
light intensities, the resulting photovoltage is given by the equation 


where J, is the photocurrent and Jp is the net current flowing through the junction under 


the application of voltage V. ‘sible li 
5. Most insulator crystals and pure alkali halide crystals are transparent to visible light, but 
~ when irradiated, they look coloured. Broadly, there are two categories of colour centres, 


They are electronic centres and hole centres. . 
MASER stands for molecular (formerly microwave) amplification by stimulated emission 
of radiation, while LASER stands for light amplification by stimulated emission of radiation. 
Both of them work on the same principle of stimulated emission of radiation. For the 
sustained operation, there must be an active medium, population inversion and a feedback 


an 


system. 
7. When atoms are illuminated by photons of appropriate frequency, three different processes 


may take place. They are: induced absorption, induced emission and stimulated emission, 
Einstein showed that the coefficients of spontaneous and stimulated emissions are related 


according to the relation 


_ 8a(E, - E\)° 

7 hrc 

8, Laser (which is also known as optical maser) is a source of intense, monochromatic and 
coherent radiation in the visible, ultraviolet and infra-red regions of the spectrum. 

9. In 1954, Gordon, Zeiger and Townes constructed first man made device (called Maser) 
based on two-level pumping scheme. Ammonia molecules obtained from the source are 
allowed to pass through an electric field gradient. The excited molecules pass through the 
field and enter into the cavity where population inversion takes place and hence stimulated 
emission becomes possible. 

10. A ruby laser (it is a single crystal of alumina doped with Cr** ions) is based on a three- 
level system. The chromium ions are optically pumped to the highest level directly whose 
lifetime is very short. These ions simultaneously decay to metastable E, level where 
population inversion takes place. Exposing the ruby laser with a beam of photons causes 
stimulated emission. 


Ay, By 


15.11 DEFINITIONS 


Monochromatic Light: Light of a single wavelength. 
Coherent Radiation: Cooperative and a single phase radiation. 
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REVIEW QUESTIONS AND PROBLEMS 


1. What Is photoconductivity? How does it arise? Mention a few applications of the phenomenon. 

2, What is luminescence? Describe in detail the photoluminescence. 

3, Several kinds of absorbtion bands can be formed in alkali halide crystals by the introduction of impurities. 
Discuss the properties of F-centres and V-centres, 

4, Explain the basic Princple of MASER and LASER, Discuss the working of ammonia maser. 

5, Explain the term (i) stimulated emission, (ii) population inversion as applied to Laser. Discuss the 
working of ruby laser, 

6, Write an essay on Lasers and their applications. 

7. Prove that in the photoelectric effect from a metal surface, the maximum velocity of the photoelectron 
is related to the stopping potential by the equation 


Vmax = 5.929 x 10° [Vo 


8. Ametallic surface, when illuminated with ]i ght of wavelength 3333 A emits electrons with energies upto 
0.6 eV and when illuminated with light of wavelength 2400 A, it emits electrons with energies upto 2.04 — 


eV. Calculate Planck’s constant and the workfunction of the metal. 
Ans. 6.58 x 1074 Js, 3.1 eV. 


9. Light of wavelength 4300 A is incident on (a) nickel surface of workfunction 5 eV and (b) a potassium 
surface of workfunction 2.3 eV. Find out whether electrons will be emitted, and if so, the maximum 


velocity of the emitted electrons in each case. 
Ans. (a) No electron emission possible (b) electrons are emitted, Vinx = 4.59 x 10° m/s. 


10. A photon of wavelength 3310 A falls on a photocathode and ejects an electron of energy 3 x 107!? J. If 
the wavelength of the incident photon is changed to 5000 A, the energy of the ejected electron is 0.972 
x 107! J, Calculate the value of the Planck’s constant, the threshold frequency and the workfunction for 


the photocathode. 
Ans. 6.62 x 1074, 4.53 x 10!4/s, 1.875 eV. 


A photon of wavelength 1400 A is absorbed by cold mercury vapour and two other photons are emitted. 


If the wavelength of one of them is 1850 A, what is the wavelength of the other photon? 
Ans. 5755 A, 
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16.2 RESPONSE OF SUBSTANCE TO MAGNETIC F IELD 
d by either magnetic induction B (or magnetic flux density) or 
they are related by the equation 


B= poll 


2 7 = 

where [lp = 4 x 10°’ H-m™ and is called the permeability of the free space (vacuum). 
field, it gets magnetized and hence a magnetization 

ced in it. The 


A magnetic field can be describe 


the field strength H. In vacuum, 
(1) 


‘When a substance is placed in a magnetic 
M (defined as the magnetic moment per unit volume, i.e M = [l,,/AV) is produ 
7 -#*m' 


magnetic induction inside the substance is given by 
B = [oH + UM = [(H + M) 


where the first term on the ri i 
ght side of eq. 2 is du 
Bich : e to ext i 
to oo magnetization. For an isotropic medium, M and H ilapen cing pee i 
each other according to the relation ate Parallelrycctorsanmnale ce 


(2) 


M= 
AA (3) 


where 7 is the susceptibilit i 
: y of the medium and j 
from eq. 3 into eq. 2, we have ndis a scalar quantity. Substituting the value of 
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; » Givens can ra) 
Solution: Given: H = LO" Ann, x = ~0.8 x 1055. fly = dex 1077 H/m, B = 2, M = ? Making use 
of eq. 3. We have 


M= XH = -08 x 10x 10 = 8 Alm 
Further, from eq. 2. we have 


B= fly (H + M) = 4arx 107 (8 + 10°) = 1.256 T 


16.3 CLASSIFICATION OF MAGNETIC MATERIALS 


Magnetic materials can be classified into different categories according to their y values and the 
way in which these vary with the magnetic field strength and temperature. They are: (i) Diamagnetic, 
(ii) Paramagnetic, (iii) Ferromagnetic, (iv) Antiferromagnetic and (v) Ferrimagnetic. 

The Diamagnetic property is the result of an induced magnetic moment. This arises When an 
atom is placed in a magnetic field. The motion of orbital electrons of the atom (analogous to a 
current flowing in a circuit) gets modified in such a way that weak magnetic moment opposing 
the field is induced. Also, if v is negative in eq. 3, the direction of magnetization M is opposite 
to that of the field H. 

A diamagnetic solid has a tendency to repel the magnetic lines of force due to an external 
applied field (Fig. 16La), A superconductor which repels all the lines of force, is an example of 
a perfect diamagnet. 

Diamagnetic substances include inert gases (helium, argon, etc.), metals (bismuth, copper, 
zinc, gold, silver, etc.), mercury, water, glass, marble and many other organic compounds. For 
a diamagnetic substance, the relative permeability jt, (or the susceptibility Y) is independent of 
temperature. Eco 

Unlike diamagnetism, paramagnetism and ferromagnetism are the result of intrinsic magnetic 
Moment. Some atoms and ions do possess permanent magnetic moment. In the absence of an 
°xternal field, these moments are randomly oriented with respect to one another because of 
thermal fluctuations and therefore the substance ier en a moment. However, 
When Placed in a magnetic field, the moments tend to align : ong t € rection of held, producing 
a net magnetization. When the atoms and ions are acte ae individually, with no mutual 
interaction between them, the effect is called en nee the moments line up in the 
direction of the field which help enhance the external field, the paramagnetic susceptibility is 
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greater than zero. Further, because of small paramagnetic susceptibility a paramagnetic Substance 
weakly attracts the lines of force (Fig. 16.1b). As thermal energy randomizes the alignment of 
the dipoles, the paramagnetic susceptibility decreases with the increase of temperature. 


(a) (b) (c) 
Fig. 16.1 Behaviour of magnetic lines of force under applied magnetic field in (a) Diamagnet (b) Paramagnet 
and (c) Ferromagnet 


Paramagnetic substances include aluminium, platinum, potassium, manganese, the rare-earth 
elements, alkali and alkaline earth metals, etc. 

A ferromagnetic substance possesses permanent (spontaneous) magnetic moments even in the 
absence of an external magnetic field. Since, the ferromagnetic susceptibility is very large and 
positive, so that a ferromagnetic substance strongly attracts the lines of force (Fig. 16.1c). 
Ferromagnetism exists only below a certain temperature T,, above which the substance becomes 
paramagnetic. 

Ferromagnetic substances include iron, cobalt, nickel and a number of alloys. 

In fully magnetized state of a ferromagnet, all the dipoles are aligned in exactly the same 
direction (Fig. 16.2a). An antiferromagnetic 
substance has the dipoles with equal moments, { f | t | | | | FF sl | 
but the alternate dipoles point in opposite re = om 


directions (Fig. 16.2b). As a result, the moments 
balance each other and result in a zero net Fig. 16.2 Magnetic arrangements in (a) Ferro- 


magnetization. Another commonly encountered magnet (b) Antiferromagnet and (c) 
substance is ferrimagnetic, the moments of Ferrimagnet 

which are shown in Fig. 16.2c. In this case too, 

the neighbouring dipoles point in opposite directions but they are unequal. As a result, they do 
not completely balance each other and possess finite net magnetization 

16.4 ATOMIC THEORY OF MAGNETISM aad 
In an atom, we know that the electrons revolve 

round the nucleus in different circular orbits. - 

Analogous to this situation let us consider an ‘ 
electron of mass m, having an electronic charge 

(-e) moving in a circular orbit of radius 7 with 


a velocity v (angular velocity @) as shown in 


Fig. 16.3. From the basic knowledge of current Fig. 16.3 Angular momentum of an orbiting 
electron 


, 


electricity, we know that a Moy; 
Ing e] 
&Ctro 


Magner; 
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: UCed atn 
compared to the radius of the Jo Magnetic dino} ght angles to the plane of the current 
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circular motion of the elec ve magnitud 
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Hn =1+A a 


For a circular orbit A = 72 
, also Substituting the value of / from eq. 8 into eq. 9, we obtain 


ea 
Hm = -~— 2 
oT X tr 


or ftp, nO Semon?) fe 

2 mn (£} (10) 
where L= mor’ is the orbital angular momentum of electron and is normal to the plane of the 
orbital. The minus sign in eq. 10 indicates that the magnetic moment /U,, is antiparallel to the 
angular momentum L (Fig. 16.4). This equation is valid only for motion of electron and not for 
spin of the electron or nucleus. Therefore, to understand the origin of magnetic moments of an 


atom completely, we have to take into account Lm 
the spinning motion of electron and nucleus as I 
"well. For the purpose, let us introduce the 
Electron 


ording to which 


quantum theory of atom, accor@ing 
n atom’can be L 


the state of electrons in a 


: umbers. 
cone letely SP ecified by Pouegyan ee Fig. 16.4 The magnetic dipole moment and the 
angular momentum associated with a 


Let us review them briefly. 
current loop 


16.5 THE QUANTUM NUMBERS 
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Z; The Orbital Quantum Number, / 

This determines the electronic state of an atom and is related to the shape of the electron orbjta) 

The values of orbital quantum number are restricted to ) 
0 1,2,3,...(n—-1), 


where n is the principle quantum number. The electrons associated with the states !=0, 1, 2, 3 


++ are called s, p, d, f,... electrons, respectively. The total angular momentum associated With 
a given value of / is 


L, = h{l (i+ Wy’? (11) 
where h = h/2n, 


3. The Magnetic Quantum Number m, 

When an atom is placed in an external magnetic field, the direction of the angular momenty 
vector and hence the magnetic moment, precesses about the field direction and can have op} 
specific orientation in space. The orentation of the vector L; in an external magnetic field of 
induction B is characterized by its projection L;p along the direction of B (Fig. 16.5), ie. 


Liz = L; cos &@ (12) 


The vector L, can have only such orientations at which the projection L;,p will take on integral 
values that are multiple of hi i.e. 


Lip = mh =m +. (13) 


The integer m, determining the possible values of Ly, p is called magnetic quantum number. It can 
have the following values 


m,=-l,-(l-1)..0..@-D,! 
or m=O;+1,£2,..vz1 (14) 


where / is the orbital quantum number. 
From eq. 14, it is clear that L; can have (2! + 1) possible values. Fig. 16.6 shows the possible 
orientations of the vector L, for an electron in p and d states, i.e. 1 = 1 and 2. 


+2 


+1 
+1 
0 
> 
2 q 
p-state 


d-state 
Fig. 16.6 Possible orientation of an angular momen- 
Fig. 16.5 Projection of angular momentum along tum defined by the quantum number ! 
e the field 


in an external magnetic field 


| i 
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The Magnetic Spin Quantum Number, my 
ahh | 


j ointed ou 

shas pee * ; ace that the electrons have spinning motion in addition to their orbital 
moti has its own nunc MUN theory, the spin is a fundamental property of an electron and 

a seine nuin is orient = aul In a magnetic field of induction vector B, the spin 
angular Y eeeiee’ Such that its Projection along the field direction takes only two 


yalues, ie) 
S=mh=n ae Field direction 
yy: (15) 
The angular momentum s pointing cither upwards or downwards eine 


pending on whether the electron is Spinning clockwise or 
anti-clockwise in the field (Fig. 16.7), The corresponding 


magnetic spin quantum numbers m, are +1 
t+. 


m, = -1/2 


16.6 THE ORIGIN OF PERMANENT 
MAGNETIC MOMENTS 


Permanent magnetic moments can arise from the following 
three different sources: 


Fig. 16.7 Spin quantization 


1. the orbital magnetic moment of the electrons, 
2. the spin magnetic moment of the electrons, and 
3. the spin magnetic moment of the nucleus. 


1. The Orbital Magnetic Moment of the Electrons 

Based on the classical consideration of atomic theory of magnetism, we obtained an expression 
(eq. 10) of magnetic moment in section 16.4. However, quantum consideration tells us that the 
angular momentum vector can take only specific orientation in space (given by eq. 13) when the 
atom is placed in an external magnetic field. Therefore, with the help of these equations (eqs. 10 


and 13), we obtain 


or Um = — Mbp (16) 


where [lp = Elba 9.27 x 10° A-m?, and is called the Bohr magneton. It is the quantum of 
orbital magnetic moment and is accepted as one unit for measuring the magnetic moments of 


atomic systems. 

In a complex atom whose shells h 
determined by taking the algebraic s 
compliance with the rules. The mome 
with partially filled shells will have a non zero © 


ave many electrons, the total orbital magnetic moment is 
um of the magnetic moments of individual electrons in 
nt of a completely filled shell is zero and hence an atom 
rbital magnetic moment. 
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2. The Spin Magnetle Moment of the Electrons + édiby wubsdtatng dh 
Like orbital magnetic moment, the spin Inagnetic moment can be determined by sub! % the 


value of magnetic spin angular momentum S from eq, 15 into eq. 10, we obtain 


Il, ~ HB. (17) 


2 
: ' , ig js Only approximate 
That is, the spin magnetic moment is half of a Bohr magneton. This is on : : i : cly 
; . ‘ ; > mo n 
correct because eq. 10 is not valid for electron spins, In fact, the magnetic m ponent 
[gp along the field direction is given by 


€ ch 18 
Hy = e( aex Jt = s( zen Jom (18) 


where g is called the spectroscopic splitting factor or the Lande’s splitting a For the 
electron spin g = 2.0023, i.e. the electron spin gives rise very nearly one Bohr ee on in the 
direction (or opposite) of an external ficld. The reason for the name ‘splitting ae is the 
following. Consider an electron having no orbital motion, 1s placed in a magnetic field of 
induction B. As aresult, the electron spin magnet rotates and the potential energy of the magnetic 
system changes. The potential energy of a magnetic dipole is then given by 


U=-p-B=- pB cos 0 (19) 


Now, since we know that the magnetic spin quantum number m, can take two values, either 
+4 or —4. It is reasonable to assume that before the application of the field, the electron is in the 
higher energy state, i.e. m, = +4 and after the application of the field it flips over to the lower 
energy, i.e. m, = -t}. For the state m, = +, the angular momentum vector is parallel to the 
field which is seen as antiparallel to the magnetic moment (angle between p and B is 180°), 
Accordingly, for the state m, + —4, the magnetic moment is parallel to the field (i.e. the angle 
between j/ and B is zero). Making use of this in eq. 19 and substituting ,, for yt (from eq. 18), 
the change in the energy of the electron spin magnetic moment is 


AU = 2Ip1.1B = &( amr} = glnB (20) 


Thus g determines the amount by which the original level splits up under the influence of 
magnetic field. This is illustrated in Fig. 16.8. 


Sometimes, the orbital angular momentum L and ——- s = + 12 
spin angular momentum S may be combined i. 
vectorially to get the total angular momentum J of Ae gear 
the whole electron system of the atom. For such ae ae 
atoms, the spectroscopic splitting factor g is given 
by the Lande formula, Fig. 16.8 Splitting of an energy level for an 
d* 1) 458 + FL electron with spin 1/2 and oe 
g=l+ M+ 1) + S(S + 1) - L(L + 1) (21) orbital momentum in a magnetic 


2(J +1) field 


Pr Se 
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so that the total magnetic moment Of the atomic 5 tem b 
ystem becomes 


H= gJ pp (22) 


e values of g and J are known fr 
free atom or ion, in princ; Om the Spectroscopic data and thus the total netic moment 
of a ft > 1 PLINCiple, can be determined ™ 


3, The Spin Magnetic Moment of the Nucleus 

Just a eco a we atomic nucleus POssesses intrinsic spin (called nuclear spin) and thus 
: magne a ae slr ac with this. Since the nuclear mass is about 10? times greater than 
tem see mallse.th ’ Merefore the nuclear Magnetic moment is approximately three orders of 
magnitu esl wae an the magnetic moment associated with the electron. As the electron 
magnetic moment is ©Xpressed in the unit of Bohr magneton similarly the nuclear magnetic 
moment is expressed in the unit of nuclear magneton, A nuclear magneton is defined as 


_ eh 
Hy ~ GaMy = 5-05 x 10-7 A — m? 


where Mp is the mass of a proton. 


16.7 LANGEVIN’S CLASSICAL THEORY OF DIAMAGNETISM 


As we know that the diamagnetism is the occurrence of negative susceptibility and the magnetization 
Min this case is antiparallel to the field (eq. 3). There is no electrical counterpart to the negative 
susceptibility, although it is vaguely analogous to the depolarization field (section 14.5). The 
negative susceptibility arises from Lenz’s law 

which states that when the flux in an electrical ‘ 

circuit is changed, an induced current is set up 
in such a direction as to oppose the flux change. 
For the following discussion, a circuit will mean 
the circulating electron in an atom, ion or 
molecule at a lattice site. Let us consider the 
Bohr model of atom, i.e. consider an electron 
Which revolves round a central nucleus as shown 
in Fig. 16.9. If m is the mass of the electron, —e 
is the charge of the electron and r is the radius 
of the orbit then in the absence of an external 
field the centripetal force acting on the electron 
due to the nucleus is given by 


y 
Fig. 16.9 Motion of an electron in xy-plane 


2 
mV _ 2 
gia ny 


(24) 

ied along the z-axis (perpendicular to the xy-plane) 

Where y = agnetic field is applied a : : oe ; 

is ee a lee fea if to the Lorentz force starts acting on the electron in a direction away 
Li 


from the centre. The Lorentz force is given by 
: F,=-evx B) =-eBro (25) 
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whe i i i 

he a magnetic field B 18 perpendicular to r. Because of the change in the net force on the 
On, there is a change in the angular frequency from @ to @. The resulting equation can be 


written as 
Fy - eBra = marr : (26) 


Substituting Fo from eq. 24 into eq. 26 and solving for @, we obtain 


eB 
@? + —-0 — 5 =0 


B ~~ 1/2 B 

so that ee | al a ee 
i (2) ‘s 0] 2m 

If @) >> Ed then ee term can be neglected, therefore 
0 2m 2m Bee: : 


= + - O (27) 


eB 
=H -—= 

@MO= 2) 2m 
where the change of frequency @, = eB/(2m) is called the precessional frequency or Larmour 
frequency. The (+) sign on @p implies that those electrons whose orbital moments are parallel to 
the field are slowed down by @,. In this case, @ = @y — @,. Similarly those electrons whose 
moments are antiparallel to the field are speeded up by the same amount. In this case, @= — q 


- O. 

The change in the frequency of the electronic motion as a result of the application of the 
magnetic field produces magnetization. Actually, in the absence of the field the electron motion 
being spherically symmetrical and produces no net current or flux. On the other hand, in the 
field, the electron’s motion is no longer spherically symmetric but precesses about the field (i.e. 
the plane of the orbit does not remain stationary) and produces a net current /. Due to the change 
in frequency @,, the current for each electron can be written as 

r Be cs CO, e*B 
] = (Charge) x (Revolution per unit time) = yee (28) 


If each atom contains Z electrons then the current becomes 


Ze*B 
pes 4am (29) 
Making use of eq. 9, the magnetic moment could be written as 
(30) 


ce Ze*B 52 
Hm = 4m 


where Pp? is the mean square radius of the projection of the orbit on a plane perpendicular to the 
ficld axis (Fig. 16.10). As the field is acting parallel to the z-axis, therefore 
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_ Fig. 16.10 Great circle and projection of inclined circular orbits in a plane perpendicular to the field 


p? =x? +y? (31) 


The mean square distance (average radius) of the electron from the nucleus is 


Fo =X? +H? 47? (32) 


Now, for spherically symmetric charge distribution, we have 


x? =y? = 7? 


Here, average is used because all the electrons in an atom do not have the same effective radii, 
so that 


= 3 (33) 


This result expresses the fact that the projected area of the great circle tilted with respect to the 
equatorial plane is less than mtr’ as shown in Fig. 16.10. Thus from eqs. 30 and 33, we obtain 


gs Ze*Bn 57? - ze Br 


47m 6m ae 


If N is the number of atoms per unit volume, then the magnetization M is given by M = Nu, (also 
making use of the fact that B = oH), the diamagnetic susceptibility per unit volume is 


M _ floZe=NF? 
ine a (35) 


This is the classical Langevin equation for diamagnetism. From eq. 35, it is clear that the. 


™ 
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diamagnetic susceptibility is proportional to N implying that the diamagnetic Susceptibility _ 
depends on the size of the atom. We also observe that 74; is proportional to ra meaning thereby 
that the outer electrons make the largest contribution to the diamagnetic susceptibility. 
For normal solids, we may take N = 5 x 10 m°, 7? = 10°2° m? and substituting them into 
eq. 35 along with the values of other constant quantities, the above equation reduces to 
ein = ZX 107 (36) 


This shows the temperature invariance of diamagnetic susceptibility. Diamagnetism is common 
to all elements, however usually it is too weak to be detected in para and ferromagnetic Cases. 


Example: Estimate the order of the diamagnetic susceptibility of copper by assuming that only 
one electron per atom makes the contribution. The radius of the copper atom is 1 A and the 
lattice parameter is 3.608A. 


Solution: Given: r = 1 A = 107° m, a = 3.608 x 10° m, Zaia = ? 
We know that copper is a face centred cubic crystal, so it has 4 atoms per unit cell. The number 


of electrons per unit volume can be found as 


-me 4 285, 10% /m3 
e a> (3.608 x 107!) 


Now making use of eq. 35 and substituting the different values, we obtain 


My Ze* Nr? 4m x 1077 x 8.5 x 1078 x (1.6 x 10717)? x 10-7 r 
6m 6 x 9.1 x 10 


16.8 SOURCES OF PARAMAGNETISM 


As we know that paramagnetism is the case of a positive magnetic susceptibility. It is 
the magnetic analogue of the electrical orientational polarizability and is due to the 
permanent magnetic moment of the atoms. The direction of the magnetization is parallel to the 
external applied field in paramagnetic substances. Paramagnetism (positive contribution to 7) is 


found in: 


1. Atoms, molecules and lattice defects having an odd number of electrons; that is there 
should be at least one electron which does not pair. The atoms of the group I, III, V and 
VII of the periodic Table, gaseous nitric oxide (NO); organic free radicals such as 
triphenylmethyl C(C,Hs;)3 and F-centres in alkali halides, Satisfy this criterion. 

2. Free atoms with unfilled innershell: transition elements (Z = 57 — 72) and (Z = 91 — 102), 
rare earth and actinite elements have atoms with unfilled inner shells. 

3. A few compounds with an even number of electrons including molecular oxygen and 
organic biradicals. 

4. Metals: The electrons in a metal are considered to be free like molecules in a gas. They 
tend to pair up but there are always a few unpaired electrons to produce a weak temperature 
independent paramagnetism known as pauli paramagnetism. 


“a en 
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169 LANGEVIN'S CLASSICAL yp 


~has been pointed out above im. 
. jal Wich ee ee paramagnetic susceptibility is the magnetic analogue of 
his. The following are the paintear cae oF similar treatment may be used to calculate 
i SMUT tt the Wo cases: 
(i) There is an assembly of Permanent dipole 
in the absence of an extemal field, ~ 
(ii) The potential energy of the : 


ORY OF PARAMAGNETISM 


S independent of each other oriented randomly 


: dipoles have the sume form: 
7 U (electrical) =~ Pp. g. and U (magnetic) = = fly, +B 

Thus subsBInting Hm for P and B for E, we can use the same Langevin-Debye theory (as used 
in section 14.9) to calculate the magnetization Af which is given by : 

M = Nu, L(x) (37) 


sia ’ 
where x= ca and the Langevin function L(x) is 


L(x) = coth x - 1 


Forx << 1, L(x) = Fas before, so that 


Nu? B 
MST 
_M_HoNUn _ C 
and 1: aaa aes (38) 


where C = hoes is known as Curie constant. Consequently eq. 38 is known as Curie law. 


The susceptibility versus temperature curve is shown in Fig. 16.1 1a. 


a 
od 


aa 


Temperature ase = 


(a) 
Fig. 16.11 Paramagnetic susceptibility curve according to (a) Curie law, (b) Curie-Wiess law 
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Example: Approximately how large must be the magnetic induction for the orientation energy ;, 
be comparable to the thermal energy at room temperature? Assume [lm = Sp. 


Solution: Given: [_ = Siz. T = 300 K, B=? 
Here, the magnetic energy = j,,B and the thermal energy = kT. Now according to the question 


Mm B= kT 
or pa FE _ AT _ 138 x10 x 300 ~ 99 39 W/m? = 10? W/m? 
Hm SHp  5x9.27x 104 


Example: A paramagnetic salt contains 10°8 ions/m? with magnetic moment of one Bohr magneton, 
Calculate the paramagnetic susceptiblity and the magnetization produced in a uniform magnetic 


field of 10° A/m, at room temperature. 
Solution: Given: N = 1078 ions/m?, py = [tg = 9.27 x 10774 A/m?, H = 10° A/m, T = 300 K, y = 


7M=? 
From eq. 38, we know that the paramagnetic susceptibility is given by 


2 -7 28 -24 52 
Sun MoNUn . 4xx 107" x 10 ees 10--") = 0.87 x 10-4 
3kT 3 x 1.38 x 10°" x 300 


Further, the magnetization is given by 
M = YH = 0.87 x 107 x 10° = 87 A/m 


16.10 FUNDAMENTALS OF QUANTUM THEORY OF 
PARAMAGNETISM 


The Langevin’s classical theory of paramagnetism is incapable of providing a consistent explanation 
of the magnetic phenomena resulting from the motion of electric charges. The very basis of the 
classical theory that all orientations of magnetic moments with respect to B are possible, is 
wrong according to quantum considerations. To overcome various difficulties, let us discuss the 


essence of quantum theory of paramagnetism based on the following basic facts: 


1. For each unit of orbital angular momentum, an electron in an atom has one Bhor magneton 
(fp = eh/42m) of magnetic moment associated with it. The magnetic moment is antiparallel 


to the angular momentum. 
For each unit of spin angular momentum (4/2), there is also associated one half Bohr 


magneton ({lp/2) of magnetic moment to an electron. 
The total effective angular momentum of an electron is described as the vector sum of 
orbital and spin contributions, i.e. 
J= bas (39) 
The effective magnetic moment is given by gftyJ, where g and J are respectively given 
by eqs. 21 and 39. 
5. From energy level splitting scheme (Fig. 16.8) for an electron with only spin angular 
momentum in a magnetic field, the energy difference between the levels is given by eq 


20. 
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cording to ' . 

° a by (7 (J nj", dor lGS: the magnitude of the angular momentum vector . 

dipoles may orient date . a simply J. Also there are 2/ + 1 ways in which the a ne 

ot a oan 1 tation 1S 
determined by the Boltzmann pene probability of such orientatio 


fo A sot area the atoms with L = 0, This gives g = 2 (eq. 21), and J=S = 1/2 
ELE anos to fiemomene (Wo possible states (Fig. 16.8). The lower level (m, = ii = 
nt pa . ; t 
moment Opposite to the field Parallel to the field, while the upper level corresponds to the 
Let ‘. a ie “ i concentration of atoms in the lower and upper levels, respectively and 
that NV, 2= € total number of atoms. The difference of these concentrations produces a 


magnetization 
M = etty (N, - N,) ay 

2 
where 8H 18 the z-component of the magnetic moment when it is fully aligned with the field. 


These two concentrations are related by the expression 


NM “ exp(+AU/kT) (41) 
N2 — exp(-AUTET) 


where AU = gilpB (eq. 20). Now assuming x = gupB/kT, we obtain 


—— | 
N, - Nz =0(2 -S] = Ntan h(x) 
(42) 


so that M= 8p (N; - N)) = Neus tanh(x) 


Fig. 16.12 shows a curve between the 
magnetization M and x = &HUpBB/ kT. At low 
field, M is proportional to B, but at higher 
fields M begins to saturate and eventually 


reaches a maximum value Ngfig when all the 
dipoles turn parallel to the field. Thus, for low X= gupBkT 
field x << 1, and hence tanh (x) ~ x, so that 


eq. 42 becomes 


2 
ae e BoM gis) (43) 


Fig. 16.12 Magnetization M versus x 
for a system with J = 1/2 


M = Neupx = 


Therefore, the paramagnetic susceptibility is given by 


N (guts)? 
oe i ee (44) 


Now, ina magnetic field, for a system of atoms with L = 0, and J = § = 1/2, the projection of 
Magnetic moment is similar to that of spin momentum. In eq. 44, fp is projected value of 


moment whereas the magnitude of the effective moment of the atom is given by 
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He = 2gHp (JJ +1)? = V3 gu, for S=J 


2 
or Hen = 383 OF B"H = et 
Substituting this in eq. 44, we have 
_ HoN Herr 
3kT ri 


which is in agreement with the classical result. However, for J > 1/2 an atom with angular 
momentum quantum number J has (2J + 1) equally spaced energy levels. The magnetization 


is then given by 
sist (46) 


—_——_——— 


M = NgJ py B, (x), with x= 
&J Up ; (x), wi * LT 


where the Brillouin function B, is defined as 


J+ (J+ Dx) 1 o( 2) 
B,(x) ay cot aay coth! =F j (47) 


when J becomes very large, the Brillouin function becomes identical to the Langevin function, 
Le. 


Gee 
3 


Therefore, from eq. 46, the susceptibility becomes 


x 3kT 3kT 3kT 


where the effective moment of the atom, is now defined as {gq = pUp and p = g {J + 1) 
called the effective number of Bohr magneton for the atom. The eq. 48 indicates that the quantum 


mechanical treatment leads to the same conclusions as the classical treatment. 


,2 is 


16.11 PARAMAGNETISM OF FREE ELECTRONS 
According to Langevin’s theory (eq. 38), the paramagnetic susceptibility is inversely proportional 
to the temperature. However, some metals have been found to exhibit paramagnetism independent 
of temperature. It was W. Pauli (1927) who demonstrated that this is due to paramagnetism of 
free electrons (that constitute the electron gas), since they can orient only in two directions, 
either along the magnetic field or against it. 

In order to understand the existence of Pauli paramagnetism, let us recall the curve between 
density of states versus energy (Fig. 10.11) at absolute zero of temperature. That curve may be 
split into two parts with spins pointing in the +ve z-direction and other with spin in the opposite 
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ection, aS Shown in Fig. 
leet with spins ae ws the absence of an external electric field, the distribution 
a and hence the net magnetic “rection is equal to the number of electrons with opposite 
ii the z-direction, the energy of fe of the electron gas is zero, When a field is applies 
aligned parallel to B is lowereg by the atic 
B while the energy of the Spins Opposite A 
pis raised by the Same amount (Fig. 16 13b) 
asa result of this, the Fermj level for the tw | 
sii distributions shift with Fespect to each oli 
and give rise to energetically unstable situation 
In order to acquire the stable configuration, 
the electrons lying near the Fermi level with “ 
antiparallel spins flip into the region of parallel 
spins until the two Fermi levels become equal 
again (Fig. 16.13b). 
The number of electrons which efective] 
states at the energy level in one of the spin 


Fig. 16.13 Fermi-Dirac distribution at (a) B = 0, 
(b) B #0 


y change their direction is equal to the density of 
distribution times the change in energy, i.e. 


] 
Neg = 2 8(E;) UpB (49) 


where the factor 1/2 is due to the fact that the density of states of one spin distribution is half 


of the total density of states, Thus after the application of the field, the number of electrons 
with spins parallel to the field is greater than the electrons with opposite spin by Nog, leading 
to a net magnetization. Since each flip increases the magnetization by 2g (from —g to +p), 


the net magnetization is given by 
M ~ Nog X 2g = (Ep) UpB (50) 


and hence the Pauli spin susceptibility of the electron gas is 


Ay X Holts B(Ep) (51) 


According to eq. 51, y, is essentially temperature independent. This is clear from the fact that 
temperature has a very small effect on the Fermi-Dirac distribution of the electrons (Fig. 10.13). 
Making use of the eqs. 20 and 24 of chapter 10, we obtain 

| 3N 


yee 
(E>) 2E, 


_ 3pyN Up 2 SUN Hp 
OR 2kT 
Where Ep = kT. This equation can be rewritten in terms of the classical susceptibility as 


3.F 
hp 5 a (53) 


so that (52) 
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ate i hi is smaller than y b 
where 7 = ae er for J = 1/2. Since, Tz is normally very high, Xp 18 $ X bY aboy 
perimental results. In transition 


two orders of magnitude, which is in agreement with the ex 
metals, the paramagnetic susceptibility, X is exceptionally high, because (Ef) is large, 


16.12 FERROMAGNETISM 

In general, when we speak of a magnet we actually mean a ferrom | 
a piece of iron, which has the ability to pick up other pieces of iron towards it, POssesses 
permanent magnetic moments and is said to be a permanent magnet. Thus, ferromagnetism is the 
existence of magnetization even in the absence of the external magnetic field. Phenomenonlogicaljy 
it is the magnetic analogue of ferroelectricity. Some of the experimentally observed facts are. 


agnet. For example, conside, 


1. Magnetization M increases when an external field is applied to the specimen. Moreover, 
the relationship between magnetization M and applied field # is nonlinear and shows 
hysteresis effect similar to that shown by polarization P and the electric field E. 

. The strong magnetism is found to disappear at a critical temperature (7,), the specimen 
becomes demagnetized, behaves like a paramagnet and shows magnetic effects only 
when an external field is applied. 

In order to explain these experimental facts, Weiss put forward a theory of ferromagnetism 
based on the following hypothesis. 

], Ferromagnetic materials are made up of 

large number of ‘domains’ (each domain 

contains about 10°- 10!° atoms), which 

are spontaneously magnetized. The 

magnitude of spontaneous magnetization 

(refers to a single domain) of the 

specimen is determined by the vector 

sum of the magnetic moments of the ; ; ; 
individual domains (Fig. 16.14). Fig. 16.14 Ferromagnetic domain 


2. Within a given domain, all the dipoles 
(spins) are aligned in the same direction, so that magnetization is the maximum possible 


value for a given material and temperature. 


16.13 THE WEISS MOLECULAR (EXCHANGE) FIELD 


In order to explain the spontaneous magnetization of a ferromagnetic material, Weiss (1907) 
assumed that there exists an internal molecular field (also called exchange field //.,) acting on 
a given dipole and is given by | . 

H,.=H+AM (54) 


where A is called Weiss constant (it is independent of temperature) and H is applied field. Ina 


ferromagnet the Curie law holds for exchange field as well. Therefore 


Mnf (59) 
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simplifying the eqs. 54 and 55 oe 
é e 


meee 2) 
a 4 (56) 


FG 


Therefore, the ferromagnetic Susceptibility bec 
omes, 


_,_M 
oe C 
a” TG T=. 64) 


here T, = CA is called ; 

Paepoiline variation a ee iemperature and the eq. 57 is known 2s Curie-Weiss law. The 

T2T,, this curve and the sree pubility with temperature is shown in Fig. 16.11b. As long 2s 

Hawever as T > T. a ial in Fig. 16.11a (corresponding to Curie law) are similar. 

spontaneous magnetization fh Susceptibility tends to infinity and for 7 < T, there exists a 
Material even j ‘Ss 

verified from eqs. 54 and 55. al even in the absence of an extemal field. This can be 


16.14 TEMPERATURE DEPENDENCE 
NCE OF SPONTANEOU 
MAGNETIZATION ery we 


As discussed above, the magnetic moments due to orbital motion of free electrons in a metal is 
negligible in comparison to the spin moments. Therefore assuming only the spin svstem, it 1s 
possible to determine the magnetic behaviour of a ferromagnetic material below the Curie 
temperature. In the absence of an external field (H = 0), eq. 54 reduce to 


H= AM (358) 


where M = Ny is the spontaneous magnetization at some temperature T less than T. 
According to quantum theory of paramagnetism (eq. 42). the magnetization M for spin half 
(S=J= 1/2) is given by 
M = Nop tan h(x) (59) 
where X= gupBkT 
For ferromagnetic case, we must replace the Ma ,T>T- 
field B by H., given by eq. 58. Therefore, 


(60) 


— HoglpAM 


aan iki 
or = kT x (61) 
HosteA 
The equations 59 and 61 can be solved Oo onetuil 
mon M versus x iT 


fMatagiven Fig.16.15 SM versus x and M versus tan Ax curves. 
the point of The point of intersection represents 
m eq. 6], it spontaneous magnetization 


simultaneously by plotting the 
graph (Fig. 16.15). The value o 
temperature is obtained from 
intersection of the two curves. Fro 


= is 


given by (from eq. 59) —— 
(62) 


above the critical value (7 > 7,). Further, at J = T,, for x << 1, the hyperbolic 
approximated as 
tanh(x) = x 


Now equating eqs. 59 and 61, we have 
kT. 
(63) 


~ To N(g a)? 


In order to describe the temperature dependence of spontaneous magnetization in a convenien, 
manner, let us make use of the eqs. 62 and 63, and rewrite the eq. 59 in the form 


MAT). fT 
M,(0) = anh 2 } oH) 


This expresses the relation between the normalized magnetization f,(7)/ M,(0) and normalized 


temperature 7/T... This is called thermomagnetic 
equation of state for the ferromagnetic phase 
of materials and is shown in Fig. 16.16 (for Ni 
and Gd with J = 1/2 and 7/2). This curve is 
universal in the sense that the reduced 
parameters are common to all ferromagnetic 
materials for same J value. At OK, the 
magnetization is at a maximum and the 
normalized magnetization M,(7)/M,(0) is unity. 
As the temperature is increased, thermal energy 


Ms(T)/M5(0) —» 


randomizes the system. As a result, the O 
. . : c= 
spontaneous magnetization ceases to exist above 
Fig. 16.16 A curve between normalized magnetiz- 
tion M,(7)/M,(0) and noramlized 


Curie temperature. This behaviour is quite 
similar to order-disorder transition in binary 
alloys in which an ordered array of atoms at 


low temperature, gradually loses its orderedness 
with increasing temperature and eventually becomes completely disordered at the transition 


temperature T/T, for Ni and Gd with J 
= 1/2 and 7/2 


temperature. 
16.15 THE PHYSICAL ORIGIN OF WEISS MOLECULAR FIELD 


rhe introduction of Weiss molecular field made it possible to explain a wide range of phenome 
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in ferroma ; 
observed in Enetism,. Howeve 
jong time. At first, it was sup " the nature of the field itself remained a mystery for a 


. : Posed ; i ; 
jnteraction. Such an interaction Waal be due to a simple nearest neighbour dipole-dipole 
IVE rise to a field of the order of 


Lally = 193 
qa? 10° gausses 
where a is the interatomic distance os 


temperature 7, ~ 1000K, the exchang a ferromagnetic crystal. On the other hand, for a Curie 


€ field is approximately found to be 
Hex ~ AMO) = 104 x 10° = 107 gausses 


is discrepancy shows : 
ie nied ta A that a simple model based on dipole-dipole interaction cannot account 
ass * Actually a much stronger type of interaction is needed. 


ge an ual My the problem was made by Heisenberg in 1982. According to him the 
ae dic elect eg d can be explained in terms of the so-called exchange interaction 
a ee a eed a The energy of the interaction (i.e. the exchange energy) for ions é, j 
bearing spins S;, S; can be expressed as 


Ed = -245,. 5S, . (65) 


and the total exchange energy of spin i with its (nearest) neighbours J;, J), . .. may be expressed 
as 


Ex = -2 ES, °S; (66) 


where J is called the exchange integral and is a measure of the strength of interaction. 

In general, the exchange integral is negative and hence a non-ferromagnetic state is favoured. 
However, for a ferromagnet it must be positive. In the above equations, the dot product is used 
because the exchange energy is governed by the relative orientation of the spins. In ferromagnetism, 


where parallel orientation of spins is favoured, 
E.,is minimum and S;. S; = 5’. Similarly, Eex is 
maximum when spins are antiparallel and 
therefore S, - S; = -S”. 

It is possible to determine the exchange 
integral experimentally as a function of the ratio 
of the interatomic spacing “a” to the unfilled 
shell of radius r. For transition metals this 1s 


repre e curve shown in Fig. 16.17. = | 
The ae eat Gh element of the iron Fig. 16.17 Variation of exchange integral with a/r 


+ Feromagnetic region 


Co 


alr ——» 


Exchange integral 


Paramagnetic region 


group is found to be . 
electenie Fe Co Ni Cr Mn Gd 
alr ratio 3.26 3.64 3.94 2.60 2.94 3.10 


According to Slater (1930), the ratic (a/r) 2 3 (but not very large) must be satisfied for the 
occurrence ie ferromagnetism. The substances viz. Fe, Co, Ni and Gd satisfy the above criterion 
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On the other hand, Cr and Mn fail to satisfy the above 


and are found to be ferromagnetic. tic by alloy; 
ying 


criterion and are not ferromagnetic. however, they can also be made ferromagne 
them with some suitable non-ferromagnetic 
elements (with slightly higher but comparable 
interatomic spacings) to form compounds 
whose (a/r) ratio is greater than 3, For example, 
Mn-As, Cu-Mn, Mn-Sb show ferromagnetic 
behaviour because of the favourable a/r 
ratio, 

Hence the necessary and sufficient conditions 
for ferromagnetism are the existence of 
incomplete internal atomic shells and the 


Fig. 16.18 Spontaneous mapnetization of a ferro. 
magnetic substance. Exchange forces 


positive exchange integral which cause the cause parallel orientation of the spins 
parallel orientation of the spins as shwon in of electrons belonging to inner partially 
Fig. 16.18. filled shells 


16.16 FERROMAGNETIC DOMAINS 


The above discussion helps us to understand why iron, cobalt and nickel are ferromagnetic. In 
the following, we shall see why a fresh piece of these materials is non-magnetized (demagnetized) 
and why they exhibit hysteresis loop when a magnetic field is applied to them. These may be 
understood by taking into account the Weiss domain hypothesis (section 16.12) according to 
which ferromagnetic materials contain small domains, each of which is magnetized to saturation, 
but the net macroscopic magnetization may vary form zero to saturation. A completely demagnetized 
ferromagnetic specimen, represented schematically by four equal domains (Fig. 16.19a), has no 
resultant magnetic moment. If a gradually increasing field is applied in some arbitrary direction 
(as shown in Fig. 16.19b), those domains which have magnetic moments along the direction of 
the applied field (called favourably oriented domains) will grow at the expense of the others 
(called unfavourably orientd domains) because of the motion of domain walls. As the field is 
increased further, the magnetization increases to saturation due to a sudden rotation of unfavourably 
oriented domains, so that the whole specimen may become one single domain whose moment is 
directed parallel to the field (Fig. 16.19c). This happens when a large field is applied in any 
arbitrary direction, the magnetization rotates from “easy” to a “hard” direction. At this stage, the 
specimen is said to be saturated and possesses maximum achievable magnetization (i.e. a further 
increase in the field causes no change in the magnetization). At low temperatures, the dependence 


A A 
Ke 
YI IAG 7 
(a) (b) (c) 


Fig. 16.19. The domain structure (a) corresponds to the non-magnetized state, (b) the magnetization is 
due to wall motion, (c) the magnetization is due to rotation from an easy to hard direction 


<a Ee 
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of magneton M on the field strength 4 is show 
This is associated with the motion of Eee 
three distinct regions as indicated in the 
formation of the hysteresis curve 
described as follows: 

When the applied field is small, the induced 
magnetization varies linearly with the field and 
js also reversible. The region within which the 
magnetization is reversible is called reversible 
region. When the field is gradually increased 
the magnetization shows a non-linear variation 
with the field and also becomes irreversible. 
This is the region of irreversible wall motion, 
If the field is gradually increased further, the 
magnetization also increases gradually and 
ultimately attains a saturation value (M,). This 
is the region where the rotation of domains 
takes place i.e. all the domains rotate towards 
the hard direction. A further increase in the Fig. 16.20 Hysteresis loop of a ferromagnetic 
field produces no change in the magnetization. material 
However, on the other hand, when the field is : 
gradually decreased, the decrease in magnetization follows a different path and for a zero field, 
the specimen continues to retain a certain amount of magnetization, called the residual ov 
remnant magnetization (M,). A finite field equal to the coercieve field (—H,) is required to brinz 
the magnetization back to zero. A further increase in the reverse field results in a complete 
reversal of M,. A second reversal of the field completes the hysteresis curve. 

In the crystal specimen, the domains are separated from one another by boundaries (Fig 
16.14). These are the regions within which the moments (spins) change their spatial directions. 
The transition layer between two domains is called a “domain wall” or a “Bloch wall”. This is 
shown in Fig. 16.21 for a transition from a domain with a spin up arrangement to one with a spin 


down arrangement. 


May be 


16.17 DOMAIN THEORY 


The physical origin of domains may be understood from the general thermodynamic principle 


Bloch wall 


Fig. 16.21 Schematic representation of a Bloch wall 
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that the free energy F = E — TS of a system (a solid in the present case) is si AS We 
know (from section 16.14) that well below 7,, the magnetization M — M,(0) in a ferromagnet 
term from the free energy 


and have high degree of order in such a magnetic system, the entropy term 1 bahay 
expression may be neglected. Thus, the minimum free energy means minimum total intemal] 


energy E of the system. The knowledge of which should be sufficient to understand the existence 


of domains. ; € vari 
Landau and Lifshitz have shown that the domain structure 1s a natural eee Of various 
energies contributing towards the total energy of a ferromagnet. They are: the exchange energy, 


the magnetic field energy and the anisotropy energy. 


1. The Exchange Energy ew 
From section 16.15, we know that the exchange energy, E.x 1s minimum when the spins are 


parallel. it is because of this energy, the spontaneous magnetization occurs in such materials, 
This energy establishes the existence of a single domain in a specimen of ferromagnetic material 
(Fig. 16.22a). The exchange energy favours an indefinitely large domain (the hole sample), since 


it is minimum when all spins are parallel. 


2. The Magnetic Field Energy ; ; 
In this case, we shall see that by dividing a crystal into two domains, the magnetic energy can 


be reduced to minimum or even to zero for certain domain structures (Fig. 16.22). Because of 
the free magnetic poles at the ends of the specimen, having a single domain (Fig. 16.22a) will 
have highest magnetic energy (1/87) JB? dV. However, this energy can be reduced to roughly 
half by dividing the crystal into two domains magnetized in opposite directions as in Fig. 16.22b. 
Similarly, dividing the crystal into N domains (Fig. 16.22c), reduces the magnetic energy by 
1/N or more accurately by 0.8525 M2/N. However, since certain amount of energy is required 
to create a domain boundary wall, this subdivision process can be continued until the energy 
required to create an additional interface, the domain (Bloch) wall, between the domains is 
greater than the reduction in magnetic energy. In fact, for a given size of the sample, the number 
and the arrangement of domains present is a compromise between these two energy terms. 
Taking this into account, the domain arrangements shown in Figs. 16.22d and 22e will have 
zero magnetic field energy. This is achieved by introducing the triangular prism domains near 
the end faces of the crystal; such domains are called closure domains. Here, it is to be noted 
that the boundary walls of the closure domains make equal angles (i.e. 45°) with the direction of 
magnetization each due to closure domains themselves and vertical domains. This means that the 


ra 
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Fig. 16.22 The origin of domains 
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normal component of the magnetizat; 


ON across t ; : no 
free poles near the end faces of the he boundary wall is continuous. As there are 


Crystal, there is no magnetic field energy. 


3, The Anisotropy Energy 

Experimental of ferromagnetic sin 
agnetize them depends on directi izati 

ot sree Stee nea se le — shows the magnetization (M versus H) curve 

applied field is directed along different 

crystallographic directions. It is to be noted 

that a very small magnetic field along <100> — 


direction is sufficient to produce a large 
(saturation) magnetization while to produce the 
same magnetization along <111> direction, a M(T) <I11> 
large field is required. In other words, it is “easy” 


to magnetize a single crystal of iron along <100> 
direction, while it is “hard” to do so along <111> 


gle crystals show that the magnetic field required to 


direction. The difference in magnetic energy to H— 
produce satiation in an easy andahard direction Fig. 16.23 Magnetization curves for single crystal 
is called the anisotropy energy. For a cubic of iron at 18°C 
crystal, the anisotropy energy may be expressed 
as 
E,, = K\(a7B? + By + 7a) + KK, BY (67) 


where K, and K> are anisotropy constants and a, f, yare the direction cosines of the magnetization 
vector with respect to the cube axes. 

These three sources of energy are the main determinants of the domain characteristics. The 
size of the domain is determined by a balance between the exchange energy and the magnetic 
field energy. On the other hand, the thickness of the domain wall is determined by a balance 


between the exchange energy and the anisotorpy energy. 


16.18 ANTIFERROMAGNETISM 


Insection 16.15, we observed that in ferromagnetism the exchange energy H,, is minimum when 
the neighbouring spins are parallel and the exchange integral is positive. However, in many solid 
substances H,, has been found to be minimum when the neighbouring spins are antiparallel and 
the exchange integral as negative favouring a non-ferromagnetic state. If the neighbouring spins 
are balanced, the material is said to be antiferromagnetic and if remain ubalanced it is ferrimagnetic. 
Such systems were first investigated theoretically by Neel and Bitter, and was later extended by 


van Vleck. 
Antiferromagnetis 
then, a number of other materials have b 
and Cr metals, many of the rare earth metal 
elements. Neutron diffraction technique 1S 
antiferromagnetic materials. 
The susceptibility versus temp 


m was first discovered in MnO by Bizette, Squire and Tsai in 1938. Since 
een found to be antiferromagnetic. They include the Mn 
s, and some compounds of the 3d and 4d transition 
largely responsible for the discovery of many new 


erature curves in Fig. 16.24 provide us the distinguishing 
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features of para, ferro and antiferromagnetic 
materials. An enormous increase 1m 
ferromagnetic susceptibility is observed at the 
transition (Curie) temperature, while in 
antiferromagnetic case the susceptibility 
increases at first with temperature and reaches 
a maximum (and gives rise a kink) at a certain 
temperature called the Neel temperature (7y). 7 Ty T 


Above the Neel temperature, the suceptibility pig. 16.24 Mgnetic susceptibility of an antiferrg. 
magnetic material 


is observed to follow the equation 
C. 
“= FeT, (68) 


where C is the Curie constant and 7, is the paramagnetic Curie temperature. 
The characteristic feature of antiferromagnetic materials may be explained qualitatively op 


the basis of two sublattice model. For example, consider a lattice system in which the magnetic 
atoms are arranged in a body centered cubic structure. One may visualize all the ions at the body 
centered having “spin up” and all the corner atoms having “spin down” as shown in Fig. 16.25, 
This is a simple case of magnetic structure with two interpenetrating simple cubic sublattices, 
such that the spin moment of atoms in one sublattice array are antiparallel with the spin moments 


of atoms in the other sublattice array as shown in Fig. 16.26. 


Fig. 16.25 aml of two sublattices.Aand Fig. 16.26 Two interpenetrating simple cubic sub- 
, Showing antiparallel spins lattices with antiparallel spins 


Pe zero, er a moments of both sublattice arrays are ordered (as in Fig. 16.26) and 
compensated so that the net magnetization is rai 
zero. As the temperature is raised, tt 
mae nee perature is raised, the 
a oberg te eT spins : gradually disturbed and the magnetization rises and 
at the Neel point, above whcih the material b 
he stcies nalts e aterial behaves as paramagnetic. 
gnetic materials are the crystalline ioni iti 
: ae lonic co 
series in which the metallic ions are arranoed in such 2 way that they eal aan 
ay) wowse we OV OE Vi e in 0 


| a re : : 
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ivalent interpenetrating s i 
ae neighbours, and en oe A and B, such that A atoms have only B atoms as ne 
; rromagnelic Case, let us introgy 4 (Fig. 16.25), Now, following a procedure similar to that in 
fe e Ce an expression for the internal field H, for the A ions, and Hg 


of the B ions, respectively. Since t . ue 
rel of B ions, we have he magnetization M, of the A ions is oposite to the internal 


and Hy =H - 4M, (69) 


where A is the internal field constant which d 
ete ange interaction. 
Then as in eq. 59, we have Tmines the strength of exchang 


My = Neus tanhi( Hoel (4 _ AM, ] 
\ 


and Ms =Neulp tann( Hash (1 -AM, 7 (70) 
Again, making use of the approximation tanh(x) ~ (x) at high temperatures, we have 
M, = SHo(sHo) oy amy) 
and M, = Hivlaney" ag -AM,) (71) 
So that the total magnetization is 
M=M, +My = SHolsheY on _ aan) (72) 


This equation may become a scalar equation if we assume that Mf and H are parallel. Thus, 
solving for M/H, we find 
Ma ge 
A=H- THA TH+T, i 
where C = Mgy) M/k and T, = CA. 
Comparing eq. 73 and eq. 57, we observe that the antiferromagnetic case contains 7 + 7, instead 
of T- T. and the Curie constant is twice (the Curie constant of the individual A or B lattice) that 
c 


in the ferromagnetic case. , ; fone dt} 
The Neel temperature (Ty) can be determined by equations under 70, sicne it is the temperature 


for which M, or Mg has a finite value in the absence of an external field. Thus, writing equations 


under 70 for H = 0, we have 


CA 
Geek A Mp =0 and <> My + My =0 (74) 
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For T > Ty, these equations have trivial solutions M, = Mp = 0. i.e. there is no spontaneoys 
magnetization of the sublattices above the Neel temperature. If spontaneous magnetization of 
the sublattices is suppoed to set at T= Ty. then eq. 74 must have non-trivial solutions for Mf, and 
Afg at that temperature. This is equivalent to the requirement that the determinant of the coefficient 
of Mf, and Mg is zero. Hence 


<a Or Tee CA= T, (75) 
Tx 


. 


where the last relationship follows from eq. 73, shows that the Neel temperature is the same as 
the paramagnetic Curie temperature J,. However. experimental results show that 7x Is generally 
less than T.. The discrepancy arises because of the fact that the above two sublattice mode] js 
over simplified and the actual situation is more complicated than this. 


Antiferromagnetic Susceptibility ’ 
The magnetic susceptibility behaviour depends on the direction of the external magnetic field. 


Let us consider two cases of special interest: 


1. An external magnetic field is perpendicular to the spin axis. 
2. An external magnetic field is parallel to the spin axis. 


Case I: H is perpendicular to both Af, and Mg (spin axis): 
In this case, the two sublattice magnetizations, 4f, and Mg tend to align themselves along the 
direction of the field. This results in the rotation of Af, and fg through an angle 26 (where dis 
usually very small) with each other as shown in Fig. 16.27a. Then the molecular field acting on 
the sublattice B, in the direction parallel to H will be —-AM, x 26 (for small angles) and at 
equilibrium, this is equal but opposite to H, i.e. 

24M, 0 = H (76) 


where A is a positive Weiss constant. Since LM,l = lMgl, the total magnetization along the 
external field direction 1s 


-— M= (Ma + Mp)o = 2M 0 (77) 
From eqs. 75 and 76, we have 
_H 
any 
so that Xt =F=t (78) 


which is independent of temperature. Further, it can be shown that 7, is equal to the susceptibility 
at Neel temperature. 

Case II: H is parallel to M, or Mg «spin axis) 

The exact calculation of 7, is much more complicated because of the involvement of Brillouin 


functions. However, this can be understood qualitatively as follows: 
When the field is parallel to one sublattice magnetization and antiparallel to other sublattice 
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ization (Fig. 16.27b 
magnetiza NF Vissanar | 
them and therefore there js No net Pplied Magnetic field wil] produce no resultant moment on 


Magnetization at OK. Thus 


the temperature is raised “i= 0 (79) 
AS ratsed, the spin a1; 
roduce rotation of spins and henc pin alignment is upset slightly and the field will be able to 


temperature increases to Ty. The = : py Susceptibility is produced, 7, increaes to 7(7y) as the 
Fig. 16.28. Below Neel temperat usceptibility curve of an antiferromagnetic crystal is shown in 
FF ited Byaverasing. enti ci ure, the Susceptibility of a material in polycrystalline form is 
by Sceptibilities over all directions. At absolute zero, this is given 


O Ty 
(b) i 
Fig. 16.27 Calculation of (a) perpendicular and Fig. 16.28 Magnetic susceptibility of an antiferro- 
(b) parallel susceptibilities at OK magnet as a function of temperature. 
Tx is the Neel temperature 


ire = $10) + $21 0) = Fx1(Ty) (80) 


whereas at Neel temperature, it is given by 


pe =F H3.(0) =F 44 (Tw) = FXTW) (81) 


16.19 FERRIMAGNETISM AND FERRITES 

we observed that when the antiparallel magnetic moments of the two 
sublattices are completely compensated (due to this the net magnetization is zero), the material 
is said to be antiferromagnetic. However, there are cases when they are not compensated for 
different reasons (e.g. the difference in the number or in the nature of atoms that make up the 
sublattices), Such an uncompensated antiferromagnetism is known as ferrimagnetism and the 
corresponding materials are said to be ferrimagnetic or ferrites. They exhibit spontaneous 


magnetization below the ferrimagnetic Neel temperature (Try). 


In the preceding section, 
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The external behaviour of a ferrimagnet is similar to that of a ferromagnet. However, becaus 
of the difference in their internal structure, the temperature dependence of their spontaneoy, 
magnetization may be quite different. For example, the magnetization of a ferrimagnet does not 
necessarily decrease monotonously with rise in temperature but can pass through zero even 
before the Neel point is reached. Besides, the ferrite materials have about 10 order of Magnitudes 
higher d.c resistivity than ferromagnetic iron. 

The natural ferrite is the iron ore magnetite, FeyO4, whose chemical formula is Fe2+ Fes*Q i 
The corresponding general formula is written as Me** Fe3*O,, where Me is the divalent meta] 
such as Mn, Co, Ni, Cu, Mg, Zn, or Cd (may or may not be magnetic). The structure of ferrites 
are based on the structure of naturally occurring spinel, MgOA1,03. Spinel occurs in two forms, 
normal and inverse. Simple ferrites occur in both forms. 

The normal spinel structure (AB,O,), can be considered to contain two sublattices A and B. 
Divalent metal ions on A sublattice (A sites) are surrounded by four O* ions in a tetrahedra] 
coordination while trivalent metal ions on B sites are surrounded by six O* ions octahedrally, 
In normal spinels, the divalent and trivalent metal ions appear only on A sites and B Sites, 


respectively. Zinc ferrite (Zn**), O(Fe**),O3 is an example of normal spinel. 
It is interesting that the majority of ferrites occur in inverse spinel form. In this case, the 


divalent metal ions occupy octahedral (B) sites while Fe** metal ions are distributed equally 
over the tetrahedral (A) sites and octahedral (B) sites. The arrangement may thus be represented 
by (Fe?*), [Fe** Me?*],0,. Manganese and nickel ferrites are the examples of inverse spinel. 


16.20 SUMMARY 


1. The magnetic induction B and the magnetic field H in a material medium are related by 
the equation 
B = gH + [gM 
where M is the magnetization vector of the medium and is proportional to the field, 


M«xH or M=H7H 


The constant y is known as magnetic susceptibility. 
2. The different sources of permanent magnetic moment are: the orbital magnetic moment 


of the electrons, the spin magnetic moment of the electrons and the spin magnetic moment 
of the nucleus. When the atom is placed in a magnetic field, the orbital magnetic moment 
of the electrons is quantized. A quantum of magnetic moment of an atomic system 1s 
known as Bohr magneton. Similarly, a quantum of magnetic moment obtained from the 
spin magnetic moment of the nucleus is known as nuclear magneton. 

3. When an atom (as considered in Bohr’s model) is placed in a magnetic field, the motion 
of electron does no longer remain spherically symmetric but starts precessing about the 
field. The resulting diamagnetic susceptibility is given by the equation 


_ _M__ MoZe’N _, 
Xdia = H 6m r 


which depends on the size of the atom. 
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4, Considering the atom has 
a . 
of the moments with the pale Magnetic moment, Langevin showed that the alignment 
€ads to a classical paramagnetic susceptibility 


X= M = HoNu? L2G 
Ho 3kT > T 


where C is known as Cur; 
rie 
general result, provide that Constant. The quantum treatment also leads to the same 


Mote = 2gup {J (J + 1) }'? 


. Some metals h 7 
; ta ‘emperdire: eas found to exhibit paramagnetism which is essentially independent 
2S 18 Known as Pauli paramagnetism and the susceptibility is given by 


ws 3uly Nuz 
Xp = Motz e(E.) = oes 3, 2 
Holga (Ex ) 1B 5X 7p 


where Er = kT. Since Tr is normally very high, 7p is smaller than y by about two orders 
of magnitude. In transition metals, Mp is exceptionally high, because g(Ef) is large. 


6. Ferromagnetism is the existence of spontaneous magnetization below a critical temperature 
T,, known as Curie temperature. Above this temperature, the substance becomes 


paramagnetic and obeys the Curie-Weiss law 
pelts OF a ES 
EX” Fe Ch” P= 1, 
In order to explain the existence of spontaneous magnetization in a ferromagnet Weiss 
assumed that there exists an exchange field (H., = AM) whose origin is due to the 
exchange interaction between the dipoles of the substance. 


7. The molecular field based on simple dipole-dipole interaction was found to be less and 
hence cannot account for the existence of ferromagnetism. Heisenberg removed this 


discrepancy by assuming the exchange interaction between the electrons spins instead of 
dipole-dipole interaction. The total exchange energy of spin i with its nearest neighbours 


J;, jy... may be expressed as 
4 n 
J= 
‘he exchange integral and is a measure of the strength of interaction. 
rromagnetic materials are made up of a large number of domains, 


ly magnetized. Landau and Lifshitz have shown that the 
onsequence of contributions from, the magnetic field 


where J is 
8. According to Weiss, fe 
each of which is spontaneous 


domain structure is a natural c 


energy and the anisotropy energy. 


9. Like ferromagnetism, antiferromagnetism and ferrimagnetism also owe their existence to 
exchange interaction between magnetic moments. The characteristic feature of 
antiferromagnetic materials can be qualitatively explained on the basis of two sublattice 


model. The susceptibility in the paramagnetic region T > Ty is obtained as 
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_M_ 20 20 
t= H>TeCl Tt+In 


where Ty = CA is called the Neel temperature. 
10. Ferrimagnetism is an uncompensated form of antiferromagnetism. Ferrimagnetic substances 
exhibit spontaneous magnetization below ferrimagnetic Neel temperature (7p). The extemal 
behaviour of a ferrimagnet is similar to that of a ferromagnet, however, their spontaneous 
magnetizations are quite different. The structure of ferrites is based on naturally occurring 


spinel, MgOA1,0;. However, majority of ferrites occur in inverse spinel form. 


16.21 DEFINITIONS 


Antiferromagnetism: The opposite alignment of adjacent atomic magnetic moments in a solid produced by the 
exchange interaction. 24 2 

Bohr Magneton: The fundamental quantum of magnetic moment and is equal to 9.27 x 10° A-m’, 

Coercive Field: The applied field required to reduce the induction of a magnetized material to zero. 

Crystal Anisotropy Energy: The energy of magnetization which is a function of crystal orientation. The difference 
in energy between the hard [111] and easy [100] in Fe is about 1.4 x 104 J/m?. 

Curie Constant: The proportionality constnat between y and 1/T in the Curie law. 


Curie Law: For paramagnetic material y = C/T. 
Curie Temperature: If a ferromagnetic material is heated above its Curie temperature, it becomes paramagnetic, 


Diamagnetism: The magnetic property of material for which M (and therefore 7) is negative. 
Domain: A region in a ferro-or ferrimagnetic material where all the moments are aligned. 
Domain: Wall Energy: The sum of contributions from exchange and crystalline anisotropy energy in the domain 


wall region. 
Electron Spin: A term used to refer the fact that electrons have permanent angular moments and magnetic 


moments. 
Exchange Energy: The energy associated with the quantum mechanical coupling that aligns the individual 


atomic dipoles within a single domain. 
Ferrimagnetism: A special case of antiferromagnetism, where the opposite moments are of different magnitudes. 


As a result of this a large amount of magnetization results. 
Ferromagnetism: The appearance of a very large magnetization due to the parallel alignment of neighbouring 


magnetic moments by an exchange interaction. 
Hysteresis: The irreversible B-f or (M-H) characteristic curve of ferromagnetic or ferrimagnetic materials. 
Magnetic Permedability: Defined by the relation B = pH. 


Magnetic Susceptibility: Defined by the relation M = yH. 
Magnetization: Defined by the relation B = Uo(M + H). M is equal to the dipole moment per unit volume. 


Magnetostriction: The change in length along the direction of magnetization of a multidomain solid. 

Neel temperature: The temperature above which a ferrimagnetic or antiferromagnetic material becomes paramagnetic. 

Paramagnetism: The small positive susceptibility due to weak interaction and independent alignment of permanent 
atomic and electronic magnetic moments with the applied field. 

Relative Permeability: Defined by the relation [, = [/o, where 1 is the permeability of a material and pip is the 


permeability of free space. 
Remanence: The value of B or M in the specimen when H is reduced to zero. 
Weiss Constant: The proportionality constant between the Weiss field and the magnetization. 


Weiss Field: A hypothetical internal magnetic field, strong enough to make the spin magnetic moment in a solid 
line up despite the effect of thermal energy. 
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y between 


c isin pe and ferromagnetism. Derive an expression 
*siCal theo 
Enetic Sus einai ° | 
S and show ° Ceptibility of free electrons on the basis of classical laws. 
i ‘SS theory of fer aul modified it, 
hysteresis effect and Curie Bai omagnetism, On the bas 
ferromagnetism. * Explain cle 
Draw a typical M-H cury 


is of this theory how will you explain 
arly the basic dj 
process on the basis of q 


fference between paramagnetism and 
ef : 
oy ferromagnetic Materia 
omain theory 


land explain the different Stages of magnetization 
3 Ndence of the 
Heisenberg’s exchange int a 


oft Ceptibility of all types of magnetic materials. Explain the 
€raction in ferromagnetism, . : 
Magnetism and a 


ntiferromagnetism. Explain theoretically the observed variation 
™perature for antiferromagnets, 
lic state? Describ 


€ the two sub-lattice model and show that it leads to a transition 
Constant T. int 


€ he Curie-Weiss law. How is this result supported by experiment? 
xchange interaction. Show that it explains ferromagnetism. Discuss the difference 
in the nature of the magnetic 


Susceptibility of a ferromagnetic and antiferromagnetic substance. 

n of the origin of Weiss molecular field. Relate the exchange integral to 
the Weiss constant and ferromagnetic Curie temperature. 
Distinguish between ferromagn 


sub-lattice model, deduce the 
and below the Neel temperatu 


of susceptibility with te 


elic, ferrimagnetic and antiferromagnetic substances. On the basis of two 


spac : : i ve 
expression for the susceptibility of an antiferromagnetic material abo 
re 


; 2 late the 
A magnetic material has a magnetization of 3300 A/m and flux density of 0.0044 W/m*. Calculate 
magnetic field and the relative permeability of the material. 


Ans. 201 A/m, 17.42 
hilt terial at 
The magnetic field intensity in a piece of ferric oxide is 10° A/m. If the susceptibility of the ma 


£ 


Ans. 0.05 A/m. 
= 4 
‘ ae jected to a field of 10° A/m. ; 23 an? Calcdlate 
pees ae ied Uh corner The magnetic moment of each atom is > of cement 0.1 
A paramagnetic has cau at 300 K. What would be the ee moment of a ba 

netic susc é 10° A/m. 
aataendt sq cm cross-section placed in a field ange 
m lo 


2 
Ans. 3.28 x 104, 2.62 107 Am 
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Superconductivity 


17.1 INTRODUCTION 


One of the most unusual and interesting properties of solids th 
is almost zero electrical resistivity (i.e. infinite conductivity) Ww ane 
low temperatures. The reduction in the value of electrical resistiv 
superconductivity. This phenomenon was first 
of all observed by H.K. Onnes in 1911 while 


at certain metals and alloys exhibit 
hen they are cooled to sufficiently 
ity to zero is known as 


making electrical conductivity measurement of 

metals at low temperatures. During the process, @ 0.1 

he observied a sudden decrease in the resistivity S 

(actually it is immeasurably small and for all 8 

practical purposes it is taken as zero) when g 

pure mercury was cooled down to below 4K 3g 

(Fig. 17.1). The temperature at which the 

transition takes place in the absence of magnetic 

field is called the critical temperature (T,) or 4.0 4.4 

the; transition temperature. T, is found to be ky * 

different for different substances. Therefore Fig. 17.1 Resistance versus absolute temperature 
above T,, a given specimen is in the usual normal curve for mercury by K. Onnes which 
state, while below T;, it is in the superconducting marked the discovery of super- 
state conductivity 


For a chemically pure and structurally perfect 


specimen, the superconducting transition is usually sharp while for structurally imperfect specimens 
or the specimens containing some impurity elements, the transition range is broad (about one 
tenth of a degree or so). 

Ever since the discovery of superconductivity by K. Onnes and until quite recently it was 
strictly a low temperature phenomenon. However, with the discovery of new oxide superconductors 
(having transition temperature of about 125 K or above), there has been a tremendous excitement 
particularly in the scientific world for two reasons. First, this may open a new age of high 
temperature superconducting devices, which will have Widespread commercial applications. 
Second, the electron-lattice interaction appears not to be the origin of the superconductivity in 
these materials, leaving the fundamental physics open to investigation. Many of the properties 


P- aa 
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these materials appear to be , 
sverall theoretical development Soe and a proper understandin mor theeiiedequies an 

ears 10 De associated with decay, i the Superconducting state in these materials too 
conventional system in many Tespects, | Pairing and the overall behaviour may be similar to the 
current, Josephson tunneling, etc he n fact, most of the important phenomena such as persistent 

wT Nave allbo been observed in the high-7, superconductors. 


172 SOURCES OF SUPERCONDUCTIViTy 


e phenomenon of super, Wh on 
aeices including At apr 1S NOt common to all but yet it is observed in many 
yary widely. In 1957, B. Mathi ments, alloys and compounds whose transition temperature 
: a canunnt aS proposed certain empirical rules on the basis of which he 
discovered a number of new superconductors, The rules are: 


1. Superconductivity ; 7 ; 
pa se ? —_ ers In metallic elements in which the number of valence 
“n < and 8. In general, superconducting elements lie in the inner 
columns of the periodic Table, : eaEP ucting e 
2. Transition metals having odd valence 
favourable to exhibit superconductiy 


electrons are particularly unfavourable (Fig. 17.2). 
For elements lying along a given row of the periodic Table (Fig. 17.3), T, versus Z’ gives 


electrons (Z) such as 3.5 or 7 have higher 7, and are 
ity while metals having even numbers of valence 


straight line. 
A small atomic volume, accompanied by a small atomic mass favours superconductivity. 


. Materials having high normal resistivities exhibit superconductivity. 
Materials with the product of number of valence electrons and the resistivity (in electrostatic 


units at 20°), np > 10° show superconductivity. 


wa 


erature with Fig. 17.3 An empirical correlation between 
transition temperature and Z? 


Fig. 17.2 Variation of transition temp 
number of valence electrons (Z) 


17.3 RESPONSE OF MAGNETIC FIELD 


The tic field and the superconductivity are found to be mutually exclusive. When a weak 
mndenetiedield is applied to a superconducting specimen, below transition temperature it expels 
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deal diamagnet. This phenomeng, 


en the applied field is gradually 
e superconductivity 1S destroye i 


the magnetic flux (i.e. lines of force) initially held and acts as ani 
1s called the Meissner effect and is shown in (Fig. th 
increased to a critical or threshold value, (often denoted ie 2 id (H.)isa function of temperature 


(Fig. 17.5). However, this transition is reversible. The critic 
; , ee . ture from T=0 
a for a given substance decreases gradually with increase anon caietal a aia a 
. Fig. 17.6 sh iati iti Id with temperatur nductin 
ce: FZ shows the variation of critical fie » represente d by the expression g 


elements. Further, this variation is empirically found to b 


40 
Normal state 
e 
& 
m 
( | | 20 Superconducting 
state 
- Normal Superconducting 0 2 3 
T>T, T<T, ‘ 
or H>H, orH<H, T(K) 

Fig. 17.4 The Meissner effect Fig. 17.5 Schematic representation of the critical 
magnetic field as a function of tempera. 
ture for Hg 

H, = 20 x 104 
15 x 10° 
‘ Nb 
a las 
= 
[27 
g 
x 
0 4 8 10 
ri 
Fig. 17.6 The critical magnetic field a i 
s a functi i 
on of temperature for different superconducting elements 
H,(T) = H, (0 Ey, 
é = Jes aos 
Of1- (7) 


where H,(0) is the maximum value of 
the fi Id = 
aren stantstantlrcharabenictes de (es «8 ui at T= OK and H,(T,) = 0 at T = T,. H,(0) and T. 


a nee 
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The critical ne es Aestroys “UPerconductivity need not necessarily be an external field. 
, may also aris 3 Sa result of an electric Current flaw, through the superconductor specimen 
sell For examp ; a Current flowing through a superconducting ring has its own magnetic field, 
and as the oo Ne eee Critical value J. the associated magnetic field becomes H., 
which 1s SuMClent for the destruction of superconductivity in the ring. The critical current J 
flowing through a super Conducting ring of radius r ig sic by | 


I, = 27rH, (2) 


This P uD ; <a a he strength Of the Current which can flow in a superconductor and hence is 
the main hurdle in producing high field Superconducting magnet, 


Example: A superconducting tin has a CTitical temperature of 3.7 K at zero magnetic field and a 
critical field of 0.0306 Tesla at 0 K. Ring the critical field at 2 K. 


Solution: Given: T, = 3.7 K, HQ) = 0.0306 7, T=2K, H(T) =? 
Making use of eq. 1, and Substituting different values, we have 


, 2 a 
H.(T) =H, of ‘ (F] | Z 00306 ‘ (2) | = 0.0216 T 


Example: The magnetic field intensity in the tin material is zero at 3.69 K and (3 x 10°)/47 at 
0 = Calculate the temperature of the superconductor if the field intensity is measured as (2 X 
10°)/4z. 


Solution: Given: ze. = 3.69 K, B.(0) = (3 x 10°\/4z, BAT) = (2 x 10°)/4z, T=? Writing eq. lin 
terms of magnetic field Intensity and substituting the desired values, we have 


2 
BT) = 8.01 -(7} 


VC 
2 
or (2 x 10V4n = (3 x 105g [ ‘ [575] 


Simplifying this equation for T, we find 
T=2.13K 


Example: Calculate the critical current for a wire of lead having a diameter of ] mm at 4,2 K, 
The critical temperature for lead is 7.18 K and H(0) = 6.5 x 104 A/n. 


Solution: Given: T, = 7.18 K, H.(0) = 6.5 x 10 Alm, T= 4.2 K, 2r= 1 mm = 107 m, I=? 
Again, making use of the eq. | and substituting the desired values, we have 


2 2 
H,(T) =H. é (Z) |=6: x 10! [ - (52) |- 4.28 x 10* A/m 


Further, from eq. 2, we have 
I, = 2nrH, = 1X 10° x 4,28 x 104 = 134.46 A 
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17.4 THE MEISSNER EFFECT 


In the preceding section, we found that a superconductor expels magnetic flux completely, 4 
phenomenon first observed by Meissner and Ochsenfeld in 1933 and is known as Meissner 
effect (Fig. 17.4). By measuring the magnetic field in the neighbourhood of the specimen in 
number of cases, they established that as the temperature is lowered to T, the specimen become; 
Superconducting and the flux is pushed out of it for all temperatures T < T,. They also demonstrated 
that the effect is reversible, i.e. when the temperature is raised from below T,, the flux suddenly 
Starts penetrating the specimen at T = T, as a result of which the specimen returms back to the 
normal state. In this state, the magnetic induction inside the specimen is given by 


where H is the external applied field and M is the Magnetization produced inside the specimen, 


According to Meissner effect the magnetic induction B = 0 inside the bulk superconductor. 
Therefore, eq. 3 becomes 


IW(H+M)=0 or Me=-H 


Since such a material is perfectly diamagnetic whose magnetic susceptibility is given by 


M 
io 4 
x= =H! (4) 
This is an important result which cannot be derived from the simple definition of superconductivity 
as a medium of zero resistivity. Accordingly, if p tends to zero while the current J is held finite, 
then from Ohm’s law E = Jp, E must be zero. Further, from the Maxwell’s equation, 


We obtain dB/dt = 0 and hence B = constant, i.e. the flux passing through the specimen cannot 
change on cooling through the transition. The Meissner effect contradicts this result and suggests 
that perfect diamagnetism is an essential property of defining the superconducting state. They 
are: 

E = 0 (from zero resistivity) and B= 0 (from Meissner effect) 


Superconductors are of two types, type I and type II, in accordance with their diamagnetic 
response as shown in Fig. 17.4. Superconductor exhibiting a complete Meissner effect (pertect 
diamagnetism) are called type I superconductors (formerly known as soft superconductors). I 
this case, the diamagnetism abruptly disappears at the critical magnetic field value H, and the 
transition from superconducting to normal state is sharp. Pure specimens of many materials 
exhibit this behaviour. Al, Zn, Hg and Sn are some examples of type I superonductors. On the 
other hand, in type II superconductors, the magnetic flux starts penetrating the specimen at! 
field H.;, the lower critical field which is lower than H,. The specimen is in a mixed state 
between H,, and H,2 (the upper critical field). Above H.», the specimen is a normal conduct’ 
in every respect. The value of H,9, is generally 100 times more than the critical field HM. TYP 
I superconductors are also known as hard superconductors. Ta, V and Nb are some examples ¢! 
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te is thermodynamically Teversible. ; eration between the normal and superconducting 
et 


tance. The Mei “lp a ‘ae 
of a subs ‘ ISSNer effect SO Sugge © transition between liquid and vapour phases 
10 this phase change and thereby obtain 8ests the same. 


Thus we may apply thermodynamics 
r the difference in entropy and specific 
absolute zero. In the following, we shall 
cting transitic only for which B = 0 inside the specimen. 
rmal and « N under conditions of constant temperature 
~ Superconducting) are in equilibrium. 
nsition in a magnetic field is analogous to 
consider Gibbs free energy which remains 
Gibbs free energy per unit volume in the 


©XPressions fo 


further, We shall study the s 
and pressure when the two Phases (no 

Since, thermodynamics of the supe 
that of any other phase transitions, it 
invariant during isothermal isobaric 
magnetic field is given by 


Upercondy 


Tconducting tra 
IS sufficient to 
Process. The 


| G=U-TS-—HM (5) 
where M is the magnetization, § is the 


entropy and PY term is neglected. Also, from second law 
of thermodynamics, the interna] energ 


y is given by 
dU=TdS+HdM (6) 


where H dM is the work done on the Superconductor per unit volume. Comparing this value with 
the standard expression for internal energy dU = T dS ~ P dV for a gas, we find that H plays a 
role of P and M for —V (or H for -P and M for V). Now differentiating eq. 5, we obtain 


dG = dU-T dS -—SdT-M dH-H dM=-S dT-M dH (7) 
Further, at constant temperature, dT = 0, so that eq. 7 reduces to 
dG(H) =~ M dH (8) 


Integrating eq. 8 for the superconducting state, we get 


H H 
face [ man 
0 0 


H 
= =a M dH 9 
or Gs (H) Gs (0) | ( ) 
is i itt I state of most 
i mole is in the normal state, it is a paramagnet (norma ) 
ce smell) and therefore M — 0 or ¥ — 0, so that from eq. 9 we can write 
Gy(H) - Gun(0)=9 or = Gy(H) = Gy(0) (10) 
i ins invari der the application of 
imply} te the Gibbs function remains invariant un pp 
implying that in the normal sta 
the tic field. 
ay he curve H, versus T (Fig. 17.5), we find that the normal state and the 
ec tc 


pew ait welcokas in equilibrium and therefore the free energies of the two states at the 
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superconducting state ar 
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diamagnetism stage 


erco 
Fig. 17.7. Magnetization curves for (a) Type (1) and Type (1) sup 


nductors 


boundary must be equal. This gives 
G(T, H,) = G(T, H,) 


Combining eqs. 9 and 11, we obtain 
H 
Gy(T, H.) = Gs(T, H.) = Gs(0) - I M di 


and eqs. 10 and 12 give 


H H 
Gy(0) = Gs(0) - { MdH~ or _— Gy(0) - Gs(0) = - ) M dH 


H 
or ac = - | M dH 
0 


Now, from Meissner effect we known that M = — H (B = 0), so that 


‘ H He H2 
AG = Gy(0) - Gs(0) = - [ MdH = H dH = — 
Jo Jo Z 


Entropy Difference 
The entropy S of a solid (from eq. 7) is found as 


(11) 


(12) 


(13) 


(14) 


(15) 


Now, with the help of eqs. 14 and 15, the entropy difference between the normal and the 


superconducting state can be obtained as 


(16) 
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ince dH,/dT is always negative, 
sperconducting State is more order 
_ $5 = 9, and also at T = OK, 

N 
ermodynamics). Between T = 9 
ijustrated in Fig. 17.8. 


th , 
a han th Sy ~ Ss is always positive, implying that the 
an the normal state, Further, , therefore 
= 0 because dH JdT tends to zero (from third law of 


= T., Sy — Ss is positive, ie. Sy > Ss. These are 


Entropy 


T—_> 


Fig. 17.8 Entropy S of Aluminium in the normal and superconducting state as a function of temperature 


The entropy difference is related to the latent heat of the system according to the equation 


Q = T(Sy - Ss) = -TH, oe (17) 
As we have seen above that at T = T,, Sy — Ss = 0 because H, = 0. Thus, from eq. 17, Q = 0. This 
implies an absence of latent heat when transition occurs at T,(H, = 0). However, if H, # 0, i.e. 
in the presence of magnetic field, the transition occurs at some lower temperature T < T,. From 
eq. 17, this gives us latent heat because between 7, and OK the entropy of the normal state is 
greater than that of superconducting state, so the required amount of heat must be supplied if the 


transition is to take place at constant temperature. 


Specific Heat 
The specific heat of a solid is given by the expression 
C= dH 
= or (18) 


Again, with the help of eqs. 16 and 17, the specific heat difference between the normal and the 


superconducting states can be obtained as 
d*H, dH, \° | 
Cy - Cs = -| “ar? ore +r aT ) | (19) 


AtT=T.. H.=0. and as we know that dH,/dT is always negative, therefore 


dH. 
Cy - Cs= -Te a | =-ve (20) 


542 Solid State Physics 


emperature T decreases, the first t, 


This implies that near T. But as the t 
> Cy is less than Cs. Bu an while the second term decreases 


on the right hand side of eq. 19 increases with negative si 
with positive sign (because of the square term), 
and hence Cy — Cg is positive, i.e. Cy is greater 
than Cs at lower temperatures. 

Thus, whether a material is cooled or warmed 
in the absence of a magnetic field, there will be 
a discontinuity in the specific heat curve at the 
transition temperature. The electronic specific 
heat versus temperature curve (for bismuth with 
4% tin) is shown in Fig. 17.9. But as we know 
that the specific heat arises from two different 
sources, i.e. the lattice and the electronic Fig.17.9 Electric contribution of specific heat of, 
specific heats discussed in earlier chapters. conductor as a function of temperature 
Consequently, the total specific heat is Ean eae iye ee 


C= Crattice + Cet (2') 
so that Cn a (ChatticeN ag (Cn and Cs = (Cattice)s + (Cas 
lattice (crystal structure, Debye 


However, it is to be pointed out that the properties of the 
perconductor, and therefore 


temperature, etc.) do not change when a material becomes su 


(Chattice)N = (Crattice)s (22) 


Consequently, Cy — Cs = (Cain - (Cais (23) 


From Fig. 17.9, we find that well below T,, Cs is very small and is difficult to measure accurately. 
However, careful measurements have shown that well below 7,, the electronic specific heat ofa 
metal in the superconducting state varies with temperature in an exponential manner, i.e. 


(Cy)s = exp (4 (24) 


where a is constant and A is the energy gap. 


17.6 ORIGIN OF ENERGY GAP 


The exponential behaviour of the electronic specific heat in the superconducting state implies 
the presence of an energy gap in the energy spectrum of the electrons (Fig. 17.10) or in the 


Superconductor 


Normal 


(a) (b) 
Fig. 17.10 (a) Conduction band in the normal state, (b) Energy gap at the Fermi level i 
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distribution of density of Slates (Bi — AP asi > + Jeuve Tl te 
: ‘at 8 (Fig. 17.11). The energy gap is situated at the Fermi level, This 
sap is a characteristic fe i Meee ny eu inie uae 


iture of the superconducting state and differs from the energy £aP 


v 


ZE) —> 
Z(E) — 


sar aa 


(a) (b) 


Fig. 17.11 Density of states as a function of energy (a) normal state (b) superconducting state 


encountered in insulators. In an insulator, the gap is associated with the lattice while in 


superconductors the gap is associated with the Fermi gas. In a superconducting state, the width 
of the gap 24 is of the order of kT. (i.e. 2A = 


kT,). This prevents the super electrons from 
being excited below T,. Only above T,, they 
behave like normal electrons and may be readily 
excited. As an example, for a typical value of 
T. = 5 K, one finds that 2A = 104 eV. This 
energy gap is very small as compared to the 
gaps encountered in semiconductors or 
insulators. The variation of energy gap with 
temperature is shown in Fig. 17.12. ‘ . 
BCS theory is able to explain the existence Fig. 17.12 Energy gap as a function of temperature 
and temperature dependence of the energy gap 
in superconductors. According to this theory, the ratio of the energy gap 2A, to the thermal 
energy at the critical temperature (k7,) is same for all superconductors and is equal to 3.53. Table 
17.1 presents the energy gap at 0 K, cnitical temperature 7, and the ratio 2A/kT, for some 
superconducting elements. 


0 fr > T, 


Table 17.1 The energy gap at 0K and the critical temperature for some superconductors 


Elements 2A (m eV) T, i 
Nb 3.05 9.50 3.8 
Ta 1.40 4.48 3.6 
ch 1.16 3.72 3 
Al 0.34 1.20 3:3 
Pb 2.90 7.18 4.3 
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17.7 ISOTOPE EFFECT >, 
at the transition temperature Varies 


Experimental study of superconducting materials shows _ eaeilet 
with the average isotopic mass, M, of their constituents. 1 P 

/ Be oc wl (25) 
85 K to 4.146 K with the variation Of its 


: vary from 4.1 : 
For example, in mercury T, was found to vary More recent experiments sugpe 


average isotopic mass from 199.5 to 203.4 atomic mass units. 
the above variation in the following general form 


T, < M* (26) 
where az is called the isotope effect coefficient and is defined as 
d InT. 
= (27 
*= OinM 


On the other hand, according to recent theories a is given by 
a= 0.5 {1 - 0.01 {M(0)V}"7) (28) 


where M(0) is the density of single particle states for one spin at the Fermi level and V is the 
potential between the electrons. ; In 
Since the Debye temperature @p and the velocity of sound v is proportional to MT, therefore 
the transition temperature of superconducting materials is closely related to the corresponding 
Debye temperature. From eq. 26, we have 
T.~ @ oF a = constant (29) 
D 
Equation 29 implies that the lattice vibrations play an important role in superconductivity and 
hence the electron-lattice interactions must be taken into account in its theoretical development. 


17.8 LONDON EQUATIONS 


Under the heading “The Meissner effect” in section 17.4 we saw that a superconducting specimen 
expels magnetic flux completely from its interior. However, the same is not found to be correct 
in the case of thin films. On the basis of Maxwell’s electrodynamic equations alone, it has not 
been possible to deduce the Meissner effect and field penetration in superconductors, Theretore, 
based on two fluid model of Gorte and Casimir (1935), London brothers (F. London and HL. 
London) first examined the magnetic aspects quantitatively and showed that it was necessary to 
introduce two additional equations to explain them completely. 

According to two fluid model, a superconductor is supposed to be composed of two distinct 
types of electrons, i.e. normal electrons and superelectrons. The normal electron behaves it a 
usual manner as discussed in chapter 10. However, the superelectrons behave in a much different 
way, such as they experience no scattering, have zero entropy (perfect order), have a long 
coherence length (~10* A), and so on. At T = T,, all the electrons are normal and as the 
temperature decreases an increasing proportion becomes superelectrons until at T= OK all are 
superelectrons. Therefore, based on this model, London brothers put forward the idea that at tay 
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electron density in the materia] in th 
gensities of normal electrons and sup 


Ctrons and normal electrons is equal to the conduction 
© Normal state, So that if n, and n, respectively are the 
relectrons, the conduction electrons become 

oe n=n, +n, (30) 
The norma” euTent and the supercurrent 
flows with no resistance whatsoever ie are assumed to flow parallel. Since the supercurrent 


resistance and gets dissipated) ee the contrary the normal current cannot flow without 

electric field. The normal ne Will carry the entire current induced by any small transitory 
O i ; i 2 . ‘ 

‘allowing discussion, AS will remain quite inert and are therefore ignored in the 


Let us suppose that a small tra 
freely accelerates the superelectro 
mass and ¢ is the charge of a sup 


nsient electric field E arises within a superconductor which 
Ns (without dissipation). If v, is the average velocity, m is the 
erelectron, then the equation of motion can be written as 


dy 
moe =-¢E (31) 
and the current density of Superelectron js 
Js = -enV, (32) 
From eqs. 31 and 32, we obtain 
2 
dj, =e" p (33) 


dt m 


This is called the first London equation. This shows that it is possible to have steady state current 
in a superconductor in the absence of an electric field, because in eq. 33, for £ =0, J is finite and 
constant or vice-versa. The corresponding expression for normal current density is 
par or ek 

which shows that no current is possible in the absence of an electric field, a usual behaviour of 
materials in the normal state. 

The conclusion £ = 0 leads to another important result when combined with the Maxwell's 
equation 


VxE= -(#) (34) 


that is (#2) =0Q or B=constant (35) 


Equation 35 tells us that in steady state B is constant inside a superconductor irrespective of its 
temperature. This result is not in agreement with the Meissner effect, according to which a 
superconductor expels magnetic flux completely for all temperatures below 7,. In order to 
remove this discrepancy, London suggested some modifications in the above formalism. For the 
purpose, let us take curl of eq. 33 and then substitute the value of curl E from eq. 34, we obtain 


dt) om dt (36) 


a 
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| ' ual to zero (so 
Integrating eq. 36 w.rt. time and putting the constant of integration 4 (so that jt 


remains consistent with the Meissner effect), we have 
ne 
VxJ,=--—B (37) 
m 


—_ in agreement wi 
This is called the second London equation and leads to results that are In ag Ith the 
experiment. 


17.9 LONDON PENETRATION DEPTH 
ect and zero resistivity by adding two 


London brothers successfully explained the Meissner eff : ding to the L 
new equations to the four Maxwell’s equations used in electrodynamics. nee ing F ondon 
equations, the flux does not suddenly drops to zero at the surface of Type I superconductors, 


but decreases exponentially. In order to see the actual variation of flux with distance, let us start 
with the Maxwell’s equation 


Vx B= Ll, (38) 


Taking curl of this equation, we obtain 
Vx VxB=M Vx Js 


Making use of the identity Vx Vx B= V(V- B)- V’B =-V’B, where V- B=0 fora 
superconductor, eq. 39 becomes 


(39) 


VB = py VX J, (40) 
Now, from eqs. 37 and 40, we have 
ne l 
A ee; Nl) 
m aC 


1/2 
where A = in 7 and is called the London penetration depth. One dimensional form of 
Hone 

eq. 41 is 

2 

0 5: awl d (42) 

ox” A 
Here it is supposed that the specimen is semi-infinite with its surface lying in the yz-plane and 
the field is applied in the z-direction. The solution of this simple differential equation is assumed 


to be of the form 


B,(x) = B,(0) exp (=| (43) 


The graphical representation of eq. 43 is shown in Fig. 17.13. This indicates that the flux 
density decreases exponentially inside the superconductor, falling to 1/e of its initial value at 
a distance A, the London penetration depth. It further indicates that the flux inside the bulk of 
superconductor 1s zero and hence is in agreement with the Meissner effect. 


Superconductivity 547 


Hoes 


Hole 


2A 3A 4a 5A 
Depth of penetration x —> 


Fig. 17. ; 
g. 17.13 Exponential decrease of the magnetic field inside a superconductor 


The penetration depth has been verified and measured in a number of cases and is found to 


be in agreement with the theoretical value which is about 500 A. The penetration depth is also 
found to depend on temperature according to the relation 


qT! -1/2 
A(T) = 10 - r| (44) 


where A(0) = A, the penetration depth at T = OK. According to eq. 44, A increases with the 
increase of T and becomes infinite at T = T, (Fig. 17.14). 

This is expected because at T = T,, the substance 

changes from superconducting state to normal ns 4or h 

state when the field can penetrate to the whole 
specimen, i.e. the specimen has an infinite depth 
of penetration. Further, since the London 
penetration depth and the number of 
superelectrons n, is inversely related to each 
other and is also temperature dependent, 
therefore a similar equation like eq. 44 can be 
obtained for superelectrons, i.e. 


Fig. 17.14 The penetration depth as a function of 
a (i - rc) (45) temperature 


c 


; se 
or w= - = (i a r| (46) 


Where w is called the order parameter which characterizes the degree of order in the superconducting 
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h temperature is also depicted j, 


state, The variation of superelectrons and normal electrons wit 
Fig. 17.14, 
the penetration 


Example: The penetration depth of mercury at 3.5 K is about 750 A. Estimate 
depth at 0 K. Also calculate the superconducting electron density: 
A(O) = 2, Ms = ? From eq. 44, we can 


Solution: Given: A(3.5) = 750 A, T, = 4.12-K, T= 3.5 K, 


write — 
472 4 1/2 
1@=acn]i-(F) | - vf (28) | =519A 

\ #e ‘ 


The normal electron density in mercury can be found in terms of molecular weight and molecular 
density. Therefore, 
ny = NP. = 602 x 10% x 13.55 x 10? _ 4.06 x 1028 /m? 
M 200.6 


Now, making use of eq. 45 and substituting the desired values, we have 


4 
ng = No [ L (F) | = 4.06 x 10 [ “ (35) 


= 4.06 x 1078 x 0.479 = 1.95 x 1078/m? 


17.10 COHERENCE LENGTH 

From the preceding two sections, we have come to know that near the surface of a superconductor 
there exist two types of electrons (i.e. normal electrons and superelectrons) and the transition 
from normal to superconducting state or vice versa is not abrupt. Pippard (1953) was the first to 
recognise the idea of a transition length associated with the order parameter w. It is a distance 
within which the order parameter w changes from its maximum value in the bulk superconducting 
region to zero in the normal region (Fig. 17.15). This distance is known as coherence length (€) 
and depends on the purity of the sample. For a pure superconductor, the intrinsic coherence 4 


length & is obtained as follows: 
As we know that the electron states which are responsible for superconductivity lie within kT, 


of the Fermi surface. From uncertainty principle, their lifetime t is given by 
(kT,) = hi 


If vp is the electron velocity at the Fermi surface, then the wave function must extend over a 


distance &) = Vpt. Therefore, 
liv hv 
F F (47) 


However, a more refined form of this equation is 


a 
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Id H and the order parameter w through an interface between the 
ting regions 


Fig. 17-15 Variation of magnetic fie 
normal and superconduc 


Si 2hv; = + 
fo = TA = 10 m ie 
Like London penetration depth A, the coherence length ¢ is also a function of temperature and 
also vary in the same manner (Fig. 17.14), 


17.11 ELEMENTS OF BCS THEORY 


The modern theory of Superconductivity was put forward by Bardeen, Cooper and Schrieffer in 
1957 and hence named as BCS theory. This theory successfully explained all observable effects 
such as zero resistivity, the Meissner effect, isotope effect and so on. The BCS theory is based 
on advance quantum concept and mathematical techniques and it is not possible to describe a 
detail formalism here. However, we shall present here the important aspects of the theory in a 
brief and qualitative manner. They are: 


1. Electron-Electron Interaction Via Lattice Deformation 

In 1950, Frohlich emphasized that the theory of superconductivity requires a net attractive 
interaction between a pair of electrons in the neighbourhood of Fermi surface. This is possible 
only if the interaction between the pair of electrons is taking place via positive ions of the lattice, 
a direct Coulomb interaction between them always produces a repulsion. In order to understand 
the direct interaction, let us consider an electron 


passing through the packing of the positive ions. ) () 
Because it is negatively charged, it is attracted < Y 

by the neighbouring positive ions (which form 

a positive ion core as shown in Fig. 17.16) and (-) 

gets screened by them. The screening greately va x 
reduces the effective charge of this electron, in (+) G) 


fact the ion core may produce a net positive 
charge on this assembly. At the same time, due Fig. 17.16 Positive ions attracted towards an 
to the attraction between the electron and the electron forming a positive ion core 
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i : - an is greater for smaller mj,, _ 
ion core, the lattice gets deformed on local scale. This deformation 1s & a 


Of positive ion core. 

Now, suppose another electron passes by the side of the sa 
the ion core. The second electron does not see 
simply the bare electron but a deformed lattice 
and gets attracted towards the assembly. Thus, 
it can be said that the second electron interacts 
with the first via lattice deformation. 

In the language of field theory, the above 
interaction is said to be due to the exchange of 
a virtual phonon, q, between the two electrons. 
In terms of the wave vectors, k, of the two 
electrons, the interaction process can be written 
as (refer Fig. 17.17) 

ky-q=k, and ky +q =k 89 
This gives ky + ky = kj +k}, ic. the net wave vector of the pair is conserved. Tht BRRSSSEBis 
whole leaves the lattice invariant and yet the momentum is transferred between the electrons, 


f the said electron ang 


The exchange of virtual phonons betwee 


Fig. 17.17 
= the two electrons (Cooper pair) 


2. Cooper Pair . 
From earlier discussions, namely the energy gap and the coherence length, we find that no sharp 
boundary exists between the normal and the superconducting states. In fact, they are separated 

hanism of Cooper pair formation, 


by an energy gap, 4 ~ 1077 eV. In order to understand the mec 
let us consider the distribution of electrons in metals at absolute zero given by Fermi-Dirac _ 


distribution function 
(50) 


l 
F(£) = —— Se TSF 
exp( EEF) +1 


we know that at 7 = 0 K all the quantum states below the Fermi level Er are completely filled 


and all the quantum states above Ef are completely empty as shown in Fig, 17.18. Similarly, 
the momentum distribution of electrons at absolute zero in k-space occupies a sphere (known 


as Fermi sphere and is shown in Fig. 17.19) of radius 


F(E) 


(b) 


Fig. 17.18 The Fermi-Dirac distribution function and the density of stutes for [= 0K 
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2 
he 
ow, let us see what hz i 
: the quantum aie when two electrons are added to a metal at absolute zero. Since 
all ‘ WIth energies FE < Ep (or k $ kp) are filled, therefore according to Pauli’s 


cclusion principle tt ; 
sein : pie they are forced to occupy states having energies E > Ep (or k > kr). In this 
situation, Cooper showed that if there is an 


attraction between the two electrons (howeve 

weak) they are able to form a bound ae 
(provided they are just above the Fermi stfice) 
so that their total energy is less than 2Ep. These 
electrons are paired lo form a single system 
and their motions are correlated, These two 
electrons together form a Cooper pair and is 
known as Cooper electron. Pairing between the 
two electrons can be broken only if an amount 
of energy equal to the binding energy (also 
equal to A) is supplied to the system. The binding 
is strongest when the electrons forming the pair 
have apposite momenta and opposite spins, i.e. 
ky, -k’. Therefore, it follows that if there is an 
attraction between any two electrons lying in 
the neighbourhood of the Fermi surface then all other electrons lying in that region will form 


Cooper pairs. These pairs of electrons are in fact superelectrons which are responsible for the 
superconductivity. 


ky 


Fig. 17.19 The Fermi surface in k-space 


3. BCS Ground State 
Figures 17.17 and 17.18 in the preceding section represent the filled Fermi sea which is the 
ground state of a Fermi gas of noninteracting Fermi electrons. In normal metals, the excited 
states lie just above the Fermi surface and even an arbitrarily small excitation energy is sufficient 
to excite an electron from this surface to the excited state. However, in a superconducting 
material the situation is entirely different. In this case, when a pair of electrons lying just below 
the Fermi surface is taken just above it, they form a Cooper pair and their total energy is reduced. 
If it is done for one pair, it can be done for other pairs until the system can gain no additional 
energy by pair formation and hence the total energy is further reduced. Fig. 17.11 shows the 
density of states as a function of energy for normal metals and superconductors at absolute zero. 
The important feature of the BCS ground state is that even at absolute zero the energy (or 
momentum) distribution of electrons does not show any abrupt discontinuity as in the case of 
normal metals. Another feature is that the states are occupied in pairs, i.e. if a state with wave 
vector k and spin up (k 7) is occupied then the state (-k) also occupied and if (ky) is vacant then 
(-k) is also vacant. In other words, a Cooper pair is imagined to be an eleciron pair in which the 
two electrons always occupy states (Kt, ky, (k,,k{) and so on with opposite k-vectors and 
spins. 

The London penetration depth and coherence length are consequences of the BCS groune, 
state, 
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17.12) FLUX QUANTIZATION uperconducting phase trang: 
In 1950 Ginzburg and Landau developed a macroscopic peat s transition. They consti 
based on a general thermodynamical approach to the Secon wave function y as an oo 
the long-range order as fundamental and introduced a density of the superconducting elec ‘ 
parameter to describe the superconducting state, wie mci y is a function of position es 
n, ly’. For a given temperature, the “order parame ometimes helpful to think of Wa te 
material, i.e. it is not constant and vanisl ai S the 


nes above Te. It! 

dau theory was develo 
wave function for a Cooper pair (although the cine pone Sc ceietne state, a ne oo 
before the BCS theory). Since all Cooper patrs ave 


are in the s 
function is sufficient i 
Ss . 2A nitude and a phase as y= 
If we write the wave function explicitly in terms of the map . v= “xp 


(id), then the current density can be written as 
\ 


2e? ehy ive ; 
y=-(2E4e 6 fo) 


where A is the vector potential. 
Let us consider a superconducting material in the shape of 
a closed path, we find 


2 
p J-dl= iP f (224+ 79|-aqo (53) 


a ring as shown in Fig. 17.20 and take 


Flux lines 


\ EERE 
whereas Stokes theorem gives us KE SL ELAGE 


[sas frxa-de | ads=0 (54) 


where © is the flux enclosed by the ring. Further, 
since the order parameter is single valued, its phase 
change around the closed path must be zero or an 
integral multiple of 27. Therefore, 


Fig. 17.20 A ring shaped superconducting 
material showing the path of 
integration C through its interior 


f V9: dl= 2mm (55) 


where n is an integer. 


Substituting eqs. 54 and 55 in eq. 53 and solving for ®, we find that the magnetic flux 
enclosed by a ring must be quantized, i.e. 


—nhe _ 56 
P= Te = nd (56) 
_ he r . on 50 
where ® =~ = 2.07 x 10~’ gauss-cm’ is known as fluxoid or flux quantum. The equation »@ 
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does not hold if the flux Penetrates the ring itself (particularly when the material of the ring is 


A). 
lly, the flu en fl 
at through the r 'N§ Is the sum of the flux duc to the external source and the fiux 


due to the supercurrent flowing through the ring, i.c 
ie. (57) 


oe ; P=,,+ @ ; 
It is the flux ® which is quantizeg, Normally, the flux due to the external source is not quantized, 


therefore, P,, must adjust itself Such that ® assumes a quantized value. 


17.13 NORMAL TUNNELING AND JOSEPHSON EFFECT 


When a thin insulating layer (normally an oxide layer of about 20 A thickness) is sandwiched 
between two metals, it acts as 4 potential barrier as far as the flow of conduction electrons is 
concerned. Further, we know that quantum mechanically electrons can tunnel across a thin 
potential barrier and in thermal equilibrium they continue to do so until the chemical potential 
of electrons i both the metals become equal, When both the metals are normal conductors (Fig. 
17.21a) and if 4 potential difference is applied across them, the chemical potential of one of them 
increases with respect to other. As 4 result, more electrons tunnel through the insulating layer. 
The current-voltage relation across the tunneling junction is observed to obey Ohm’s law at low 
voltages (Fig. 17.21b). However, when one of the metals is a superconductor (Fig. 17.22a), no 
current is observed to flow across the junction until the potential reaches a threshold value, eV 


Insulating 
layer 


(b) 


Normal metals 
{a) 
Fig. 17.21 (a) A thin insulating layer is sandwiched between two metals and (b) the corresponding 
current-voltage relation for electron tunneling through the thin barrier 


Insulator 
Super | Normal 
conductor }'°s:; 


Insulating 


Superconductor Normal metal 
(a) (b) 
Fig. 17,22 (a) A thin insulating layer is sandwiched between a metal and a Superconductor and (b) 
Tunneling in a metal-superconductor junction. Note that the Fermi level is the same throughout 
the system, and pass through the mid gap of superconductor and (c) current-voltage relationship 
at the junction at different temperatures 
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wn in Fig. 17.22b. It is because 


| are already occupied. Furthey 


= A/2 (half the energy gap in the superconducting state), as sho 
jes in the middle of the energy 


; ; neta 
the energy states lying horizontally below Eg in the normal 


: and | a 
since the Fermi level Ep is the same throughout the system . helps in determining th 

hreshold voltage & the 
gap of the superconductor, the knowledge of the thres 


- aced towards 7,, the thresholg 
energy gap of a superconductor. As the temperature IS increas 


' ons, which require less ener 
voltage decreases (due to the presence of thermally excited ne ner Tike cairenevaIne 
‘to tunnel. This consequently indicates a decrease In 


: hown in Fig. 17.22c 
7 10 oe . ’ 


single electron tunnelin 
The above discussed tunneling is called the normal ae el an tye the tieeals = 
where electrons tunnel in singles through the insulated Jayer. lo saiiio 
superconductors (Fig. 17.23a), Josephson (1962) predicted that in 


nto the normal tunneljn 
nel through the insulat; 
of single electrons, the Cooper pairs (superelectrons) not only can wai B00 ¥ nal difference 
layer from one superconductor to another without dissociation, sah é search pee e 
across the junction, but also their (quantum) wave functions (OF F ren sahercamtlrctsis = 
would be highly correlated. This is known as Josephson effect. As the Te 


inj ween, the typi 
only weakly coupled because of the presence of a thin insulating layer in bet typi ai 
han typical critical currents for single 


tunneling current across the junction will be far smaller than typit« different temperat 
specimens. The current-voltage relations across the tunneling Junction i rime 
are shown in Fig. 17.23b. 


Insulating layer 


Superconductors 


(a) (b) 


Fig. 17.23 (a) Tunneling in a superconductor-insulator-superconductor (SIS) junction, (b) Current-voltage 
characteristic at T= 0K and 0 <7 < T, 


Josephson predicted a variety of further effects by assuming that the superconducting ordering 
on both sides of the junction could be described by a single order parameter yr). The effect of 


the insulating layer is just to introduce a phase 
difference Ag between the two parts of the wave ae 
function on opposite sides of the junction, as Wave 

function 


shown in Fig. 17.24. He showed that the 
tunneling current would be given by 


I = Ip sin (9p) (58) 
; Fig. 17.24 Wave function of an electron at the 
where /, is the maximum current that the junction of two superconductors; note 
junction can carry without a potential difference the phase shift in the wave function 
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across it and depends on the temperature and the structure of the junction, e.g. its thickness. With 
no applied voltage, a de current will flow across the junction (Fig. 17.25), with a value between 


Jy and - Ig according to the value of phase difference $y = (¢ - $1). This is called de Josephson 
effect. 


Now, let us suppose that a static potential Vy 
is applied across the junction due to which an 
additional phase will be introduced by the 
Cooper pair during tunneling across the junction. 
In order to calculate the same, let us make use 
of the phase of the wave function as used in 
quantum mechanics 


Current 


Voltage 
Et 


where E is the total energy of the system, In 
the present case E = (2e)Vp, the factor 2 is 


because a Cooper pair contains 2 electrons. Fig. 17.25 Current-voltage characteristic of a 


Therefore Josephson junction 
Ad = 2eVot (60) 
h 
Introducing this, the eq. 58 takes the form 
T= Ip sin ($y + Ad) = Ip sin (4 + a ) (61) 
which represents an alternating current, with an angular frequency 
- 2eVy 
O= (62) 


This is the ac Josephson effect. Equation 62 states that a photon of energy hw = 2eV, is emitted 
or absorbed when an electron pair crosses the junction. By measuring the voltage and frequency, 
it is possible to obtain a precise value of the fundamental constant e/h. 


17.14 HIGH-7;. SUPERCONDUCTIVITY 


A real breakthrough in high temperature superconductivity took place in 1986, when Bednorz 
and Muller discovered metallic, oxygen deficient copper oxide compounds of the Ba-La-Cu-O 
system with transition temperature of about 35 K and subsequently by Chu and coworkers in Y- 
Ba-Cu-O system with transition temperature of 90 K. Since then a large number of other oxide 
superconductors with varied transition temperatures have been discovered by various workers. 
A vast amount of experimental data is now available and is presented in chronological order in 
Table 17.2. It may be noted from the table that compounds with the general formula MBa,Cu,0, 
(where M = Y or rare earth) are superconducting above liquid nitrogen temperature. Because of 
the lower cooling costs, technological applications of these materials can be easily appreciated. 
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anism of high temperature 
rward to explain high 7, 
is essential for high 


At present, itis difficult to make any decisive statement about the mech 
superconductivity. However, a number of arguments have been pit - en 
superconductors. For example, it has been realised that the role of OxYE 
T, oxide superconductors. 

The high temperature superconductors discovered so far 
having the following general formulae. 

1. BaPb,_,Bi,O; 

2. Lay_,M,CuO,_,(M = Ba, Sr) 

3. BayMCu,0,_,(M = Y or rare earth metals such as Gd, Eu, etc.) 
4. Ba»_,La),,Cu305 

5. Bi,CaSr,Cu,05 


belong to five chemical systems 


Table 17.2 High T, Superconductors 
Year of discovery 


SrTiO3_, al 1964 
AxWO; é 1965 
LiTi,0, 13 1974 
Ba(Pb, Bi)O; 13 1975 
(La, Sr), CuO, 37 1986 
YBa, Cu;07, 95 1987 
NdBa, Cu,03_, 80 
SmBa, Cu,07_, 90 
EaBa, Cu3;07_, 98 
GdBa, Cu;07_, 92 
DyBa, Cu307., 95 
HoBa, Cu307_, 96 
YbBa, Cu307_, 93 
LuBa, Cu;07_, ‘ 45 


17.15 SUMMARY 


1. Certain metals and alloys exhibit almost zero electrical resistivity (i.e. infinite conductivity) 
when they are cooled to sufficiently low temperatures. This phenomenon is known as 
superconductivity. The critical temperature is different for different substances. 

2. The magnetic field and the superconductivity are found to be mutually exclusive. Below 
T., a superconducting specimen (in bulk) expels magnetic flux completely and acts as an 
ideal diamagnet (i.e. B = 0). This is the Meissner effect. 

3. The critical field (H,) is a function of temperature and is given as 


2 
= T 
H,(T) =H. of . (F) | 


where H,(0) is the maximum value of the field at T= 0 K and H.(T,) = Oat T= T,. 
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. There are two types of superconductors, Type-I and Type-II. Superconductors exhibiting 
a complete Meissner effect are called Type I superconductors (formerly known as soft 
superconductors). Superconducting State is destroyed at a critical field H, and above. On 
the other hand, a type-I] superconductor has two critical fields, H,, and H,». 

. Transition between the normal and superconducting states is thermodynamically reversible. 
The entropy difference between the two states is given by 


dH 
Siem a paddell 
N Ss H, dT 
Sy - Ss He j 
N — Sg IS +ve because aT is —ve 


= Superconducting state is more ordered. 


_ The latent heat of the system is related to the entropy difference as 


dit, 
aT 


The difference in the specific heats of the two states is given as 


Q =T (Sy - Ss) = - TH, 


dH, \? 
Cy - Cs = - 1.{ is -ve => Cy < Cz (near T,) 


The electronic specific heat of a superconductor is given by 
(Cu)s = ae? 


where a is constant and A is the energy gap = kT,. 
. In order to explain the Meissner effect and field penetration in superconductors, based on 
two fluid model London brothers introduced two additional equations (in addition to the 


four Maxwell’s equations). They are: 


2 2 
OA a IOT oe ani Y wie 2 


dt m 


B 


According to the London equations, the flux does not drop to zero abruptly at the surface 
of a Type-I superconductor but decreases exponentially. The penetration depth is found 
to vary with temperature according to the equation 


ie Y= 12 
A(T) = 2(0) f a rc] 


\ c 


T? 
and consequently Ns = No} 1 - T 
c 


. According to the BCS theory, superelectrons exist as Cooper pairs. They form a bound 
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a est when the electrons 
state and their motions are highly correlated. The binding . ae and -k*. Such pairs 
forming a pair have opposite momenta and opposite “pe tah (phonons). 
form through electron-electron interaction via lattice de De andwiched between a metal 
8. When a thin insulating layer (normally an oxide layer) 1S  naiiel through the junction, 
and a superconductor or two superconductors, electrons si termining the energy gap of 
The current-voltage characteristics of the junction oid 
a superconductor. 
For,a thin insulating layer, Cooper electrons can tu 
leading to the Josephson effect. A static voltage across 
current of frequency 


ro potential difference, 


el even at Ze : 
es produces an alternating 


the junction 


; , ‘. the last couple of years 
9. The high temperature superconducting materials discovered in th 


belong to five chemical systems. 


17.16 DEFINITIONS 


Critical current density (J,): The current density above which superconductivity disappears. 

Critical field (H,): The magnetic field above which superconductivity disappears. lelectrical resistance 

Critical temperature (T,): The temperature above which a superconductor regains its norma Tecocrcontiactor 

Fluxoid: A microscopic normal region surrounded by circulating supercurrents 1n 2 Type-i sup ¢ 
fields between H,, and H,». 

Hard Sustroonansion A sie es characterized by irreversible magnetization and a high value of J., whether 
Type-I or Type-I. 

Mixed State: The fine sub-division of normal and superconducting phases ina 
between H,, and H,»; the fluxoid configuration. 

Meissner effect: The complete expulsion of magnetic flux (B = 0) from inside a bulk superc 

Normal state: A superconducting solid in the normal state exhibits measurable electrical resistance. 

Penetration depth (A): The effective depth to which the magnetic field penetrates a superconductor. 

Self Superconductor: A substance which exhibits reversible ideal magnetization and low J,, whether Type-I or 


Type-II superconductor that arises 


perconductor. 


Type-II. 
Superconducting State: A solid in the superconducting state exhibits zero electrical resistance. 
Type-I superconductor: It is the substance which exhibits complete flux explusion, due to a positive surface 


energy between the normal and superconducting phases. 
Type-Il superconductor: It is the substance which exhibits partial penetration of flux, due to a negative surface 


energy between the normal and superconducting phases. 


REVIEW QUESTIONS AND PROBLEMS 


1. Give an account of the experimental results which distinguish the superconducting state from the normal 
state of a metal. 

2. Enumerate the properties of type I and type II superconductors. Derive London equations and discuss 
how do they help in explaining the superconducting state. 

3. What is Meissner effect? Obtain an expression for the London penetration depth of magnetic field for 
a superconductor. 

4. Discuss London’s phenomenological theory of superconductors. What is London penetration depth? 
What are Cooper pairs? Derive an expression for energy gap in a superconductor at absolute zero 
temperature. 


LE 
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superconductor at absolute zero temperature 
Using BCS theory obtain an e i 
xpres i i 
Senne pvc adticares =a oa a magnitude of coherence length in superconductors and 
Give an elementary treatment of ; 
SAOIK Gn ticlseogetie BCS theory of superconductivity. How does it explain the energy gap 
Calculate the critical i 
eee current which can flow through a long thin superconducting wire of aluminium of 
iameter m. The critical field for aluminium is 7.9 x 10° A/m : 


: Ans, 24.82 A 
A poe lead has a critical (emperature of 7.26 K at zero magnetic field and a critical field of 
8 x 10° A/m at O K. Find the critical field at 5 K. Ans. 4.2 x 105 A/m. 


The cniucal temperature for mercury with isotopic mass 199.5 is 4.185 K. Calculate its critical temperature 
when its isotopic mass changes to 203.4. Ans. 4.45 K. 
The penetration depths for lead are 396 A and 1730 A at 3 K and 7.1 K, respectively. Calculate the 
critical temperature for lead. ‘Ans. 7.193 K. 


Chapter 18 


Anisotropic Properties of 


Materials 
De * eee ee 


18.1 INTRODUCTION 


The last few chapters of the book deal with the various physical properties . fe eit si 
Some properties, such as density, entropy, enthalpy etc. called scalars are found to a p — 
of crystallographic directions. On the other hand, there are many other ae He ae as 
thermal and electrical conductivity, dielectric and magnetic susceptibility, PEIZOEIECHIC CLEC, 
refractive indices etc; essentially depend on the direction along which they are measured, 

Thus, if the property of a substance does not depend on the direction, or in other words, if the 
description of a given property is independent of any orientation of the frame of reference, then 
the substance is said to be isotropic with respect to that property. Accordingly, gases, liquids and 
polycrystalline solids are isotropic with respect to some properties only. On the other hand, if the 
properties are direction dependent, their description depends on the orientation of the frame of 
reference and the substance is said to be anisotropic. All crystals are anisotropic with respect to 
at least some of their properties. Anisotropy is also exhibited by liquid crystals, natural and 
synthetic polymers. The extent of this anisotropy depends partly on the nature of the property 
itself and partly on the macroscopic symmetry of the crystals. 

In this chapter, we shall study some of the physical properties defined by measurable physical 
quantities in terms of tensor of an appropriate type and rank. 


18.2 CLASSIFICATION OF PHYSICAL PROPERTIES 


Based on the nature of relationships between the physical quantities, physical properties can be 
broadly classified as of the following types: 
(i) Equilibrium 
(ii) Steady state 
(iii) Hysteretic 
(iv) Irreversible 


Equilibrium, steady state and hysteretic properties relate intensive and extensive parameters 
such as stress and strain, or entropy and temperawise. Under the influence, the intensive parameters 
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ome sort i . 

nee fae ae es ea i the materials which are then measured as extensive parameters. 

or , eS strain, magnetic fie izati i Id results 
= dasiiowroticurreat Eg Id causes magnetization, electric fie 

librium properti ‘ ‘ : , 

. erage : sme are derived from reversible incremental changes in a material which 
is in ek ae ae with its surroundings. A mechanical stress is applied in incremental 
steps, a oe sa y to establish equilibrium at each stage and the corresponding strain 
is a . “a HeASING the Stress retraces the curve (Fig. 18.1a), showing reversibility. 
The vy ‘des cients relating stress and strain constitute an equilibrium property of the 
material. 1 properties can be formulated as tensors and matrices, and are subject to certain 
thermodynamic symmetry restrictions. 


Strain Magnetization 
é M 


Magnetic field 
H 


Stress 


(a) : (b) 


Fig. 18.1 (a) Showing equilibrium and steady state properties (b) A hysteretic property 


Steady state properties can also be written as tensors but the thermodynamic relations are 
more complex. Most transport properties are measured under steady state conditions. The 
steady state property relating the potential gradient (electric field) to the flow of charge (electric 
current) is electric resistivity. The parameters such as gradients, flow, etc. differentiate the steady 
state properties from the equilibrium one. The system is not changing with time but it is not in 
equilibrium with its surroundings. 

Systems exhibiting hysteresis make it impossible to define a unique functional relationship 
between the intensive and extensive parameters. Consider the relationship between magnetization 
M and the magnetic field H in a ferromagnetic material. Beginning from the demagnetized state 
and slowly increasing the field, initial magne‘ization curve is obtained (Fig. 18.1b). On reaching 
to a saturation value, the field is slowly reversed but the curve does not retrace itself. Rather it 
follows a different path leading to remanent magnetization at zero field. A further reversal of 
the field will produce a hysteresis loop. Such behavior is caused by the presence of metastable 
domains. Ferroelectric and ferroelastic crystals show siinilar hysteresis loops. 

Irreversible properties are defined in terms of a specific test which generally leaves the 
specimen in a permanently altered condition. The tests are qualitative in nature. They provide a 
scale of numbers to rank various materials in regards to the property for which the measurement 
has been made. For example, MOH’s hardness scale is a scratch test which assigns a hardness 
number from zero to ten. Irreversible properties can be correlated with the crystal symmetry 


although there are no precise definitions. 
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ICAL PROPERTIES 


o externilly 
nal to U 


—~ ry b > 
18.3. DESCRIPTION OF PHYS 
The physical properties of a crystal describe ts mae 
force or field, In many cases, the response Is cee 
is defined by a general relation of the type 


applied influence such 4. 


i on 198 { “ 3 
ils response ie external influcnce ang 


roporuio 


j zyternal influence a 
Response = coefficient X External in 


asure of the physical properties such as clastic 
the meas 


where the term coefficient represents 
moduli, thermal expansion, cfc. 


Based on the scalar or directional charac 
be various different possibilities. In the simplest ci ve nw temperdalure and response as hea 
both are taken as scalars, For example, external influence = ie is also a scalar. Similar 
so that from eq. | the coefficient turns oul fo be specific heal, eater tent y, 
the external influence and the response both may be vectors or ing ’ 


It is to be noted that: 


xternal influence and response, there cap 


sy of the ¢ ct ei: nine 
(el isc, the external influence and the response 
me, 


es aid onent without refere 
(i) A scalar is a tensor of zero rank. It is specified by a single comp ence 
to any axial system. ean a Ads 
: es ; onents each of wh ’ 
(ii) A vector is a tensor of rank one. It Is specified by three comp ich is 
related to one axis of reference. 
(iii) A tensor of rank two is specified b 


of reference. i n nts each of which j 
(iv) Similarly, in general a tensor of rank n is specified pyr eee a = 


related to 1 axes of reference. 


y nine components each of which is related to two axes 


ank m and n respectively then the physical 


Further, if the influence and response are tensors ofr : f 
hysical properties followed 


property must be a tensor of rank (1 + 1). A list of some common p 
by the associated tensor, rank and symbol are provided in Table 18.1. 


Table 18.1 Representation of Physical Properties as Tensors 


Transformation equation 


Physical Associated 

Properties Tensor New = f(Old) 
Density scalar p=p 

Temperature scalar 

Electric field vector 

Electric current density vector Ej =ajE; 

Electric moment vector 


Electric Susceptibility tensor 
Stress tensor 


Strain tensor 
Piezoelectricitv tensor 


Hall effect tensor 


Elasticity tensor i 


7 
Xij = 4ip%q Xpq 


‘ 
Tit = Ging AkeT pyr 


0 
0 
! 
l 
I 
2 
2 
2 
3 
3 
4 


, 
Tix - Fin Gig krMs7 pars 
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p(x’), X's, 
i ordingly, the number of coefficients 
the transformation equation for tens 


Me SXF Electric field, force ang 


x 3) = P(x), X, X3) Hi 
for a zero-rank tensor js (3° 


= 1) only one. 
Ors Of rank one ) only 


is the same as that for the coordinates 


oth tf 
sors. THE number of coefficients are (3! - %) tes quantities are the examples of first rank 
gcoording tO the relation. ree, The components of electric field transform 
E; = aE, 


(3) 


ation is automati 
where umm atcally understood for Tepeated subscripts. The transformation equation 


nk tensor is th 

ot a second ra Kte © same as that for the p; ‘ 

Flectric susceptibility is an example of Product of two coordinates i.e. xj, = Oxi 
= (3 E.Oy-nine thes 4 second rank tensor, the number of coefficients in this 

ch mponents of electric Susceptibility transform according to the 

re 


| Uij = AipAig pe (4) 
Thus in general, a tensor of rank n has n subscripts and transform as the product of n 
coordinates. 

Tensors in general may be polar or axial. The transformation law for a polar tensor is 
unaffected by handedness. It remains unchanged whether the old and new axes both are of the 
same handedness or not. Strictly speaking a polar tensor transforms like a product of coordinates 
under either proper rotations or rotoinversions. Electric polarization is an example of the first rank 
polar tensor. On the other hand, in an axial tensor, the sign of the transformation law changes 
for the change of handedness. That is an axial tensor transforms like a product of coordinates 


under proper rotations, but like (-1) times the product of coordinates under roto inversions. 
Magnetic field is an example of the first rank axial tensor. 


18.4 INTRINSIC SYMMETRY OF PHYSICAL PROPERTIES 


There are certain physical properties which possess inherent symmetry elements. The existence 
of such symmetry is generally manifested as the symmetry of the tensor representing them. 


For example, tensile stresses possess cylindrical symmetry (= m) while shear stresses have 


orthorhombic symmetry (mmm). However, both of them are centrosymmetric. Electric field can 
be represented by a vector with polar cylinderical symmetry, com. Magnetic fields have an axial 
*,° . . . m ni 
Likewise, there may be a number of other physical quantities having their inherent symmetry 


elements. 


cylinderical symmetry, = m’. Temperature is a scalar quantity with spherical symmetry 


The considerations that are responsible for the existence of an intrinsic symmetry of physical 
Properties are mainly thermodynamical in nature. For equilibrium properties which are described 
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mmetry is determined in 


he intrinsic symm" 7. 
tem, t the intrinsic symmetry of 


with respect to a thermodynamically reversible sys = 
terms of thermodynamic potentials. Similarly, for steady state capone 
the transport properties is a result of Onsager's principle. 


ND RANK TENSOR 


of different rank. In turn, a tensor 
| system to another. To understand 
ine how the values of 


18.5 TRANSFORMATION LAW FOR SECO 


In general, physical properties can be represented as tensors 
is defined in terms of transformations from one orthogonal axia 
the problem, let us first specify the transformation of axes and then exam 
the tensor components 7;; transform when the axes are transformed. 

For the purpose, let us suppose that x1, x2, X3 be the old axes and 
mutually perpendicular to one another with the same origin as show 
relations between the axes are: 


XI» X53 x3 be the new axes 
n in Fig. 18.2. The angular 


x3 


wow 


1 


- ae 
cos 422 


x xi 


Fig. 18.2 Transformation of axes | 


Old 


(5) 


(6) 


Cr (ayy yy \ (x1 
Xy]=] 421 422 423 || X2 
x3 431 432— 33, J 3 
This can further be written in short as 


(7) 
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where 
a= [a 
ij 2100 422 3 © 
a 
Tr 3] 32 a 
Such a matrix is general] ‘ 
omeatll Yy known as transf i i 
as the direction cosines bet ansformation matrix whose elements qj; are referred to 


x jis called the dummy suffix because any 

ae a t changing the meaning of the equation. For example, one 
o = 

x; = Qi; = A,X, = QjyX, Etc. (9) 


a td ean a physical property representing a second rank tensor 7, which relates 
¥ orthogonal vectors p = (p,, pp, P3) and q = (q}, q2, g3) in such a way that 


Py = 1119) + Ty2q2 + T1393 
P2 = T2\q) + Tyg + 393 


P3 = 7319) + T3292 + T3393 (10) 
then 7);, Tj2 . . . 733 are referred to as the components of the second rank tensor. In matrix 
notation, the components are 

Tm Tr. Tp 
Ty=|Ty Tr Try (11) 
Tia ig? 1 15a 
Eq. 10 can also be written as 
Pius Tq; (i, j = I, 2 3) (12) 


In eq. 12, the components 7; determine how the three components p,; vary with the variation 
of the components q; in general in a crystal. However, in an isotropic body, the corresponding 


equation becomes 
P= 19; (13) 


where T is a single constant. 
Now suppose we have a certain vector p whose components with respect to the axes x), X2, x3 


are Pi, Px» P3 aS shown in Fig. 18.3. Similarly, let the components with respect to the axes 
x{,x5,x4 are p{,p3,P3, then from eq. 5 we obtain 


Py = 4y, Py + 412 P2 + 243 P3 


eee 


566 Solid State Physics 


Pi *2 
a 
or 
Fig. 18.3 Transformation of the components of a vec 
Po = Ay; + A22P2 + 423P3 
P3 = 431P) + 432P2 + 933P3 (14) 
In short, this can be written as 
Di = GyP; (15) 
Making use of eq. 5 a reverse transformation will provide us 
(16) 


Pi = ji Pj 


Similarly, the reverse transformation for the vector q will give us 

qi = Gi Gj (17) 

In eqs. 16 and 17, we find that the vectors p and g have the components p; and qj. Now let 

us find out a relationship between these new components. To do this, let us use the following 
series of equations 

p’ Udy p Dy g OD, g! 
where the arrow (—>) stands for ‘in terms of ’. The respective equation number is also written on 
top of the arrows. Making suitable changes in the free and dummy suffixes, the equations 15, 12 


and [7 can be rewritten as 


Pi = Aix Px (15)’ 
Pr = Tag (12)’ 
and i = 4195 (17)’ 
Combining these equations, we obtain 
Pi = Gx Py 


= ay Ty q 
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= aT 1419; 
ao? 18 
Sra (18) 
where Tj = Aix T (19) 


This is the required transformation law for second rank tensors. In eq. 19, we observe that 7 
and j are free suffixes, while k and J are dummy suffixes. Let us write eq. 19 in expanded form 
which can be helpful in understanding the higher rank tensors. Let us expand this in two stages, 
first for one (dammy) suffix and then for the second (the order is immaterial). Thus expanding 
first for [(= 1, 2, 3), we have 


Ti = Oia Tyq + a44;2T 2 + A x4;3T 3 
Similarly, expension for k(= 1, 2, 3), is 
, 
Pj = G47 + Gi GjT 2 + G414)3T\3 
+ i201 T21 + Gj2j2T 7 + A)20}37 73 


+ 53013) + Gj34j2T 32 + A530;37 33 (20) 


18.6 EFFECT OF CRYSTAL SYMMETRY ON PHYSICAL PROPERTIES 


The classical method of studying the effect of crystal symmetry on physical properties is that 
the symmetry elements constituting the point group of the crystal are successively applied on 
the tensor representing the property and each time it is demanded that the tensor should remain 
invariant. The effect of the crystal symmetry makes many of the tensor components either equal 
to one another or to zero and hence the number of independent components decreases drastically. 
Before we discuss the effect of crystal symmetry on physical properties as tensors of various 
ranks, it is important to note that all tensors with which we will be dealing are inherently 
centrosymmetric. That is for a second rank tensor 


T,, = Ts (21) 


consequently, the independent components of the tensor (eq. 11) reduces from nine to six. They 
are represented in the following manner 


T T. Ty 
Ii; =|T, Ty Ty (22) 
T3 Th, Ty 


In the following, we shall discuss the effect of crystal symmetry on the property tensor in 
eq. 22 for all crystal systems and crystal classes with increasing symmetry. 


1. Triclinic Crystal System 


Crystal Classes: 1, 1 
This crystal system has effectively no symmetry. It has the point group 1 (which is completely 
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ssessed by the property tensor), which 


po 
ady fF perty tensor. Thus the property tenso, 


unsymmetrical) and J (the centre of symmetry alre - 
are unable to put any restriction on the symmetry of the P 
will remain the same as in eq. 22. 


2. Monoclinic Crystal System 


Crystal Classes: 2, m, 2 
m e of a 2-fold symmetry paralle] to 


et : - ad nc 
A monoclinic crystal system is characterized by the prese eration is given by 
OX, axis. The transformation matrix a; for this symmetry OP 


-1 0 O 
qo1oj=|0 1 9 (23) 
0 0 -l 


Making use of eqs. 19 and 23 we can write the six components of the transformed tensor as 


(i) Ty = a,)a,,7;, (all other products containing 4)x41¢ = 0) 
=Ty 
(ii) Tp = ay429T}2 (all other products containing @1,42¢ = 0) 
=-T)2 
(iii) 7/4 = ay343373 (all other products containing 44,43¢ = 9) 
=T)3 
(iv) Typ = ay7477To9 (all other products containing (42,42¢ = 9) 
=Ty 
(v) 54 = ay7433T; (all other products containing 47,43, = 9) 
= Thy 
(vi) 74 = a33033733 (all other products containing 43,43, = 0) 
= Ty 


Inspection of the transformed tensor components reveals that all remain unchanged except (ii) 
and (v) which change sign. According to Neumann’s principle this is possible only if both 7) 
= 7}, =0 and 7; = J); = 0. The property tensor for monoclinic system therefore reduces to the 


form 
T, O | Tz 
Tj=|0 Ty 0 (24) 
T; O Ty 


where the number of independent components reduces from six to four. 
A similar result (eq. 24) is obtained corresponding to the crystal classes—m and 2 
m 


3. Orthorhombic Crystal System 


Crystal Classes: 222, mm2, mmm 
The characteristic symmetry of an orthorhombic crystal system is three mutually perpendicular 


Anisotropic Properties of Materials 569 


2-fold axes OF mirror planes. We have already considered 2[010] in monoclinic system and 
derived eq. 24. However, applying further the symmetry element 2[100] or 2{001] in eq. 24, we 


obtain, 

G) TH =4n4nTy = Ty 
(ii) M3 = 41143373 = -Ty, 
(iii) Tx = 42724771 2 = T 5 
(iv) 733 = 433433733 = T33 


In (ii) we observe a change of sign, implying that 7;; = T,3= 0, from Neumann's Principle. This 


further reduces the number of independent components of the property tensor from four to three. 
They are represented as 


Ty, O 0 
Tj =| 0 Ty 0 (25) 
Or .».0: Ty 


A similar result is obtained corresponding to the crystal classes—mm2 and mmm. 


4. Tetragonal, Trigonal and Hexagonal Crystal System 
Crystal Class: 3, 3, 32, 3m, 3m; 4, 4, 4/m, 42, 4mm, 4/mmm, 42m; 6, 6, 6/m, 62, 6mm, 
6/mmm, 62m. 

We know that tetragonal, trigonal, and hexagonal crystal systems are characterized by a single 
4-, 3- or 6-fold axis, respectively. In all the three cases, one crystallographic axis (usually the x3- 
axis) is taken parallel to the unique axis (except for the primitive rhombohedral), other two axes 
are perpendicular to it and equal to each other. Therefore, for these crystal systems, the components 
of the property tensor 


T), = Tx2 


For example, Let us consider the tetragonal case. This is characterized by the presence of a 4- 
fold symmetry parallel to OX; axis. The corresponding transformation matrix aj is given as 


ro. th © 
4(001]}=;-1 0 O (26) 
o wo: a 


" y, 


Making use of eqs. 19 and 26, we can write the six components of the transformed tensor as 


(i) Ty) = @y2442T>9 (all other products containing @),@)¢ = 0) 


= Ty 

(ii) Ty = a,242)T 2, (all other products containing @,42, = 0) 
=-Ty _ 

(iii) Ty, = ay2433 Tp; (all other products containing @),3, = 0) 
= Ty; 


(iv) Tz, = a3.ay\T (all other products containing @2,a2, = 0) 
=Ty 


ne a 
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= 0) 


(V) 733 = ay14337}3 (all other products containing 42431 
. = Ty = —" 
(Vi) 7%33 = 4334337; (all other products containing @3x"3 
= Th; ng? 
tT), = To M12 = M21 = 9 and 7 
Inspection of the transformed tensor components reveals that /1 13 
= 123 = Ty; = T)3 = 0. 
t 
The property tensor for tetragonal system therefore reduces [0 
T, 0 0 = 
= 0 Ti 0 = ) 
0 0 43; 


es of tetragonal and the crystal classes of 


. e . class f 
Similarly, it can be shown that other crystal rty tensor. This way there are 


trigonal and hexagonal will give rise to the same (eq. 27) me enee 
only two independent coefficients corresponding to these crystal sy 


5. Cubic Crystal System 
Crystal classes: 23, m3, 432, 43m, m3m deiase 
Cubic crystal system is the most symmetric out of all crystal systems. in tnt ; 


Tj, = constant when f =j 
=0 when i #/ 
Thus, in cubic crystals, the symmetry requires that the physical properties of materials shall be 
the same along all the three crystallographic axes. That is, 7), = Tz2 = T33- The only component 


of the property tensor for cubic system is 


Ao" 6 
mys) Bo Tie (28) 
0 0 T, 


The number of independent components of the property tensor corresponding to various 


crystal systems are provided in Table 18.2. 


18.7 PHYSICAL PROPERTIES OF ZERO AND FIRST RANK TENSORS 


As pointed out in section 18.3 that the scalar peroperties (a tensor of rank zero) such as 
temperature, density, specific heat etc., are specified at a point by a single component. They 
are independent of any coordinate system and also of crystal symmetry. They are said to be 
invariant under transformation of coordinate system (eq. 2). 

There are other physical quantities which cannot be specified by a single number like the 
scalars. They may require 3, 9, 27 numbers and so on. The vector properties (a tensor of rank one) 
such as velocity, electric moment, force etc., are specified by three components each of 
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‘ Table 18 
2 Effect of crystal symmetry on property tensors 
Crystal Crystal Rank of Property Tensor 

system class ager] i =n foe 

Triclinic ; = 

Monoclinic 2 : 5 

m 

2 10 13 

=— FnEn 13 

Orthorhombic : : : 

3 0 2 

Trigonal 5 z : 

2 0 Zi 

2 Zz 6 

2 4 6 

2 0 6 

Tetragonal 1 Pi 4 5 

0 2 4 7 

0 2 0 7 

0 2 1 6 

1 2 3 6 

; 0 2 2 6 

0 2 0 6 

| Z 4 5 

0 2 2 5 

0 2 0 2] 

Hexagonal 0 2 1 5 

| 2 g, 5 

0 2 1 af 

0 2 0 =) 

0 3 

0 3 

Cubic 0 3 

0 3 

0 3 


which is related to one axis of reference. The pyroelectric effect is an example of this category 
where the three pyroelectric coefficients (p;) relate the polarization components (P;) to temperature 
change (AT) according to the equation 
Pj = pj AT (29) 
Equation 29 is a modified form of eq. 51 (chapter 14). 


572 Solid State Physics 
oelectric vector p. According to, 


The pyroelectric effect j i the pyr 
ect in a crystal is thus specified by the PY try of the crystal, using a direct 


Neumann’s princi : 
principle, p must conform to the point group symme 
Inspection methcd, it can be shown that the centrosymmetric crystals are non pyroelectric. As we 


know that a centre of symmetry transforms the reference axes *1 > -Xy, X2 > “¥ and x3 ~ 
—X3. Since the transformation equation for the first rank tensors is the same as that for the 
coordinates, the transformation of the pyroelectric components are P1» a 2 alla and P3 
~> ~p3. However, according to Neumann's principle, p, —? ~Pi = Pi © 4° possible only if p, 
= p2 = p;= 0. 

Now, let us examine the direction of the pyroelectric vector P and the effect of crystal 
symmetry (non-centrosymmetric point groups) on its components as per the procedure described 


in sec. 18.6. 


1. Triclinic Crystal System 


Crystal Class: 1 
As pointed out earlier that the crystal class 1 does not put any rest 


p. Thus the components are: (p;, p2, 3): 


ction on the direction of 


2. Monoclinic Crystal System | 


Crystal Class: 2 (Il to OX) ; 
In this case, the direction of polarization p is parallel to diad axi 


(0, p, 0). 


Crystal Class: m (L to OX») 
In this case, p takes any direction in the plane. The corresponding components are: (P}, 0, p3). 


s. The only component is; 


3. Orthorhombic Crystal System 
In this case, orthorhombic axes x), X2, X3 are respectively parallel to the crystallographic axes 


X,Y, Z. 


Crystal Class: 222 
Considering the monoclinic case (crystal class: 2) here and taking into account the three 


mutually perpendicular axes, we have p = 0 


Crystal Class: mm2 
Again from monoclinic case (point group, m) p will be parallel to the diad axis only, while 


other components vanish. Thus, the only component is: (0, 0, p). 
4. Trigonal, Tetragonal and Hexagonal Crystal System 
In these crystal systems, the orthogonal axis x; is parallel to z-crystallographic axis. 


Crystal Class: 3, 3m, 4, 4m, 6, 6m 
Under these crystal classes, the polarization p is parallel to the 3-, 4- and 6- fold axis, 


respectively. Thus the only component is: (0, 0, p). 


Crystal Class: 32, 6, 4, 42m, 422, 622, 62m 
Under these classes, the polarization p = 0, either due to inversion symmetry or mutually 


perpendicular even-fold symmetry. 
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5, Cubic Crystal System 
In cubic crystal system, the non-centros 
because the crystallographic axes are s 

Thus, from the above discussion, it 
crystals having the following ten non-c 


ymmetric point groups 432, 43m, 23, give rise to p = 0 
ymmetrical and equivalent. 

can be said that the pyroelectricity is exhibited by the 
€ntrosymmetric point groups: 


m mm2 3m 4mm 6mm 
Example: In a pyroelectric tourmaline c 
the composition of the crystal and the t 
10° cm~ (°C)! in the rationalized m, 
produces the same polarization when t 
parallel to the triad axis is 7.1, 


rystal of class 37 the polarization p varies according to 
€mperature. The value of p at room temperature is 4.0 x 
k.s unit. Determine the value of the electric field which 
€mperature changes through 1°C. The dielectric constant 


Solution: Given: p = 4.0 K 107% ya Gd direction of polarization-triad axis, € 3 = 7.1 
We know that the electric Susceptibility is given by 
X= e3="1 
=7.1-1 
= 6.1 


Hence, the necessary electric field parallel to x; within the crystal is 


a eee 4.0 x 10% 


€o%3  8.85x 10-2 x61 


= 7.4 x 104 volt/m. 


18.8 PHYSICAL PROPERTIES OF SECOND RANK TENSOR 


Physical properties of second rank tensor arise from a vector-vector combination. The electrical 
conductivity, resistivity, thermal conductivity, permeability, permittivity, electric susceptibility 
or polarizability etc. are some examples of the property tensors of second rank. Let us consider 
the case of electric polarizability, which relates the components of polarization and electric field 
according to the following equations 


Py = OF) + Q)2E2 + O3E3 
Py = OnE) + On2Ey + 023E3 
P3 = 03,E) + O32Ey + 03383 (30) 


where the polarizability tensor Oj is given by 


Qj = | A, QO O13 : (31) 
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stal completely. However, we know that the 


This describes the dielectric behaviour of the cry: hs aiear bexwnlcntns 
Property tensors of second rank are centrosymmetrical, the 4: 


1 650) O13 
a; 2 O47 Ay; (32) 
a, 3 O43 O33 


Now applying crystal symmetry corresponding to all 32 crystal = ". irs tensor q,. 
(eq. 32), we can easily obtain the respective independent components 10 g the procedure 


discussed in sec, 18.6. 


1. Triclinic Crystal System 


Crystal Class: 1 ‘ bs 
It has no effect on property tensor (a;) and hence it remains as 1n eq. Je. 


2. Monoclinic Crystal System 


Crystal Classes: 2, m, 
he same effect and reduces the number 


Application of any of these symmetry elements has t ; 
of independent components of the polarizability tensor from six to four. They are given by 


a, O M3 


a’.=| 0 Ayo 0 (33) 


3. Orthorhombic Crystal System 


Crystal Classes: 222, mm2, mmm 
Like monoclinic case, they also have the same effect and the application of any one reduces 


the components from four to three they are given as 


Oy 0 0 
0 0 ay; 


4. Trigonal, Tetragonal and Hexagonal Crystal System 
Crystal Classes: 3, 3, 32, 3m, 3m; 4, 4, = 422, 4mm, 4/mmm, 42m; 6, 6, 6/m, 62, 6mm, 


6/mmm, 62m 
Symmetry element corresponding to the above crystal classes have the same effect and for these 


crystal systems the number of independent coefficients reduces to two only. They are given as 


a,  O 0 
@=|0 a, 0 
0 O 


(35) 
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5, Cubic Crystal System 


Crystal Classes: 23, m3, 432, 43m, m3m 
Cubic crystal is the most symmetric 


i of all crystal systems. In this case, symmetry requires 
that all the three diagonal tensor compo ac y ry 


nents are equal. That is 


a, 0 0 
ot =| 0 QO 0 (36) 
0 0 a, 


Example: If the 2-fold axis in a monoclinic crystal is parallel to the z-axis, determine the scheme 
of second rank property tensor. 


Solution: We know that the transformation matrix of 2-fold rotation parallel to z-axis is given 
by 


-1 0 0) 
2[001]=| 0 -1 0 
0 @ 4 


Making use of this and the eq. 19, we can write the components of the transformed tensors as 
(i) Thy = 44)41)7); (all other products containing aj,a, = 0) 
=Ty 
(ii) Tz = 41141272 (all other products containing a,,ay, = 0) 
=T)2 
(ili) 713 = 41143373 (all other products containing ay,a3, = 0) 
=-Ty3 = T3=7T3=0 
(iv) Tz = a22472T2 (all other products containing a>,a2, = 0) 
=Tx 
(Vv) 143 = @774337 3 (all other products containing a,a3, = 0) 
=-Ty, => 1Ty3= 73 =0 
(vi) 733 = a33433733 (all other products containing a3,a3, = 0) 
= Ts 


Thus the property tensor becomes 


yt. i 
T= Ti, Ty 0 
0 0 T. 


33 


As pointed out earlier, according to Neumann’s principle if the tensor component changes 
sign after transformation, it must be zero, others will be non zero. Accordingly, the tensor has 
only four independent components. 


ie eS ee EE 
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K TENSOR 

by 3? = 27 components each 

electric effect and the Hall effect are 

ct, the piezoelectric coefficients (dix) 
; tensor (Tx) according to the 


| tAN 
18.9 PHYSICAL PROPERTIES OF THIRD I 


tensor IS specified 


The piczo 
ric effe 
) to the stres 


As pointed out in section 18.3 that a third rank 
of which is related to three axes of reference. 
examples of this category. In the direct piezoclect 
relate the components of electric polarization (f 
relation 

(37) 


P= dix Tx = dit 


Similarly, a converse piezoelectric effect will give us 


(38 
Tk = diy. Ej = dE; 
neral, di, = dix; Symmetrical 
where ijk take the values 1, 2, 3 and / takes the values 1 to 6. a eon ae “i This eg G aVeaait 


in j, k. This reduces the number of independent components 5 catia, ie relationship 
easy to use a more concise form of the notation known as the matrix ; 


between the tensor notation and the matrix notation are as follows: 
33 23, 32 31,15 2321 


tensor notation 1] 22 4 5 6 


matrix notation ] 2 3 
Making use of this conversion, the array of the piezoelectric coefficients d, can be written as 


(dy dy dy dy dis de 
dy=|dy dy dy, dyy dns, 6 (39) 
d3, d3> : d33 dy, d35 d46 


\ 
It is clear that the matrix notation has the advantage over the tensor notation in representing the 
components with greater compactness and display them easily on a plane diagram. However, it 
is to be remembered that inspite of their representation with two suffixes, the d,, do not transform 
like the components of a second rank tensor. 


Effect of Crystal Symmetry 

Before we discuss the effect of crystal symmetry on piezoelectric coefficients, let us see the 
effect of inversion symmetry on it. As we know that inversion symmetry changes the sign of 
piezoelectric tensor. However, according to the Neumann’s principle this is possible only if the 
piezoelectric tensor is zero. Since inversion symmetry is a property of the crystal, we conclude 
that a crystal with centre of symmetry cannot be piezoelectric. In other words, piezoelectric 
effect is possible only in non-centrosymmetric crystals. 

We know that out of 32 crystal classes 11 are centrosymmetric and 21 are non-centrosymmetric. 
Let us see the effect of 21 crystal classes on piezoelectric property tensor with increasing 
symmetry following the procedure discussed in sec. 18.6. The symmetry transformation for the 
third rank property tensor is obtained as discussed in sec. 18.5. This is given by 


di = Fi1Ojm And inn (40) 
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1. Triclinic Crystal System 
Crystal Class 1: 

This does not put any Testrictio 
remain the same as in eq. 39, 


2. Monoclinic Crystal System 
** (i) Crystal Class: 2, 2 1] OX) (standard Orientation) 


oO oO oO a, 9 


N=] day I» dy 0) os 
o 0 0 dy 0 


(ii) Crystal Class: m, m OX, (standard Orientation) 


dj dj, dy, 0 dss 


dy dy a3 0 35 


3. Orthorhombic Crystal System 
(ii) Crystal class: mm2 


(i) Crystal Class: 222 


4. Tetragonal Crystal System 
(i) Crystal Class: 4 


(ii) Crystal Class: 4 


dy, 


Non the pr Operty tensor and thus the independent coefficients 


(41) 


(42) 


(43) 


(44) 


(45) 


(46) 


578 Solid State Physics 


(iii) Crystal Class: 4mm . 
0 ds 9 
wo 0 
coho. © G8 6 0 (47) 
| Te a 0 @% 
dy, d32 33 
| (iv) Crystal Class 42m, 2 I! OX, (standard orientation) 
(0 0 0 ds 9 ° 
r-fo 0 0 0 ds 9 (48) 
(v) Crystal Class: 422 
00 0 dy 0 g 
y-10 0 0 O ~41s 0 (49) 
0 0 0 O 0 0) 
5. Trigonal Crystal System 
(i) Crystal Class: 3m, m L OX, (standard orientation) 
0 ) 0 0 ds —2d22 
di =|-dx 22 0 dis 0 0 (50) 
\ 43) d3, dx 0 0 Ory 
(ii) Crystal Class: 32 
(dy -diy 0 n dig 0 0 ) 
=| O 0 0 0 —di4 2d); (51) 
0 0 0 0 0 0 


6. Hexagonal Crystal Systems 
(i) Crystal Classes: 6, 6mm, 622—same as crystal classes 4, 4mm and 422. 
(ii) Crystal Class: 6 
P diz -d, 0 0 9Q Os 
di=|-dy dy 0 90 9Q Behe 52) 
0 0 0 0 Q 0 
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(iii) Crystal Class: 6 2m, m -L OX; (standard orientation) 


o @€@ 0 0 0 -d 
U=|-dy dy 0 0 0 0 (53) 
2S & OG vom 6? | 
7, Cubic Crystal System 
Crystal Classes: 23 and 43m 
000 dy 0 O° 
i=|}0 0 0 0 dy 0 (54) 
000 0 0 dy, 


Example: If the 2-fold axis in a monoclinic crystal is parallel to the z-axis, determine the scheme 
of piezoelectric moduli. 


Solution: We know that the transformation matrix of 2-fold rotation parallel to z-axis is given by 


(_] 0 0) 
2(001}=| 0 -1 0 
0 0 1] 


\ 


Making use of this and eq. 41, we can write the components of the transformed tensor as 


Le dy = ty = 4414)14) 1411) = dy, = -dy, = 0 
2. dja = diy2 = 441492499419 = — dy = —dyy = 0 
3. diz = di33 = Gy 14330334)33 = —dy33 = —dy3 = 0 
4, dig = di73 = Q114770334)93 = 4193 = dq 
5. dts = diy3 = @41411433431 = 43) = 15 
6. dig = Afra = 4434114224112 = —dy12 = - 16 = 0 
7. dyy = dyyy = 47041411421) = yy = — dy, = 0 
8. d3y = dyyy = Ay7Ay7472d27 = — doy = dx = 0 
9. dyg = dyy3 = 4720330334233 = —dy33 = —dy3 = 0 
10. d3q = dy = Gy9470334023 = 423 = dog 
WL. dgs = dyy3 = 424114334213 = 4213 = dhs 


12. d3g = doyy = G24) 420d212 = —4a12 = — 426 = 9 
13. d3, = d3y, = 4330114414311 = dy) = 43) 
14. dsp = diay = 330224224322 = Asn = 432 


15. d33 = d4y3 = 4330330334333 = 4333 = 433 
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16. d34 = diy3 = 4330720330393 = —d323 = —434 = 0 


17. d3s = 33, = 4330330114331 = — 4331 = — 435 = 0 


18. 35 = d3qy = 330794 44321 = 43n1 = 436 : 
The components of the piezoelectric moduli in the matrix (two suffix) notion are given py 
0 0 0 dis d\s 0 
0 dy 425 ? 


dj; = 0 0 d 
a3, dx 33 0 0 ag 


18.10 PHYSICAL PROPERTIES OF FOURTH RANK TENSOR 


= 81 components each of which is relate ‘ 
(or the moduli of elasticity) or elasti, 
ple of this category. The moduli of 
ording to the Hooke’s law 


: 4 

We know that a fourth rank tensor is specified by 3 
to four axes of reference. Elastic stiffness constants 
compliance constants (or the compliances) are the exam 
elasticity (Cj) relate the stress and strain components acc 

tj = CiaYad (95) 
where ijkl takes the values 1, 2, 3. 
Similarly, we have the inverse relation as 

yj = Sige td (56) 
However, because of the symmetric nature of both stress and strain components, i.e. Tj = ti and 
ia = Yoo the components of moduli of elasticity (Cig) or elastic compliance (Sijg) reduce from 
81 to 36 and could be represented in the matrix notation. Like earlier, the relationship between 
the tensor notation and the matrix notation is as follows: 


Za 33 23.5), ° Bil3> 12321 


tensor notation 11 
2 4 5 6 


matrix notation 1 2 
At the same time, a factor of 2 or 4 is introduced for Sijx aS follows: 


Sia = Sq When m and n are 1, 2 or 3 
2 Sia = Sma when either m or n are 4,5 or 6 
4 Siig = Sma when both m and n are 4,5 or 6 

However, for Cj, no 2 or 4 are necessary. For this, we can simply write as 
Cia = Con (i, j, BE = 122, 3pmpniat ly «s.0.°6) 

Accordingly, the expansion of the equation 55 can be written as 
T =Cyhi + Cre + Cis¥s + CraYa + Cis¥s + Cree 
TT = CoV + Car¥2 + Casa + Crate + Cass + Cree 


13 = C31¥1 + Car¥o+ Cavs + Caa¥a + Cass + Cree 
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1% = Cay + Cry + Cay; + C44 + C 45% + Cy6% 
t= Csin + Cory + Cs3% + CsA + Css% + Cso% 
t= Con + Cor% + Cosy, + Coats + Cosy + Cos % in 
imilarly, from eq. 56 si i 
Sima re of faa Strain components can be written in terms of 36 stress components. 


, they a lar n : 
However, (ey ature and hence are not written separately. 


1.11 THE STRAIN ENERGY 


We know that when an elastic body undergoes a deformation, the external forces causing 
deformation do a certain amount of work, This work done against the forces between the 
articles is stored as potential energy of deformation, This is called the strain energy. In order to 
calculate this, let us consider a one dimensional system dealing with the longitudinal stress and 


which produces a change in the length per unit length y;. Let the crystal is further deformed 
by an amount dy in the same direction. Then the change in the elastic energy is equal to the 


work done. 


In an extended form, this can be written as 
dd = Tidy + dy + dK + Td, + T5d%5 + Ted Ye (59) 
Writing eq. 59 in terms of Partial differentiation, we have, 
a9 ap og og 
dp =—~ dy,+— dy,+— > dy +— dy (60) 
7, 8%, 7 ay, 3 ay, “4 
oo | oo 
+~— dy;+— dy 
a ae 
Compairing eqs. 59 and 60, we obtain 
| a _ a a 
T, =——,T, =—,..% =—— 
oy, ; oY, ° OY, 
Further, differentiating eq. 57 partially, w.r.t. y’s, we obtain, 
OT OT oT 
—=C,,, = Cis = Cig 
oy oY, Ye 
OT OT, OT 
5 = Oy, 5 = Cy, = Cy, 
OY dy, OY, 
eee teen Arete? Boe etc. (61) 


Now substituting the values of 1), t etc., in eq. 61, we obtain, 
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3 
2 OT, ala 
= Bint (38 | ay oy; 3 
POY, OY, (ON dn9%2 
2 
ao )_ ag 
Ov 07%, OY, =~ OY4 A OFA 
0° 
or Cy = cic. 
= OYs974 
However, as we know that in general, 
C = Cj 
on umber of independent elastic 


ical, therefore the n 


lements and 15 off diagonal elements), 


Since the matrix elements Cj; are symmetric | 
constants is reduced further from 36 to 21 (6 diagonal ¢ 
They are represented in the following manner 


Cc 
Ci C\2 Ci3 Ci4 ya Cre 
Cx C3 Cr aa C 
C33 C34 C35 ‘“ 
Cus C45 C46 
C55 Cs6 
C66 (62) 


Now integrating eq. 57, we find that the work done to produce the longitudinal strain y; (the 


so called strain energy) is equal to 
= 5 CiXiY; 3) 
18.12 EFFECT OF CRYSTAL SYMMETRY ON ELASTIC CONSTANTS 


We know that the elastic constant (Cj) or Sijxi) belong to a fourth rank tensor and the presence 
of crystal symmetry imposes certain conditions on them. The number of elastic constant are 
found to decrease with the symmetry of the crystal. The Symmetry transformation of the fourth 


rank property tensor is obtained as discussed in sec. 18.5. This is given by 


, — 
Cina = Figg AC pars 


(64) 


where pqrs takes the values 1, 2, 3. In the following, we shall analyse the effect of crystal 
symmetry on elastic constants for all crystal systems with increasing symmetry following the 


procedure discussed in sec. 18.6. 


1. Triclinic Crystal System 


Crystal Classes: 1, 1 
This crystal system is unable to impose any restriction because two point group | is completely 


unsymmetrical and | is already possessed by the property tensor. Thus the property tensor remain 


same as in eq. 63. 
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2, Monclinic Crystal System 


2. 
Crystal Classes: 2, m, m2 |! OX (standard orientation) 


ication of the . 
Appl se symmetry elements Impose the same condition on the elastic constants. 
They affect only those Coefficien 
digit 4 or 5 each appearing only ( 


independent non-vanishing elasti 


's which contain suffixes > 4 such that the coefficients with 
Not In pair or together) once vanish. Therefore, the number of 
© Constants further reduces from 21 to 13, They are given as 


Cu Cr Cy 0 GC; 


0 
C22 Cy; 0 C45 0 
C33 0 Cys 0 

Cx 0 Cag 


Ces (65) 


3. Orthorhombic Crystal System 
Crystal Classes: 222, mm2, mmm 

The application of three mutually pe 
same result. Like monoclinic case, they 
this case, the non-vanishing coefficients 
non-vanishing elastic constants are 


Tpendicular 2-fold axes or mirror planes produce the 
also affect the coefficients containing suffixes > 4. In 
contain each suffix in pairs. Thus the nine remaining 


Cy Ch C13 0 0 0 
Cy C23 0 0 0 
C33 0 0 0 
C44 0 0 
Ge (66) 


4, Tetragonal Crystal System 
The point group symmetries of the tetragonal crystal system are such that they give rise to two 


sets of elastic constants, one each for the crystal classes 4, 4, = and 422, 4mm, 42m, aie 
Therefore, 


4 


m 


(i) Crystal Classes: 4, 4, 


They give rise to the following 7 non-vanishing elastic constants 


Ci Cy Cis 0 0 Cie 
Cy C3 «00 0 —Ci¢ 
C33 0 0 0 
ons 0 0 
C44 0 


Ce (67) 


rs ars 
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' ‘ axes Ci, no longe _ 
: ropriale choice of Ber TeMain, 
However, it has been found that for an app 8 
independent. 


re - 4 | 
i : sss | i 
(ii) Crystal Classes: 422, 4mm, 42, mm sperefore, the aumber of independent — 
Under these symmetry operators, Cio = 0. | 
constants reduces to 6. 


They are as follows 


0 
0 
Ch Cio Cj3 0 0 0 
C 0 
Ci 13 0 0 
C33 0 0 
C44 OU 
n Cs 0 
C66 (68) 


5. Trigonal Crystal System i FF 
Like tetragonal, trigonal crys y o sets of elastic constants, One 
each for the crystal classes 3, 3 and 3m, 32, 3m. 
(i) Crystal Classes: 3, 3 _- , -_s 
They give rise to the following 7 non-vanishing elastic consta 


tal system also gives rise to [W 


Cr Cyn 3 C14 Cis : 
Ci Ci3 -Ci4 -C\5 0 
Cx; 0 0 0 
C4; 0 —C15 
Cay Cis 
. (Cy, — Cr) (69) 


(ii) Crystal Classes: 3m, 32, 3m 
Further restrictions are imposed under these c 
elastic constants reduces to six. They are given as 


lasses. Hence, the number of non-vanishing 


Cy Cyn 3 Ci4 0 0 
Cy = C3 = 0 
C33 0 0 0 
C44 0 0 
Cay Cis 
5 (Cie a) (70) 


6. Hexagonal Crystal System 


Crystal classes: 6, 6, 6/m, 622, 6mm, 6/mmm, 62m 

In this crystal system, a simultaneous existence of a 2-fold and a 3-fold proper rotation ge 
rise to the elastic constants satisfying both monoclinic and trigonal systems. Therelore. he 
elastic constants are given as 
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A So: Stee 


44 


(Cy, — Cy) (71) 


vVil—- COCO SO 


4, Cubic Crystal System 
Crystal Classes: 23, m3, 432, 43m, m3m 
is is the most sy : 
Thi symmetric crystal systems out of all systems. All three crystallographic axes 


are indistinguishable in this case. Therefore, considering an orthorhombic system (eq. 66) and 


jing suitable sy ; 
applying SU ymmetry operations, we find that only three independent elastic constant. 
They are given as 


Ci Ci. Ci 
Ci Cp 


a 
qo Ses 
ac o-oo 


4 


One So eres 


4 (72) 


1813 SUMMARY 


Ie 


a 


Many physical properties show anisotropic behaviour. They can be represented by tensors 
of appropriate type and rank. 


. In general, a tensor of rank 1 is specified by 3” components each of which is related to 


n axes of reference. 


. Physical properties in general can be classified into four categories: equilibrium, steady 


state, hysteretic and irreversible. 


. Physical properties of a crystal describe its response to the externally applied influence. 


They can be defined according to the relation 


Response = Coefficient x External influence 


_ If the influence and the response are tensors of rank m and 1 respectively then the physical 


property must be a tensor of rank (m + 7). 


. Certain physical properties possess inherent symmetry element. For example, tensile 


stress has cylindrical symmetry while shear stress has orthorhombic symmetry. 


. Crystal symmetry imposes certain conditions on the components of the property tensor. 


The number of independent components have been found to decrease with the increase 


of crystal symmetry. 


. The strain energy produced in a deformed body is given by the work done against the 


forces between the particles. This is stored as potential energy. 
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18.14. DEFINITIONS 


Anisotropy: The variation of physical properties 
Centrosymmetry: Symmetry with respect to a point. Ce 
which are parallel and enantiomorphous. td 
‘ : : , he curren 
Conductivity: The reciprocal of resistivity. It is defined as ¢ 
Strength. er 
: , an ts in a 
Elastic deformation: A change in the relative position of poin 
deforming stress is removed. nal size and shape after being Subject 
Elasticity: The property of a body by whic oe 
to deforming force. ; ‘ 
Hooke’s Law: It states that under the elastic limit the strain pro 
stress. hysical property of 
Neumann's Principle: According to this principle the lore: eal ane ai) 
must include the symmetry element of the point group of the cry)" 
Piezoelectric effect: aR ene non-centrosymmetric crystals the surfaces aoa oe ae as a a 
to pressure. These charges are proportional to the applied tension. *he e BSS Whey 
tension is changed into compression. : ; ‘ 
Polar axis: A crystal axis of rotation which is not normal to a reflection aa not contain a centre 
i i dissimilar at opposite ends . 
of symmetry. Certain crystal properties are di all displacement of electrical centres 


*olarizability: When a molecule is subjected to an electric field there is a sma ae, sito 
which induces a dipole in the molecule. If 1. = &E, then the constant 0 1s called the polarizability. 


yroelectricity: The development of opposite electric charges al the end of the polar axes in crystals which do 
not possess a centre of symmetry when the temperature is changed. 

Refractive index: It is the ratio of the sine of angle of incidence to the sine of angle of refraction. . 

Stress Components: They are the internal forces arising between continuous part of a body due to applied surface 


-o with direction. ; . 
erties with direc . 1s have their faces arrangeqi,_ . 
ntrosymmetric Cry sis Bed in Pairs 


ensity divided by the electri, fietg 


solid body that disappears when 4, 


h it tends to resume its origi 
duced in the body is proportional to the appli 


and body forces. ' : : : 
Tensor: Vector notation is not always sufficiently general to express the relationships between physical quantities. 


Tensor notation is a general form of notation. A vector is a tensor of rank one and has three components. In 


general, a tensor of rank n has 3” components. 


REVIEW QUESTIONS AND PROBLEMS 


1. How would you define physical properties of crystals? Discuss the mode of their classification. Explain 
each of them with examples. 

2. Explain the description of physical properties as tensors of different rank. Discuss their intrinsic symmety. 

3. What do you understand by the transformation of axes? Discuss the transformation of the components 
of a second rank tensor and determine the required formula. 

4. Obtain general expressions of transformation law corresponding to third and fourth rank tensors. 

5. What is the difference between the transformation matrix a; and the tensor -7;;? Discuss the effect of 
crystal symmetry on physical property of a second rank tensor. 

6. For a property tensor of first rank if the 2-fold rotation axis in a monoclinic crystal is parallel to z- axis. 
What is the direction of polarization? Ans: (0, 0, P3): 

7. For a property tensor of first rank if the mirror plane is perpendicular to CX; axis. Find the direction of 
polarization components. Ans: (p1, 0, P3) 

8. If the 2-fold axis in a monoclinic crystal is parallel to x-axis, determine the scheme of conductivity 
tensor. 
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amine the effect of orthorhombic crystal 5 


; ymmetry on as ivi 
too ig NCR ry econd rank conductivity tensor. Show that 
oo, 9 9 
Ans: Gj =| 0 01) 0 
0 0 033 


show that there are only two independent components of conductivity possible under trigonal, tetragonal 


f cai hexagonal crystal systems. 
5, 0 0” 
Ans; Oj=|90 oO, 0 
0 0 033 


chow that there exists a unique component of conductivity tensor in cubic crystal system. 


J, 9 0 
Ans: O4=| 0 Go 0 
0 0 Oy 


In a monoclinic crystal, if the mirror plane is perpendicular to OX; axis, determine the scheme of 
piezoelectric moduli. | 
0 0 0 dy dis 0 
Ans: djj=| 0 0 0 doy dys 0 
ar dyy doy 0 0 06 | 


Determine the scheme of piezoelectric moduli for crystal class 3m Nad ae 


to OX, axis. 
fy -dy 9 0 os 
Ans: d= 0 0 0 ds; 9 -2d) 
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Tight binding approximation, 379 
Tilt boundary, 185 
Transformation law, 564 
Translation vectors, 3 
Triclinic system, 17 
Trigonal system, 17 


Triple axes crystal spectrometer, 242 


Twist boundary, 185 
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Type-! superconductor, 538 
Type-ll superconductor, 538 


Umklapp process, a1) 
Unit cell, 6 


vacancy, 151 

van der Waals 
bonding, 81 
radii, 147 

v-centre, 491 

Voids, 96 
octahedral, 99 
tetrahedral, 98 


Weiss, 

constant, 518 

field, 518, 520 
Wigner-Seitz unit cell, 6 
Wiedemann-Franz-Lorenz law, 346 
Work function, 443, 485 
Wurtzite structure, 111 


X-ray diffraction, 260 
Young’s modulus, 232 


Zero rank tensor, 570 
Zinc blende structure, 46 
Zone holes, 403 
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